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Abstract
In this study, we utilize a generalization of Monin–Obukhov similarity theory to construct
first order turbulent closures for single-column models of the atmospheric boundary layer
(ABL). A set of widely used universal functions for dimensionless gradients is evaluated.
Two test cases based on Large-Eddy Simulations (LES) experimental setups are considered
– weakly stable ABL (GABLS1; Beare et al. in Bound Layer Meteorol 118(2):247–272,
2006), and very strongly stratified ABL (van der Linden et al. in Bound Layer Meteorol
173(2):165–192, 2019). The comparison shows that approximations obtained using a linear
dimensionless velocity gradient tend to match the LES data more closely. In particular, the
EFB (Energy- and Flux- Budget) closure proposed by Zilitinkevich et al. (Bound Layer
Meteorol 146(3):341–373, 2013) has the best performance for the tests considered here. We
also test surface layer “bulk formulas” based on these universal functions. The same LES
data are utilized for comparison. The setup showcases the behavior of surface scheme, when
one assumes that the velocity and temperature profiles in ABL are represented correctly. The
advantages and disadvantages of different surface schemes are revealed.
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1 Introduction

According to Monin–Obukhov similarity theory (MOST), in the stratified surface layer of
the atmosphere, the vertical gradients of the mean velocity and scalars are related to the
turbulent fluxes of these quantities and the distance to the surface z in a universal manner
(Monin and Yaglom 1971). The stability parameter ζ = z/L , where L is the Obukhov length
scale, is the only dimensionless parameter that determines the type of flux-gradient relations.
Universal functions of this parameter are introduced intoMOST,which specify dimensionless
gradients of velocity�m(ζ ) and buoyancy�h(ζ ). Through these gradients and the parameter
ζ , it is possible to express unambiguously other dimensionless characteristics of the steady
flow, such as dimensionless coefficients of turbulent viscosity and diffusivity, dimensionless
scales of the Prandtl mixing length for momentum and scalars, turbulent Prandtl number,
flux and gradient Richardson numbers, etc.

Themost common object ofMOST’s application is the calculation of turbulent fluxes near
the surface with known values of mean meteorological variables at a certain specified height
zm andknownproperties of the surface itself. In this case, the integration of universal gradients
over z is performed, and the integration constants are associated with some conditional scales
of length z0 and z0t (dynamic and thermal roughness lengths, determined empirically for
surfaces of different types), which are much smaller than the height of zm . This use of MOST
leads to the well-known “bulk formulas” for calculating the coefficients of momentum, heat
and moisture exchange between the surface and the atmosphere.

One generalization of MOST to turbulent flows with variable distribution of momentum
and buoyancy fluxeswith height is the local scaling (Nieuwstadt 1984;Gryanik et al. 2020). In
this case, a first order closures can be constructed from universal functions for dimensionless
velocity and temperature gradients.

The set of universal functions proposed in the literature is currently quite large. They
differ in both coefficients and functional dependence on the stability parameter ζ , which
stems from both underlying assumptions on asymptotic behavior and methods with which
they are obtained.Moreover, theMOST is based on a number of assumptions, not all of which
can be fulfilled in the practical application of this theory to surface flux schemes and PBL
parameterizations. In particular, for stable stratification, the assumption about the presence
of a constant flux layer is significantly violated already for heights at which the first levels of
large-scale atmospheric models are located. Accordingly, the functions used in the models
cannot be fully universal and introduce different errors depending on the meteorological
situation and the way these functions are applied. In fact, all these functions have a limited
range of applicability, and it is quite possible that some of them are more suitable for local
one-dimensional closures, while the others are more suitable for obtaining bulk formulas
for evaluation (calculation) of surface fluxes on coarse computational grids, common for
numerical models of climate and weather forecast.

In this paper, we will try to compare various universal functions from this point of view.
Universal functions for dimensionless gradients proposed by different authors will be used
to construct single-column models with first order local turbulent closures, and to derive
bulk formulas under the assumption of constant flux layer. We compile a diverse set that
includes functions with different asymptotic behavior and underlying assumptions as well as
frequently used ones. The results are compared with data from LES experiments.

As one example, the simulations of a stable ABL according to the GABLS1 experiment
setup (Beare et al. 2006) are considered. This scenario has been used many times to test
LES models and their subgrid closures (e.g. Basu and Porté-Agel 2006), and has also been
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performed at very high spatial resolution (Sullivan et al. 2016). In addition, this scenario has
repeatedly demonstrated the convergence of the LES results to a single solution (with some
exceptions; see, Maronga and Li 2022) when refining model grids. Therefore, we have every
reason to believe that large-eddy simulations according to the GABLS1 setup adequately
reflect the physics of the phenomenon under consideration, and their results can be consid-
ered as the best reference data for testing turbulent closures performance in weakly stable
stratification. Previously, this setup has often been used (Svensson and Holtslag 2009; Pleim
et al. 2010; Sterk et al. 2012;Holtslag et al. 2013) for intercomparison and validation of single-
column numerical boundary layer models with LES data. In this paper, in addition to the LES
results of Beare et al. (2006), we will use results obtained with two different LES models
described in (Glazunov et al. 2016, INM-LES—Institute of Numerical Mathematics LES)
and (Tkachenko et al. 2021; Kadantsev et al. 2021, DSLA-LES—Dynamic Smagorinsky
Lagrangian Averaging LES), which use different subgrid closures and numerical schemes.

For testing of closures and surface schemes in the regime of a very stable boundary
layer (VSBL), the LES experiments obtained by van der Linden et al. (2019) are used. This
experiment is based on field observation data at the Antarctic station Dome C (Genthon et al.
2013). The simulations were carried out with fine grid resolution and rapid surface cooling
(16 times faster than in GABLS1), which led to the formation of an ABL with a thickness of
about 6 meters, which is the same order of magnitude as stable ABL in the Arctic (Grachev
et al. 2007; Petenko et al. 2019). Note that another example of similar setup is the GABLS4
case (Couvreux et al. 2020), which was performed with the coarser resolution of the LES
models, as evidenced by the large spread of their results. Also VSBL setup includes the effect
of large-scale subsidence and a period of constant surface temperature, which lead to different
shapes of profiles for temperature and heat flux. In addition to LES data from van der Linden
et al. (2019) we performed our own simulations for VSBL case with DSLA-LES model,
which is based on the dynamic Lagrangian-averaged Smagorinsky subgrid closure proposed
by Meneveau et al. (1996).

Note that this study does not consider the possible effects associatedwith the heterogeneity
of the underlying surface and with the radiation forcing distributed over the ABL thickness.
These effects may well change the form of the considered universal functions. In our opinion,
this dependence should be the topic of separate studies.

The paper is structured as follows. In Sect. 2, we review the basic assumptions of MOST
and its extensions and applications. In Sect. 3, we explain how first order closures are con-
structed from local generalization of MOST and introduce the set of universal functions for
dimensionless gradients we intend to test. In Sect. 4, we proceed to compare the performance
of constructed first order closures and their surface scheme counterparts against LES data.
This is followed by summary and conclusions in Sect. 5.

2 Monin–Obukhov Similarity Theory and Its Applications

Initially (Monin and Yaglom 1971), MOST was constructed with the assumptions of the
statistical stationarity of the flows and the smallness of changes in turbulent fluxes with
height within a certain layer, often called surface layer. However, in its practical application
in large-scale atmospheric circulation models or for indirect measurements of surface fluxes,
these assumptions often turn out to be violated. An example of the use ofMOST in conditions
it is not intended for is the modeling of a strongly stable, and, therefore, rather small in
thickness, atmospheric boundary layer on coarse grids of large-scale atmospheric models.
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In most global atmospheric models, the first model level is often located at heights of ∼ 10
meters above the surface, which is comparable to the characteristic thickness of the shallow
stable ABL, which can occur in winter conditions at high latitudes (Grachev et al. 2007; Esau
2008; Petenko et al. 2019). For an ABL in a quasi-equilibrium state, developing with constant
surface cooling in the absence of internal sources, the turbulent heat flux decreases linearly
in the vertical direction: Fz(z) ≈ Fz(0)(1− η) (here, η = z/h and h is the ABL height), and
the momentum flux decreases even faster: τ(z) ≈ τ(0)(1 − η)3/2 (Nieuwstadt 1984). Thus,
the assumption that the fluxes are constant with height can be violated by a factor of two or
more if the first model grid node center is in the middle of the ABL.

It is common that not only the thin surface layer, but the entire ABL can be considered
in a quasi-equilibrium state (Nieuwstadt 1984; Derbyshire 1999), which allows generalizing
the similarity theory to its entire thickness. When constructing such a scaling, in addition
to the stability parameter ζ = z/L , the dimensionless height η = z/h should be a key
parameter characterizing the turbulent length scales. A classic example of an alternative
approach to MOST scaling is the Deardorff similarity theory (Deardorff 1970), where the
height h acts as the only length scale for the convective ABL, which uniquely determines
all flow characteristics in the absence of vertical wind shear. The inclusion of the Deardorff
convective velocity scale w∗ = (βFz(0)h)1/3 in the bulk formulas when calculating surface
fluxes,which iswidespread in themodels of the surface layer, can be considered as an example
of the hybrid use of MOST and Deardorff scaling. Another approach for introducing η into
the scaling is discussed by Emeis (2014).

In empirical universal functions of dimensionless velocity and temperature gradients for
stable stratification, the dependence on the dimensionless height z/h can be implicitly present.
This is due to the fact that the height h and the Obukhov length scale near the surface, L , turn
out to be proportional to each other: h/L ∼ 2−4 under typical conditions for the development
of a stable ABL. Note that this proportionality is approximate and does not completely cancel
the dependence of h/L on the ABL evolution prehistory and some external parameters, for
example, on the value of f /N , where f is the Coriolis parameter, and N is the Brunt–Väisälä
frequency in free atmosphere above boundary layer (see, e.g., Zilitinkevich and Baklanov
2002). To obtain from observations functions �̃(z/L) and �̃(z/L), which are dependent
only on one parameter, one just needs to measure the fluxes and the scale L near the surface,
and the gradients at height z. Then the typical dependence of the fluxes on the parameter
η = z/h ∼ ζ = z/L will determine the form of these functions, and they can be used in the
same way as the dimensionless gradients in the original MOST.

An example of linear approximation of the functions �̃h(ζ ) and �̃m(ζ ) are the well-
known Businger-Dyer functions (Dyer 1974), which, due to the successful choice of four
constants (including the Prandtl number at the surface and the von Karman constant) practi-
cally coincide with the dimensionless gradients scaled in the above-described way according
to LES results up to heights of z ∼ 1

3h , where the turbulent momentum flux decreases by
almost a factor of two in comparison with its surface value (see, functions �h(z/L) and
�m(z/L) shown in additional materials to (Beare et al. 2006) at https://gabls.metoffice.com
and, also, Fig. 7 from Glazunov (2014a)). Implicitly accounting for the vertical distribution
of momentum and buoyancy fluxes in empirical approximations of dimensionless gradients
makes it possible to use bulk formulas to obtain correct estimates of flux values at the surface
for relatively high z/h. At the same time, these bulk formulas will provide incorrect flux
profiles.

Another example ofMOST generalization to turbulent flowswith height-variablemomen-
tumandbuoyancyfluxes is the local scaling proposed byNieuwstadt (1984).With this scaling,
the dimensionless gradients φm(z/�) and φh(z/�) are considered universal throughout the
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whole ABL. Here, the local Obukhov scale �(z) is used, calculated from the values of
fluxes at the same height where the flux-gradient relation is established (in our notation:
�(z = 0) ≡ L). Local scaling is convenient for constructing turbulence closures for one-
dimensional ABL models. For example, in Mortikov et al. (2019) it was shown that using
the relaxation of the turbulent wave number scale to the value defined by φm(z/�), one can
obtain turbulence closure very similar to the classical k − ε model, and, at the same time,
reduce the number of semi-empirical constants in the dissipation equation from four to one.

The local scaling has one significant shortcoming: when it is used, the dependence of
the universal functions on the parameter η = z/h is completely lost. Because of the limited
turbulent length scales under stable stratification, the influence of the upper ABL boundary
on the processes at the surface and in the interior of the ABL is relatively small. However,
in the upper part of ABL, significant fractions of the momentum and heat is transported by
relatively large eddies generated non-locally, and the integral length scales h and L � �(z),
responsible for the static stability of the flow as a whole, become important again (Glazunov
2014b). Because of the increasing turbulent length scales relative to �, at the top of the
ABL, the dimensionless gradient of velocity φm(z/�) grows slower than linearly, and the
dinemsionless gradient for the temperature φh(z/�) grows slower than that of velocity, so
formally defined Prandtl number Prt = φh/φm is reduced. This happens because of the
features of the mean flow and since the turbulent fluxes are not directly related to local
gradients. The described behavior is typical for the turbulent Ekman layer and turns out to be
non-universal when the parameters of the external dynamic forcing change (see, Glazunov
2014a, b).

Most studies devoted to the experimental determination of dimensionless gradients do not
focus on the differences between local scaling and scaling to near-surface turbulent scales,
it is implicitly assumed that: φm,h ≈ �m,h ≈ �̃m,h (this, generally speaking, is true only
within the “constant flux” layer). When constructing single column ABL models and when
obtaining bulk formulas, the same universal dependencies are most often used. This can lead
to significant errors. Dimensionless gradients are empirical functions and are determined
from a large set of field data with high uncertainty. For example, if measurements were car-
ried out, including at heights comparable to the thickness of the ABL, which can occur for
mast measurements at high latitudes, then the resulting empirical dependence will inevitably
be characterized by underestimated Prandtl numbers and overestimated length scales in com-
parison with what is necessary for successful local one-dimensional modeling of the ABL.
On the other hand, the local dimensionless gradients φm,h(z/�), measured in the lower and
middle parts of the ABL, may turn out to be suitable for local one-dimensional models, but
inapplicable for bulk formulas obtained under the assumption of height-independent fluxes.

3 First Order Closures with Local Scaling and Dimensionless Gradient
Functions

We proceed with constructing locally scaled first order turbulent closures. For one-
dimensional ABL models governing equations for mean velocity and temperature are
obtained from Reynolds-averaged Navier–Stokes equations simplified by horizontal homo-
geneity assumption leaving only the dependence on vertical coordinate z:

∂U

∂t
+ ∂τx

∂z
= f

(
V − Vg

) − wsub
∂U

∂z
, (1)
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∂V

∂t
+ ∂τy

∂z
= − f

(
U −Ug

) − wsub
∂V

∂z
, (2)

∂θ

∂t
+ ∂Fz

∂z
= −wsub

∂θ

∂z
, (3)

whereU and V are horizontal components of mean velocity vector U, τx = u′w′, τy = v′w′
are components of vertical turbulent momentumflux τ , θ is potential temperature, Fz = θ ′w′
is vertical turbulent heat flux, f is the Coriolis parameter, Ug, Vg are geostrophic wind

components, wsub = − ∫ z
0

(
∂U
∂x + ∂V

∂ y

)
dz is vertical subsidence velocity due to large-scale

divergence. Turbulent fluxes are expressed through gradient approximation:

τ = −Km
∂U
∂z

, Fz = −Kh
∂θ

∂z
. (4)

In first order closures, turbulent viscosity and diffusivity are given as:

Km = fml
2
∣
∣
∣
∣
∂U
∂z

∣
∣
∣
∣ , (5)

Kh = fhl
2
∣∣∣∣
∂U
∂z

∣∣∣∣ , (6)

where fm,h are normalized transfer coefficients for momentum and heat,
∣∣∣ ∂U

∂z

∣∣∣ =
√(

∂U
∂z

)2 + (
∂V
∂z

)2
, l is turbulent length scale for neutral conditions, l ∼ κz. Local flux-

gradient relations can be expressed as:

∂U
∂z

= −τ√
τ

φm(ζ )

κz
, (7)

∂θ

∂z
= θ∗

κz
φh(ζ ), (8)

where θ∗ = − Fz
u∗ is the turbulent temperature scale, Fz is the turbulent heat flux, κ is the von

Karman constant, ζ = z
�

is the local stability parameter, � = u2∗
βκθ∗ is the local Obukhov

length scale, u∗ = √
τ is friction velocity and τ = |τ|, β = g

θ0
is buoyancy parameter with

g as acceleration of gravity and θ0 as reference potential temperature, and φm,h are universal
functions for dimensionless velocity and temperature gradients. The functions φm,h can be
related to normalized transfer coefficients as:

fm = φ−2
m (ζ ), (9)

fh = 1

φm(ζ )φh(ζ )
. (10)

The turbulent Prandtl number Prt , flux Richardson number Ri f , and gradient Richardson
number Rig in such a closure can be expressed as:

Prt = Km

Kh
= φh

φm
, (11)

Ri f = βFz
τx

∂U
∂z + τy

∂V
∂z

= βθ∗κz
u2∗

φ−1
m = ζ

φm
, (12)
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Rig = β ∂θ
∂z∣

∣∣ ∂U
∂z

∣
∣∣
2 = βθ∗κz

u2∗
φh

φ2
m

= ζφh

φ2
m

. (13)

For the solution of the system [Eqs. (1)–(10)], one need to express ζ throughmean velocity
and temperature profiles, using Eq. (13), either explicitly or by iterative procedure.

3.1 Linear Dimensionless Gradients

In classicMonin–Obukhov theory for stable turbulent surface layerMonin andYaglom (1971)
assume linear form of dimensionless gradients:

φm = 1 + Cmζ, (14)

φh = Prt0 (1 + Chζ ) , (15)

where Prt0 is the Prandtl number for neutral stratification. Using (12) one can show how
constant Cm governs the critical flux Richardson number:

Ri f = ζ

1 + Cmζ
= Cm

−1 − Cm
−1

1 + Cmζ
, (16)

lim
ζ→∞ Ri f = Cm

−1. (17)

The range of constant Cm ∈ [4.0, 5.5] corresponds to critical flux Richardson number of
Ri f c ∈ [0.18, 0.25], which is well established in experimental data and observations (Monin
and Yaglom 1971; Zilitinkevich et al. 2013, 2019). Equations (14) and (15) substituted into
Eq. (13) result in a quadratic equation for ζ as a function of Rig , which has a positive root
for 0 ≤ Rig ≤ Rigc, where:

Rigc = Prt0Ch

C2
m

. (18)

Depending on Ch
Cm

ratio, Prt for this solution increases or decreases up to Prt c = Prt0Ch
Cm

with
ζ → ∞.

3.2 Turbulent Prandtl Number Parametrizations Prt
(
Rig

)

The non-linear dimensionless temperature gradient φh may appear if an empirical Prt
(
Rig

)

dependence is introduced, for example from Schumann and Gerz (1995):

Prt (Rig) = Prt0

(
exp

( −Rig
Prt0Ri fc

)
+ Rig

Prt0Ri fc

)
. (19)

In this case, the dimensionless velocity gradient is still undefined and should be intro-
duced. We will use a linear dimensionless velocity gradient (14), since some works (e.g.,
Zilitinkevich et al. 2019) show that the turbulent scales derived from it are in good agreement
with the DNS (Direct Numerical Simulation) data of stably stratified turbulent Couette flow
(Mortikov et al. 2019; Glazunov et al. 2019), and in addition, it allows the closure to obey
the asymptotic of the bounded flux Richardson number under strong stability (Eq. (17)).
Substituting Eq. (7) into Eq. (11) for φh :

φh = Prt (Rig)φm = Prt (Rig) (1 + Cmζ ) . (20)
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Substituting Eq. (20) to Eq. (13) gives:

Rig = ζPrt (Rig)

(1 + Cmζ )
, (21)

which can be solved for ζ with:

ζ = Rig
Prt (Rig) − CmRig

. (22)

Note, that for some Rig , CmRig > Prt (Rig), there is a critical gradient Richardson number
for this form of dimensionless temperature gradient.

3.3 Energy- and Flux-Budget Closure

In the EFB (Energy- and Flux-Budget) closure (Zilitinkevich et al. 2013) it is assumed
that a linear dimensionless velocity gradient is governing the equilibrium state of turbulent
kinetic energy budget and thus turbulence may be maintained by shear at any stability. The
turbulent Prandtl number is assumed to increase linearly with Rig at high stability and a set
of other assumptions (e.g., on the relations between turbulent kinetic energy and potential

energy dissipation; formof turbulent kinetic energy anisotropy Az = w′2/
(
w′2 + u′2 + v′2

)

dependence on stability) is utilized. In its simplest form derived from steady state analysis,
the closure can be reduced to a turbulent Prandtl number of the following form:

Prt = Cτ

CF

/ (

1 + C∇ − (1 − Cθ )
CP Ri f

Az
(
1 − Ri f

)

)

. (23)

Using Ri f (ζ ) from Eq. (16) and a linear dimensionless velocity gradient, Eq. (14), the
following expression for Prt (ζ ) can be obtained:

Prt = Cτ

CF

/⎛

⎝C2 − C1

ζ
(
1 + Ca

Az∞ ζ
)

(
Az0 + Caζ

)
(1 + (Cm − 1) ζ )

⎞

⎠, (24)

where C2 = 1 + C∇ , C1 = (1 − Cθ )CP and Ca is a constant. This can be further reduced
to cubic equation for ζ with known Rig , for details see Appendix 1.

3.4 Non-linear Dimensionless Gradients

Following Grachev et al. (2007, 2008) and Gryanik et al. (2020) one can use two similar sets
of stability functions with non-linear dimensionless velocity gradient:

φGA08
m (ζ ) = 1 + am1

ζ (1 + ζ )
1
3

1 + bm1ζ
, (25)

φGA08
h (ζ ) = 1 + ah1ζ + bh1ζ 2

1 + chζ + ζ 2 , (26)

and:

φGL20
m (ζ ) = 1 + am2ζ

(1 + bm2ζ )
2
3

, (27)
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φGL20
h (ζ ) = Prt0

(
1 + ah2ζ

1 + bh2ζ

)
. (28)

These empirical functions were derived from SHEBA (Surface Heat Budget of the Arctic
Ocean Experiment) measurements, and are initially intended to be used in surface schemes
(seeGryanik andLüpkes (2022) for comprehensive package of these andother fucntions). The
form for both velocity gradients approximations here is based on assumption of frictionless
or “z-less” scaling, such that shear is independent of the friction velocity u∗ in the limit of
very strong stability, see (Grachev et al. 2007). Another asymptotic behavior assumed in
those functions is that φh(ζ ) becomes constant for very high stability. Both pairs of universal
functions imply that the Prandtl number goes to zero at large values of ζ .

Using similar assumptions, but making both φm(ζ ) and φh(ζ ) approach constant non-
zero value at high ζ , another set of stability functions with non-linear dimensionless velocity
gradient was obtained by Cheng and Brutsaert (2005), using CASES-99 field data:

φCB05
m = 1 + a

⎛

⎝ζ + ζ b
(
1 + ζ b

) 1−b
b

ζ + (
1 + ζ b

) 1
b

⎞

⎠ , (29)

φCB05
h = 1 + c

⎛

⎝ζ + ζ d
(
1 + ζ d

) 1−d
d

ζ + (
1 + ζ d

) 1
d

⎞

⎠ . (30)

Lastly we introduce probably the most frequently used functions of dimensionless gra-
dients, at least in the past, and which are currently still in use in some climate and weather
forecast models (Dufresne et al. 2013; Voldoire et al. 2013; Volodin et al. 2017), proposed in
Louis (1979), Louis et al. (1982). They show a non-linear dependence of the dimensionless
velocity gradient on stability. The reason for the popularity of the Louis closure in weather
and climate forecast models is that it is easy to implement. Another factor is that for coarse
vertical grids, this closure does not allow turbulent mixing to vanish even with very strong
stability thus preventing decoupling of the ABL. As a consequence the Louis scheme almost
always greatly overestimates mixing (Garratt et al. 2020). The stability functions in this
closure are written as dependent on the gradient Richardson: number:

fm = 1

1 + 10Rig
(
1 + 5Rig

)− 1
2

, (31)

fh = 1

1 + 15Rig
(
1 + 5Rig

) 1
2

. (32)

Equations (9) and (10) allow to relate these stability functions to dimensionless gradients,
and in this case the latter are only dependent on Rig:

φL79
m =

√

1 + 10Rig
(
1 + 5Rig

)− 1
2 , (33)

φL79
h = 1 + 15Rig

(
1 + 5Rig

) 1
2

√
1 + 10Rig

(
1 + 5Rig

)− 1
2

. (34)
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Table 1 Turbulence closures for comparison and legend key

Name φm (ζ ) φh(ζ ) References

BD71 Eq. (14) Eq. (15) Businger et al. (1971), Dyer (1974)

EFB Eq. (14) Eqs. (24) and (11) Zilitinkevich et al. (2013)

SG95 Eq. (14) Eqs.(19) and (22) Schumann and Gerz (1995)

GA08 Eq. (25) Eq. (26) Grachev et al. (2007), Grachev et al. (2008)

GL20 Eq. (27) Eq. (28) Gryanik et al. (2020)

CB05 Eq. (29) Eq. (30) Cheng and Brutsaert (2005)

L79 Eq. (33) Eq. (33) Louis (1979), Louis et al. (1982)

4 Comparison

In this section we provide a brief overview of the sets of universal functions introduced before
and highlight differences between them.

For convenience, Table 1 summarizes the designation of closures used in figures and the
forms of dimensionless gradients from which they are obtained. Later in the text we will
refer to first order closures based on the locally generalized Monin–Obukhov theory (that is
with local scaling z/�) which use particular stability functions.

To ease the comparison of one-dimensional models with each other, for all used closures,
the most common identical set of constants was used, such as wherever possible we set the
neutral Prandtl number and von Karman constant to the values obtained by LES data in
experiments, while the “internal” constants for the universal functions are kept as in original
formulations. Other constants, defined by the particular form of stability functions are set to
values, which were originally proposed by the authors. According to our tests the best overall
fit was achieved with Prt0 = 0.75 and κ = 0.4.

Figure 1 shows the behaviour of the considered closures as well as data obtained from
LES experiments with GABLS1 and VSBL setup. Note that hereafter data calculated from
LES uses total (resolved + “subgrid”) fluxes. The LES and first order closures data appear
to coincide in the near-neutral conditions, except for Rig < 0.04 for which wide spread in
LES can be observed because the near surface flow is not well resolved. The spread both
in LES data and between closures increases with stability. The largest differences appear in
the region of Rig > 0.17 for both φm and φh , which corresponds to the upper half of the
boundary layer in the VSBL experiment and upper quarter in the GABLS1 case. This can
indicate that there is no universal behavior of dimensionless gradients in this part of the SBL
and it might depend on the flow conditions and external forcing and a plethora of processes
which occur at the interface of the ABL and the free atmosphere (intermittency, internal
gravity waves – turbulence interactions etc.) as discussed in Sect. 2.

The closest match to the aggregated LES data for both dimensionless gradients in the
region 0.1 < Rig < 0.17 as seen in Fig. 1 is demonstrated by the BD71 functions, followed
by the EFB and the GL20 closures. As will be evident in the following sections, this allows
these closures to reproduce the mean profiles similar to those in LES. The region Rig > 0.2
appears in the upper part of SBL where the values of the momentum and heat fluxes are
relatively small and thus will have less influence on the mean profiles. It can be noted that the
solutions for SG95 and EFB closures give a similar linear growth of ζ for Rig > 0.2, where
Prt ∼ Cm(Rig), and their Prandtl number behaviour is within bounds estimated in Basu and
Holtslag (2021).
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Fig. 1 a φm , b φh , c Prt , d Ri f as functions of Rig . For legend see Table 1. The circles, triangles, diamonds
and square points refer to LES data and are colour-coded (see colour bar on the top right of the Figure)
according to the height z/h at which they are calculated

Solutions from closures constructed from SHEBA data significantly differ from other
closures in their behavior. They do not show the presence of a critical flux Richardson
number in their solution, and as a result of (see Eq. (11)) the turbulent Prandtl number does
not increase with increasing stability, but decreases, which seems to contradict a number
of studies (Schumann and Gerz 1995; Stretch et al. 2001; Zilitinkevich et al. 2013; Katul
et al. 2014; Zilitinkevich et al. 2019). L79 closure significantly underestimates critical flux
Richardson number, and a linear growth of the turbulent Prandtl number begins much earlier
than in the SG95 or EFB closures.

4.1 Weakly Stable Boundary Layer Case

We will compare performance of obtained closures using the experimental setup GABLS1
(Cuxart et al. 2006). The single-columnmodels were ranwith the same resolution as LES.We
include the results of two LESmodels with 3.25 m vertical resolution, which reproduced ver-
tical distribution of mean wind velocity and temperature very close to the mean of GABLS1:
INM LES model Glazunov et al. (2016) and LES-DSLA (Tkachenko et al. 2021; Kadant-
sev et al. 2021). The main difference of these models is in subgrid closure procedure: INM
LES utilizes dynamic mixed Smagorinksy and scale similarity closure, while LES-DSLA
uses dynamic approach supplemented with Lagrangian averaging to calculate Smagorinksy
constant and subgrid Prandtl number. Despite those differences models perform very similar
in the GABLS1 case.
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Fig. 2 Profiles of a θ ,b |U | , c θ ′w′ and d τ from single columnmodels inGABLS1 experiment, for legend key
see Table 1. (INM-LES) denotes LES data from INMRASmodel (Glazunov 2014a), (DSLA-LES) denotes data
from LES used in Kadantsev et al. (2021). Grey shading denotes model spread, i.e., minimum and maximum
value at each vertical level from the ensemble of models with 3.125 m resolution from Beare et al. (2006), data
obtained from https://gabls.metoffice.com. The profiles are obtained by averaging over last hour of experiment

Figure 2 demonstrates profiles of potential temperature θ , wind speed |U |, kinematic
heat flux θ ′w′ and momentum flux τ averaged over the last hour of the experiment. The
difference between the BD71 and EFB closures is very small in mean profiles, but is more
noticeable for the turbulent fluxes, and both of them are closer to LES data than others.
The SG95 closure shows issue with reproducing narrow jet in velocity profile, but produces
temperature profile similar to BD71 and EFB. One can also notice that closures with non-
linear@@dimensionless velocity gradient (GA07, GL20, CB05 and L79) significantly differ
from the closures EFB, SG95 and BD71, which assume linear velocity gradient, and LES
data, this is especially evident for the CB05 closure. At the same time, the greatest error both
in mean and flux profiles is given by the closure based on Louis (1979).

4.2 Very Stable Boundary Layer Case

To test first order closures in the case of very stable ABL (VSBL), experiments were per-
formed according to the van der Linden et al. (2019) setup, which corresponds to extreme
surface cooling during the Antarctic winter. In general, this formulation does not differ much
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Fig. 3 Profiles of a θ , b |U | , c θ ′w′ and d τ from single column simulations of VSBL experiment, for legend
key see Table 1. Triangles and crosses represent LES data from van der Linden et al. (2019) and DSLA-LES
respectively, averaged over the last hour of the experiment

from GABLS1, except for an increase in the surface cooling rate by a factor of 16 to 4 K s−1

after which the surface temperature was kept constant for a significant period (16.75 h) of
time. Also one more external forcing was added to the temperature equation in the form of
large-scale vertical advection (subsidence), which, on average, contributed to an increase in
the temperature gradient in the top part of the ABL. The heat flux profile in this experiment
is very different from the linear one.

The simulation results as well as the LES reference profiles (for MicroHH LES from
van der Linden et al. (2019) and DSLA-LES) are shown in Fig. 3. In general, the conclusions
drawn for the case of weaker stability of GABLS1 can be reiterated in relation to this experi-
ment, but a relatively large spread between the one-dimensionalmodels isworth noting. Thus,
the difference in the mean profiles for the BD71, EFB, SG95 closures significantly increases
compared to GABLS1, which was most likely due to the difference in closures behavior in
the region of strong stability, in particular SG95 and BD71 provide more extensive mixing
there. The SG95 also fails to reproduce the jet in this experiment. A further difference is
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Fig. 4 Profiles of a, b Rig , (c,d) Ri f ,e, f Prt obtained as a result of single-column experiments for (left
column) GABLS1 case and (right column) VSBL case, for the legend see Table 1. (INM-LES) denotes LES
data from INM RAS model, (LES-DSLA) denotes LES data from LES model with dynamic Smagorinsky and
Lagrangian averaging procedures for closure, (MicroHH LES)—data of MicroHH LES model simulations
from van der Linden et al. (2019). The profiles are obtained by averaging over last hour of experiment

that of all schemes with non-linear velocity gradients, the GL20 scheme shows the best and
relatively good agreement with LES with respect to the wind profile and momentum fluxes.

A comparison of the Rig , Ri f and Prt profiles for both experiments is shown in Fig. 4. The
flux Richardson number is derived from the LES total fluxes (comprised of both the resolved
and the ”subgrid” flux), and the Prandtl number is calculated as Prt = Rig Ri

−1
f .These results

corroborate the behavior observed in Fig. 1, but in a form that highlights the dependence on
z/h and realized local stability in the closures. That is, the first order closures profiles are all
close to LES near the surface and diverge in the outer ABL, and all single column models are
closer to LES in the GABLS1 case. Closures that limit Ri f by their design (L79,SG95, BD71
and EFB) produce near Ri f c values in VSBL experiment and to a lesser extent in GABLS1
case, however from the LES data onlyMicroHH show a similar behavior. The spread between
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the LES models themselves is larger in VSBL experiment than that in GABLS1 experiment
for both Rig and Ri f profiles. As Fig. 4e, f show there is little overlap for Prt profiles in BD71
and EFB closures despite the very close profiles of wind speed and potential temperature
they produce for both weakly and strongly stratified cases in Figs. 2 and 3. This difference
corresponds to smaller change in resulting Rig profiles. One of the reasons for this might be
that these closures operate at close to Ri f c values (which are equal for both closures) in the
upper part of the ABL. The main dissimilarities in the results for Prt occur at the top of the
ABL, where turbulent fluxes are already small and cannot affect mean stability (Rig) greatly.

4.3 Evaluation of the Surface Flux Schemes

As noted earlier, generalizing some sets of local dimensionless gradient functions to the
entire boundary layer can give significant errors in one-dimensional models if these functions
implicitly contain information about the dependence of fluxes on the dimensionless height
z/h. However, the same circumstance can give an advantage when using these integrated
functions for calculating surface fluxes. On the one hand, the surface layer assumption is
violated further with increasing distance from the surface and so will the error in estimated
surface fluxes.On the other hand information about the z/h dependence, implicitly introduced
into the integral functions, can mitigate this increase in error and extend the range of heights
z in which a particular surface flux scheme is applicable. One can try to test this hypothesis
using LES data.

The calculation of surface heat and momentum fluxes using bulk formulae can be briefly
described as follows: the functions of dimensionless gradients (7) and (8) are integrated under
the assumption that the fluxes and Obukhov’s scale L are constant with height, thus forming
a system of equations for u∗s , θ∗s , and L . Then, one can calculate the heat and momentum
fluxes near the surface θ ′w′

s = θ∗su∗, τs = u2∗s :

u∗s = (|U(z)| − |Us|) κ

m(z/L) − m(z0/L)
, (35)

θ∗s = (θ(z) − θs) κ

h(z/L) − h(z0t/L)
, (36)

L = u2∗s
βκθ∗s

, (37)

where m and h are the integral universal functions, obtained from φm and φh .
External parameters for this system of equations are the values of wind velocityU (z) and

temperature θ(z) at the height z, their values at the surface Us, θs and characteristics of the
surface z0, z0t . All external parameters can be obtained from the LES data for the considered
above experiments GABLS1 and VSBL.

Figure 5 shows the surface heat and momentum fluxes calculated from (35)–(37) using
all the universal functions considered. These fluxes are shown as dependent on z/h and
normalized to the corresponding surface fluxes obtained from LES data, which are supposed
to be the true reference data. In this way, wemimic the behavior of the surface fluxes schemes
when the values of velocity and temperature at some height z are known, but the variances
of the fluxes within the underlying layer are neglected. The deviation of each curve from
unity on the horizontal axis shows the relative error of the corresponding scheme and thus
indicates its applicability or inapplicability at different distances from the surface.

In Fig. 5 it can be seen that for the GABLS1 experiment with a weakly stable ABL, most
of the surface schemes estimate the heat flux well regardless of the dimensionless height z/h,
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Fig. 5 Profiles of the ratios of the surface kinematic heat flux a, b and momentum flux c, d calculated by
corresponding model bulk formulae to the surface fluxes according to LES simulations data (fromDSLA-LES
results) in the experiments GABLS1 (Cuxart et al. 2006) (left column) and VSBL (van der Linden et al. 2019)
(right column). The profiles are obtained by averaging over last hour of experiment. Bulk formulas in the
legend of this figure are integrated versions of their counterparts in Table 1

but for the momentum flux Louis scheme gives a significant overestimation with height. For
the ABL with higher stability in the VSBL experiment, all schemes are not able to correctly
estimate the fluxes in the upper half of the ABL z/h > 0.5. The closest to unity in lower
ABL is EFB closure, however its reproduced momentum flux vanishes quickly in the upper
part of the boundary layer. GL20 scheme follows closely and CB05, SG95 and L79 on the
other hand perform worse, but keep reproducing non zero momentum flux in the entire ABL,
which means their application will not lead to decoupling when used on coarse grid for this
stability. This implies that if these surface schemes were to be applied in the GCM model
away from the surface layer (i.e., the lowest vertical grid cell was in the z/h > 0.5 region of
ABL) it will still produce some momentum flux.
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5 Conclusions

In this study we conducted an evaluation of different first order schemes with data from LES
experiments. The considered schemes were constructed based on generalizedMOST follow-
ing the literature by assuming its local validity. It is shown that derived stability functions
and first order closures, which utilize linear velocity dimensionless gradient, provide good
agreement with LES data. In particular, the best agreement with the LES data was obtained
with Businger et al. (1971) and Zilitinkevich et al. (2013) closures, followed by Schumann
and Gerz (1995) based closure. All other closures produce too strong mixing and thus over-
estimate the ABL height. The degree of overestimation differs from scheme to scheme and
depending on the considered property not always the same scheme is superior. However the
most disagreement with LES is clearly shown by the Louis (1979) scheme. These results
appear to be more pronounced for the VSBL experiment than for weakly stable conditions.
One point to note here is that the comparison discussed above represents the application of
single column models in favorable conditions from numerical perspective. This means the
1D model was run with very high resolution and with much smaller time steps than those
actually utilized in climate and weather prediction models.

We emphasize that hereweperforma comparison between closures. The numerical aspects
of vertical diffusion parameterizations in global circulation models should be treated as sep-
arate issue and evaluated differently. We believe that this study cannot suffice for a definitive
answer or even clear recommendation for functions to use or not to use in GCMs. In particular
because of interference ofABL schemewith a number of factors such as specific implementa-
tion features, numerical approximation errors, other components of GCMand their parameter
ranges, there is no guarantee for a particular set of universal functions to perform well in a
particular GCM. Therefore, an evaluation of the universal functions performance in GCMs
is needed, which warrants a separate study.

The applicability of the considered universal functions for the construction of “bulk formu-
las” was evaluated. The mean velocity and temperature profiles obtained in LESwere used as
reference data for calculating surface heat and momentum fluxes. Such setup showcases the
behavior of surface scheme when one assumes that above the surface the ABL is represented
correctly by the ABL turbulent diffusion scheme. In the case of weakly stratified ABL most
surface schemes show good results up to 0.8 of ABL height except for functions proposed in
Louis (1979). For very stable ABL surface schemes based on linear dimensionless velocity
gradients will produce diminishing fluxes if integrated above half of the ABL, and functions
based on Grachev et al. (2007) and Gryanik et al. (2020) will have this region extended to
the entire ABL. On the other hand long-tailed functions such as Cheng and Brutsaert (2005)
and Louis (1979), will overestimate surface fluxes greatly. This in turn may be a desirable
feature for implementation in climate and weather forecast models to prevent decoupling of
the ABL from the underlying surface on coarse vertical grids.

Finally, we stress that most of the considered closures had been developed for the surface
layer and applying them in the entire ABL leaves the region for which they were defined.
However, the presented strategy for their extension might be useful for their future test in
climate and weather prediction models and such test are recommended for a large variety of
functions to better understand their impact on a larger scale.
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Appendix 1: Relations of Rig and Stability Parameter �

For the solution of the system (1)–(10), an expression for ζ through mean velocity and
temperature profiles, using Eq. (13) is needed. For some of the closures this could be done
analytically (see below for BD71 and EFB, or using Eq. (22) for SG95). Other closures
require some sort of iterative procedure. The simplest one to derive is an iteration method of
the form:

ζn+1 = Rigφ2
m(ζn)

φh(ζn)
. (38)

This method seems to work relatively well and more complicated Newton-Raphson method
seems to only marginally improve computational cost.

Linear dimensionless gradients
To solve the closure for linear dimensionless gradients substituting (14) and (15) into (13)
gives:

Rig = ζφh

φ2
m

= Prt0ζ (1 + Chζ )

(1 + Cmζ )2
, (39)

one can rewrite it as a quadratic equation in relation ζ :
(
Prt0Ch − C2

m Rig
)
ζ 2 + (

Prt0 − 2CmRig
)
ζ − Rig = 0 (40)

Assuming non-negativity of Rig , and typical range of Cm and Ch (Cm ≤ Ch), after some
calculus one can show that (40) has a non-negative solution. This would be branch of the
root:

ζ+ =
2CmRig − Prt0 +

√
4(Prt0Ch − Cm)Rig + Pr2t0

2
(
Prt0Ch − C2

m Rig
) , (41)

which becomes non-negative at Rig = 0. In simplified case of Cm = Prt0Ch , this solution

is reduced to ζ = Rig
1−Cm Rig

, which one can find in Soloviev et al. (2001).

EFB Closure
For the EFB closure substituting Eq. (24) into Eq. (21) gives:

Rig =
(
Cτ

CF

) (
Az0 + Caζ

)
(1 + (Cm − 1) ζ ) ζ

(1 + Cmζ )
(
C2

(
Az0 + Caζ

)
(1 + (Cm − 1) ζ ) − C1ζ

(
1 + Ca

Az∞ ζ
)) , (42)
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which leads to a cubic equation relative to ζ :

(g1 − h1) ζ 3 + (g2 − h2) ζ 2 + (g3 − h3) ζ + g4 = 0. (43)

where:

h1 = Cτ

CF
Ca (Cm − 1) , (44)

h2 = Cτ

CF

(
Az0 (Cm − 1) + Ca

)
, (45)

h3 = Cτ

CF
Az0, (46)

and:

g1 = RigCmC
′
1, g2 = Rig

(
C ′
1 + CmC

′
2

)
, (47)

g3 = Rig
(
C ′
2 + CmC

′
3

)
, g4 = RigC

′
3 (48)

C ′
1 = Ca

(
C2 (Cm − 1) − C1

Az∞

)
, (49)

C ′
2 = C2

(
Az0 (Cm − 1) + Ca

) − C1, (50)

C ′
3 = C2Az0. (51)

Here we utilize the constants from Zilitinkevich et al. (2013):

CP = 0.62, Cm = 5.0, (52)

Cθ = 0.76, C∇ = 0.78, (53)

Cτ = 0.15, CF = Cτ / [(1 + C∇) Prt0] , (54)

and:

Az∞ = 0.0209, Az0 = 0.2, Ca = 0.003. (55)

Az is approximated by:

Az = Az0 + Ca
z
L

1 + Ca
Az∞

z
L

. (56)

The physically meaningful root can be found by:

ζ =

⎧
⎪⎨

⎪⎩

3
√
4

(
q2 − √−Δ

)1/6 cos
( 1
3 atan2

(√−Δ,−q
)) − b

3 ,Δ < 0,

3

√(−q+√
Δ

2

)
+ 3

√(−q−√
Δ

2

)
− b

3 ,Δ > 0,
(57)

where atan2 (α, β) is the four-quadrant inverse tangent function, and:

q =
(

2

27

(
g2 − h2
g1 − h1

)2

− 1

3

g3 − h3
g1 − h1

)
g2 − h2
g1 − h1

+ g4
g1 − h1

,

Δ = q2 + 4

27

(−1

3

g2 − h2
g1 − h1

+ g2 − h2
g1 − h1

)3

,

b = 1

3

g2 − h2
g1 − h1

. (58)
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