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Abstract. The quality of the predictionof the dynamical
systemevolution is determinedby theaccuracy to which ini-
tial conditionsandforcing areknown. Availability of future
observationspermitsreducingtheeffectsof errorsin assess-
menttheexternalmodelparametersby meansof a filtering
algorithm.However, traditionalfiltering schemesdonottake
into accountuncertaintiesin specifyingthe internal model
parametersandthuscannotreducetheir contribution to the
forecasterrors. An extensionof the SequentialImportance
Resamplingfilter (SIR) is proposedto this aim. The filter
is verifiedagainsttheEnsembleKalmanfiler (EnKF) in ap-
plication to the stochasticLorenzsystem. It is shown that
theSIR is capableto estimatethesystemparametersandto
predictstheevolutionof thesystemwith a remarkablybetter
accuracy thanthe EnKF. This highlightsa severedrawback
of any Kalmanfiltering scheme:due to utilizing only first
two statisticalmomentsin the analysisstepit is unableto
dealwith probability densityfunctionsbadly approximated
by thenormaldistribution.

1 Intr oduction

Our ability to predict the stateof the atmosphereand the
oceanhighly dependsontheaccuracy to which initial condi-
tionsandforcing functionsareknown. Variousdataassim-
ilation techniqueshave beendevelopedto constrainmodels
with observationsin orderto reducethe influenceof uncer-
taintiesin theseexternalmodel parameterson the forecast
skill. In parallelwith the forecasterrorsof this type, there
arethosecausedby uncertaintiesin internalmodelparame-
ters. Theso-calledadjointmethodborrowedfrom theengi-
neeringoptimalcontrol literatureprovidesa tool to tunethe
modelto availabledataby adjustingthosemodelparameters.
However, thismethodinvolvesanassumptionthatthemodel
structureis perfectwhich is toorestrictivefor oceanographic
andmeteorologicalapplications.Accountingfor modeler-
rors in the parameterestimationproblem dramaticallyin-
creasesthedimensionof thecontrolspaceandis affordable

only for low dimensionalmodels(ten Brummelhuiset al.,
1993;EknesandEvensen,1997,Gongetal., 1998).

Commonly, the physicalmodel is calibratedinitially to
chosesome”optimal” valuesof theexternalparameters.Then
aschemeof theKalmanfiltering is appliedfor correctingthe
predictionwith availabledata. At this stage,the modelpa-
rametersareassumedto be known precisely. However, ne-
glectinguncertaintiesof thiskind leadsto overestimatingthe
forecastskill. As a result,the datamake a lessercontribu-
tion to the analyzedsystemstateandthe true trajectoryof
thesystemcanbequickly lost.

Sinceonly sequentialdataassimilationis andwill bein the
nearerfuture affordablefor treatinghigh dimensionaltran-
sient problems,A questionarisesof whetherit is possible
to optimize the internal model parametersm sequentially.
Thoughthey arenotdynamicalvariables,wecaneasilyaug-
menttheoriginaldynamicalsystem�

x����� M � ��� m �
x 	 �

(1)

by theequation�
m���
���� (2)

Filtering the extendeddynamicalsystem(1), (2) is a chal-
lenging task. At first, the systembecomesnonlineareven
if the original system(1) waslinear. At second,the model
parametersm cannottake arbitraryvaluesandusually are
boundedbelow by 0. Consequently, any probabilitydistribu-
tion expressinguncertaintiesin theparameterspaceis essen-
tially non-GaussianandeventheGaussiandistribution is not
absolutelycontinuouswith respectto it. Thus, the system
(1), (2) providesa very sensitive test for evaluatingof how
a filtering schemedealswith nonlinearityandwith distribu-
tionsbadlyapproximatedby thenormalone.

The aim of this paperis twofold. The first objective is
to demonstratethatsequentialtuningof the internalparam-
etersis allowableby meansof Monte Carlo methodswith
no additionalcomputationalcost. Theothergoal is to show
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thataccountingfor thewholeerrorstatisticsleadsto notably
betterforecast.Particlefilters provide a tool for that. They
are introducedin Sect. 2. Sect. 3 containsan exampleof
filtering the Lorenzsystemwith the well-known Ensemble
Kalmanfilter (EnKF) andwith theso-calledSequentialIm-
portanceResamplingfilter (SIR). An extensionof the SIR
to sequentialoptimizationof themodelparametersandcom-
parisonof theSIRwith ananalogousextensionof theEnKF
is presentedin Sect.4. Sect.5 containsconclusions.

2 Particle filters

It is well known, that theclassicalKalmanfilter (KF) is op-
timal in the senseof minimizing the varianceonly for lin-
ear systemsand the Gaussianstatistics. A linearizationof
theerrorcovarianceevolution usedin theExtendedKalman
filter (EKF) (Jazwinski, 1973)often turnsout to be inade-
quate. Unboundedgrowth of the computederror variances
dueto neglectingnonlinearsaturationeffectscausestheup-
dateprocedureto becomeunstable(Evensen, 1992).Miller
et al. (1994,1999)showedpoorperformanceof theEKF in
applicationto theLorenzsystemwhenthedataaretoosparse
or too inaccurate.

To go aroundthe closureproblemfor the error statistics
propagation,Evensen(1994)proposedtheEnsembleKalman
filter (EnKF). The heartof the methodis Monte Carlo in-
tegrationof theFokker-Planck-Kolmogorov (FPK) equation
govering the evolution of the probability density function
(PDF)thatdescribestheforecasterrorstatistics.In theanal-
ysisstep,eachensemblememberis updatedaccordingto the
traditionalschemeof theKF with theuseof theforecastco-
variancematrix derivedfrom theensemblestatistics.Then,
if thedataarerandomlyperturbed,theupdatedensembleis
shown to havethepropermeanandcovariancematrix(Burg-
ersetal., 1998).

However, two potentialproblemsfor theEnKF areworth
to mention.At first, thoughtheEnKFusesthefull non-linear
dynamicsto propagatetheforecasterrorstatistics,it mimics
thetraditionalKF in theanalysisstepandusesonly theGaus-
sianpart of the prior PDF. Bennett(1992)pointedout that
”one thing is certain: least-squaresestimationis very ineffi-
cientfor highly intermittentprocesses,... having probability
distributionsnotwell characterizedby meansandvariances”.
At second,theupdatedensemblepreservesonly two first mo-
mentsof theposterior. Consequently, theinitial conditionfor
thefurtherintegrationof theFPKdoesnotcoincidewith the
posteriorPDF. In thecaseof a smallsystemnoisewhenthe
”dif fusion” of probabilitiesis smallcomparedwith the”ad-
vection”,thesystemdoesnot forgetits initial statefor a long
time and the ensemblebecomesnon-representative for the
forecasterrorstatisticsafterfew analysissteps.

Particlefilters provide a tool to solve theseproblems.As
theEnKF, they rely on MonteCarlo integrationof the FPK
equation.However, insteadof updatingensemblemembers
in the analysisstepthey updatetheir probabilitiesaccord-
ing to thefitnessto observations.Consequently, they do not

involveany modelreinitializationthatusuallyinjectsimbal-
ancein the modelstateand leadsto a shockin the system
evolution. Another advantageof thesefilters is that they
make useof thefull statisticsof theforecastanddataerrors
andthusaretruly varianceminimizingmethods.

Thebasicalgorithmof theparticlefiltering consistsof the
following steps:

1. An initial ensemblex � ��� ��� � �� ��� is drawn from a
prior distribution ��� x 	 .

2. Eachensemblememberx � evolvesaccordingto thedy-
namicalequations.

3. At
� � ���

whenthedatad
�

becomeavailable,weights� � � ��� 	 expressing”fitness” of ensemblemembersto
thedataarecomputed

� � � ��� 	 � � � � ������� 	 �!� d �#"
x � � ��� 	�	 (3)

andnormalizedsothat

$%
�'& � � �(� � � 	 �
�)

Here ��� d �#"
x � � ��� 	�	 expressesthe conditionalPDF for

the datad
�

to be observed when the systemstateis
x � � ��� 	 or, in otherwords,describesthestatisticsof the
dataerrors.

4. The final predictionis calculatedas the weighteden-
semblemean.

This schemewascalledasthedirectensemblemethodin
vanLeeuwenandEvensen(1996). They foundthat thevast
majorityof theensemblemembersgotnegligible weightsaf-
ter few analysisstepsand thus only a tiny fraction of the
ensemblecontributesto the mean. In this case,to obtaina
reasonableapproximationof the posteriorPDF oneneeded
to useanensembleof about ���'* members.Thisdrawbackof
themethodis explainedbyaKong-Liu-Wongtheorem(Kong
et al. , 1994)which statesthattheunconditionalvarianceof
theimportanceweights � � , i.e. with observationstreatedas
randomvariables,increasesin time. Thus,thealgorithmbe-
comesmoreandmoreunstable.

To go aroundthedegeneracy of thealgorithmseveralap-
proacheshave beenput forward. One of the most popu-
lar schemesis the SequentialImportanceResamplingfilter
(SIR) proposedby Rubin(1988)andappliedto filtering the
dynamicalsystemsin Gordonet al. (1993). Thebasicidea
of the methodis that thereis no needin computingfurther
evolution of ensemblemembershaving bad fitnessto the
data.It is achievedby generatinga new ensembleof equally
probablemembersat eachanalysisstepby meansof sam-
pling from the old ensemblewith replacement.Probabili-
ties for the membersto be sampledat

� � ���
areassigned

to their normalizedweights � � � ��� 	 calculatedby (3) with� � � ���+�,� 	 �-� . SmithandGelfand(1992)have proventhat
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Table 1. RMS deviation of the filteredsolutionswith the fixed modelpa-
rametersfrom thetruetrajectory

Filter EnK SIR EnKF SIR

Ensemblesize 250 250 1000 1000

x 7.4 6.5 6.5 5.8

y 8.9 8.1 8.4 7.3

z 8.0 7.8 7.1 6.6

a discreteapproximationtendsto the posteriorPDF when
thesamplesizetendsto infinity. This is just oppositeto the
EnKF which doesnot produceanapproximationto thepos-
teriorPDFandpreservesonly themeanandthecovariance.

3 Filtering the Lor enzsystem

To comparethe EnKF and the SIR filter, an identical twin
experimentwith theLorenzsystem��.
�/� � 0 �2143 . 	 �
� 1��� � 5 . 3�163 .879�

(4)�:7
��� � . 143�; 7<�

with commonlyusedparameters0=�>�+� � 5?�A@'B �
and ; �B:C'D wasperformed.Eachof Eqns.(4) wereperturbedwith a

whitenoisehaving variances2.,12.13and12.13correspond-
ingly. The referencesolutionfor

�FEHG � � @'�JI wascomputed
startingfrom aninitial conditionobtainedby addinga noise� � � � @ 	 to thefirst guess

� .8K�� 1 K/�L7+K 	 � � �/NM'��B/BPOJ� � 3 �/NM'DQ�+@�OP� � @�MR S/T/�'UQ� 	 
Theobservationsfor the

. 3 and
7 3 componentsweregen-

eratedat each V � �W� by addingthe
� � � � @ 	 noiseto the

referencesolution.
Theexperimentdesignis almostidenticalto thatof Evensen

andvanLeeuwen(2000).Themajordifferencesarethedis-
tancebetweenobservationswhichwasmadetwicelargerand
thatonly 2 componentsof themodelstatewereobservable.
Observability of the whole systemstateis the casestand-
ing far away from that we dealwith in meteorologicaland
oceanographicapplications. In addition,for morepictorial
presentationof results,the assimilationperiod was chosen
to be twice shorterthan that in Evensenandvan Leeuwen
(2000).

Table1 summarizesresultsof experimentsmadewith use
of theSIR andEnKF for 250and1000ensemblemembers.
As it is seen,performanceof the filters improveswith in-
creasingthe ensemblesize. However, this improvementis
lessthan 20% with four-fold increasingthe ensemblesize
andis mostlyachieveddueto betterrepresentationof system
oscillationsneartheattractorwithin

�XEYG OR M � ���/NM�I (compare
Fig. 1 andFig. 2). This reflectsthe very slow convergence
of MonteCarlo methodswhich is of the orderof Z[� �

���
	 ,

where
�

is theamountof theensemblemembers.Another

importantpoint worth to be mentionis that the SIR for the
smallerensembleis almostaseffective astheEnKF for the
largerensemble.

The main problemof the SIR with 250 ensemblemem-
bersis its inability to capturethe true trajectorywithin

�\E
G OR M � �/�� MJI . The reasonfor this failure is bad scoresof all
ensemblemembersandconsequentlypoorrepresentationof
the forecasterrorstatistics.This problemfor theSIR is re-
coveredby enlarging theensemble.Onecannoticethat the
EnKFwith thesmallerensembledoesabetterjob within this
interval. Seemingly, it is a generalpoint. If all ensemble
membersdeviatemuchfrom theobservations,theEnKFup-
datesthe ensembletrajectoriesandimprovestheir fit to the
data,while the SIR changesthe ensembleprobabilitiesand
donotdoanythingwith fitnessof theensemblemembers.

Thefilters for thebothensemblesizeslosethetruetrajec-
tory at t=3 whenthey assimilatea baddataon the

.
compo-

nentcomingjustafterthetransitionpoint. Beforetheanaly-
sisstep,bothfilterspredicta transition,but thedatawrongly
tells aboutthe absenceof the transitionpoint. The filters
acceptthis informationanddelaythe transitionfor a while.
ThentheEnKFpredictsthenext dataat t=4 muchbetterthan
theSIR.However, it propagatestheinformationprovidedby
the datato the unobserved 1 - componentmuchworse. As
a result, the SIR solution for

�]EAG S � M�I is almostidentical
to thetruetrajectory, while theEnKF catchesit only at t=5.
This situationis a stablefeaturewhich do not dependon the
ensemblesize.

Therearetwo moreexamplesof inadequatetransmission
of theinformationprovidedby thedataon

.
and

7
to theun-

observed 1 . Let usconsidertheanalysisstepat t=19 for the
smallerensemble.Both filters lost the systemtrajectoryat
about

� ���+B#NM . With theanalysisstep,they recover theob-
servedcomponentsof thesolution.However, theSIRmakes
a betterinferenceabout 1 andis capableto follow the sys-
tem trajectoryfurther while the EnKF losesit immediately
after the analysisstep. The samesituationoccursat

� �^O
for thelargerensemble.Inspitelargedeviationsbetweenthe
forecastandthedata,theSIR placestheanalysisjust at the
systemtrajectory. TheEnKFupdatesonly theobservedcom-
ponentsin a propermannerwhile the 1 -componentis pulled
evenin awrongdirection.

ThisdoesnotmeanthattheEnKFmakestheupdateof the
unobservedpartof thesystemstatealwayswrongly whenit
faceslarge datamisfits. For example,the analysisat t=12
was madeby the EnKF very precisely. However, keeping
in mind that the EnKF doesnot make useof the whole er-
ror statisticsonecanconcludethatthefilter hasproblemsin
transferringtheinformationfrom thedatato theunobserved
partof thesystemandthey cannotberesolvedwith enlarging
theensemblesize.
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Fig. 1. Filteredsolutionsfor 250ensemblememberswith the fixedmodel
parameters:the SIR - red, the EnKF - green. The blue curve is the true
trajectory, startsareobservations.

Fig. 2. ThesameasFig. 1 for 1000ensemblemembers.
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Table 2. RMS deviation of the filtered solutionswith the adjustedmodel
parametersfrom thetruetrajectory

Filter EnK SIR EnKF SIR

Ensemblesize 250 250 1000 1000

x 9.2 7.1 9.7 5.6

y 10.6 8.2 11.0 7.1

z 14.2 7.7 14.7 6.6

4 Sequentialcombinedparameter- and stateestimation
with the SIR filter

Extensionof the SIR andthe EnKF for the system(1), (2)
is straightforward.To examinetheirpotentialities,theexper-
iment describedin Sect.3 wasrepeatedwith the initial en-
semblein theparameterspacedrawn from thehomogeneous
distribution for 0 EYG � � D��# I and 5 E_G � � S/S8 B'I .

Onecan easily verify that the systemtrajectoryis more
sensitive to thechoiceof 5 . Thus,it is nota surprisethatthe
SIRcatchesthevalueof 5 afterthefirst analysisstep(Fig.4).
Thenext analysisstepproducesa very goodestimatefor 0 .
However, it is impairedwith time until the filter collapses
in theparameterspace.Sincethetrajectoryof thesystemis
tolerantto variationsof 0 , thequality of thefilteredsolution
(seeTable2) which is of our primary intereststill remains
almostidenticalto thatpresentedin Sect.3.

It is not thecasefor theEnKF. In theparameterestimation
problem,theEnKF hasto dealwith thePDFsbadlyapprox-
imatedby theGaussiandistribution. Sucha modificationin
the problemformulationcompletelycorruptsthe filter per-
formance.Thesolutionproducedby theEnKFhasvery little
commonwith the true trajectory(seeFig. 3) andits quality
doesnotdependon theensemblesize(seeTable2).

Thefailureof theEnKF is causedby its incapabilityto re-
cover the true valuesof the modelparameters(seeFig. 4).
The evolution of estimatesfor 0 resemblesa randomwalk
overtheparametersubspace.As wecanexpectandit wasthe
casefor theSIR, thatthisparameteris derivedfrom thedata
with aloweraccuracy comparedto thatfor 5 . It is astonishing
thattheEnKF doesevena muchworsejob whenestimating
the morecrucial parameter5 . After removing fluctuations
from the correspondingcurve presentedin Fig. 4, one can
easilyseeapronouncedtendency of pushingtheestimatesof5 in theoppositedirectionwith respectto thetruevalue.It is
worth noting that theparameterestimatesobtainedwith the
EnKF for the both ensemblesare indistinguishable.These
pointout thattheEnKFis completelyunableto dealwith the
PDFsdefinedover constrainedsets.An additionalevidence
for this conclusionis that theEnKF waspermanentlytrying
to producenegativeanalyzedparametervaluesfor someen-
semblemembersandtheconditionof non-negativenesshad
to beimposedby force.

Fig. 3. Filteredsolutionswith theadjustedmodelparameters:the SIR for
1000ensemblemembers(red)andfor 250ensemblemembers(black), the
EnKF for 1000ensemblemembers(green).Thebluecurve is the true tra-
jectory, startsareobservations.
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Fig. 4. Evolution of the parameterestimates:the SIR for 1000ensemble
members(red)andfor 250 ensemblemembers(black), the EnKF (green),
andthetrueparameter(blue)

5 Conclusions

Dataassimilationfor high-dimensionalnonlinearoceanand
atmosphericmodelsis a challengingtask. On theoneside,
high-dimensionalityforcesus to usesimplified representa-
tion of theerrorstatisticsandthusto neglectsomesourcesof
uncertainties.Developingapproachesfor low dimensional
representationis an active areaof research. On the other
side,nonlinearityof the modelsraisesa fundamentalques-
tion of thepotentialityof usinggeneralizationsof the tradi-
tional Kalmanfilter which is optimalonly for the liner sys-
temsandfor theGaussianstatisticsis studiedmuchless.

In a recentpaperVerlaanand Heemink (2001)demon-
stratedbetterperformancethe EnKF comparedto the EKF
for theLorenzsystem.Thatwasthereasonwhy theSIRwas
confrontedhereonly with theEnKF. It wascleara priori that
theEnKF is subjectto two problems.Oneof themis com-
monfor all Kalmanfiltering schemesin applicationto non-
Gaussiandistributions: they do not producethe variance-
minimizingestimatein theanalysisstep.In addition,though
theEnKFpropagatestheerrorstatisticsmoreaccuratelythan
theEKF, it initializestheFPKequationwith anensemblethat
preservesonly first two momentsof the true analysiserror
statistics.TheSIR is free from thesedrawbacksand,asthe
resultspresentedin Sect.3 reveal,recoversthe trajectoryof
thestochasticLorenzsystemwith thehigheraccuracy.

Superiorityof the SIR to the EnKF becomesmore pro-
nouncedwhenthey areappliedto the parameterestimation
problem.TheSIRadjustedthemostcrucialmodelparameter
very closelyto its truevalueaftera coupleof analysissteps
and the quality of the solutionappearedto be independent
onwhetherthemodelparametersareinitially known exactly
or with someuncertainty. Thereis a distinguishingfeature
of thecaseconsideredin Sect.4 in comparisonwith numer-
ous applicationsof the the nonlinearKalman filters where
they showedhighskills. Namely, theEnKFfacedhereadis-
tribution badlyapproximatedby theGaussiancurve. In this

situationit demonstratedtotal inability tocopewith theprob-
lem. This point canbe of high importancefor atmospheric
andoceandataassimilationwheremany statevariablessuch
astracerfieldsaredistributedsimilarly. In this situation,the
Gaussianapproximationto theerrorstatisticsutilized in the
Kalmanfilter yieldstotally wrongtransmissionof the infor-
mationfrom theobservedvariablesto theunobservedones.
This failurecannotbeavoid by increasingtheensemblesize
sincenoconvergenceexists.

TheSIR makestheanalysiscomputationallysimplerand,
dueto utilizing the wholeerror statistics,muchmoreaccu-
ratethantheKalmanfilter. In addition,it offersmoreflexi-
bility allowing oneto tunepoorly known modelparameters
andeasilyto considerobservationshaving non-Gaussianer-
ror statistics(asit is thecasefor thetracerfields)andnonlin-
earlyrelatedto thestatevariables.Themainproblemof the
methodis thatthesolutionbecomesunstablewhenthemost
partof theensemblemembershavebadfitnessto thedatadue
to undersampling.As it wasnoticedin Sect.3, theEnKFper-
formsbetterin this situation.This weaknessof theSIR can
be especiallypronouncedin theparameterestimationprob-
lem whenall but oneof the membersdie at the resampling
stepwhile the lack of thenoisein Eqn. (2) preventstheen-
semblefrom regenerationin theparameterspacewith time.
This problemwill bestudiedin the future. A possiblesolu-
tion couldbeaddinga noiseto theensembleif it is nearlyto
collapse.This proceduremakesit possibleto restoretheen-
semblesizeandevento detectregular temporaloscillations
of somemodelparameters(Losaetal. , 2001).
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