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‘When studying a complex system, it is often useful to think of the system as a network of
interacting units. One can then ask if some properties of the entire network are already
explained by a small part of the network, a network motif. A famous example of an
ecological motif is exploitative competition in food webs, where the presence of two
species competing for a shared resource precludes the existence of a stable equilibrium
for the whole system. However, other examples of motifs with such direct impacts
on stability are not known. Here, we show why small motifs that allow conclusions
on systemic stability are rare. More importantly, we show that another dynamical
property, reactivity, is typically rooted in motifs. Computing the reactivity of motifs
can reveal which parts of a network are prone to respond violently to perturbations.
This highlights motif reactivity as a useful property to measure in real-world systems
to understand likely modes of systemic failure in food webs or other networks in
epidemics, supply chains, or power grids.

functional motifs | reactivity | stability | food webs | networks

In its modern form, the competitive exclusion principle states that the number of species
coexisting in an ecological system cannot exceed the number of realized niches (1, 2).
Phrased thus, the principle is tautological (3), as a niche is defined as circumstances
that allow a species to persist. This tautological nature makes the competitive exclusion
principle an inviolable law, whose apparent violation in nature has guided the search for
overlooked niches (4-6), leading to major discoveries (4, 7-9).

The success of the competitive exclusion principle is rooted in its applicability to small,
isolated parts of an ecological network, avoiding the complexity that exists in the wider
system. The simplest case is the exploitative competition motif, where two unregulated
consumers specialize on one resource (10). Hence, the presence of this motif in a food
web implies that some (perhaps so-far undetected) internal regulation of the consumers
must be present (5, 11). Importantly, this result is independent of the structure of the rest
of the network, which makes the principle a valuable tool for ecology. It is thus reasonable
to ask if there are other network motifs with similar systemic implications, which could
lead to new principles as powerful as competitive exclusion. Although stable motifs have
a tendency to stabilize food webs (12-15), even an extensive numerical search has not
identified other motifs that have as clear-cut implications as the exploitative competition
motif (16).

Here we use the term functional motif to indicate a part of the network that by its
mere presence has implications that cannot be negated by the rest of the network. We
explain why exploitative competition is a functional motif with respect to stability and
also show why other such motifs are unlikely to exist. We then discuss other mechanisms
by which motifs can become functional in any type of network. This leads to a discussion
of reactivity, a different notion of ecological stability (17), for which we show that every
subgraph of a network is a functional reactivity motif. If high reactivity is found in a
part of the network, it will respond violently to disturbances in a way that cannot be
compensated by the rest of the network. This highlights the reactivity of parts of a system
as an important property that should be measured in real-world networks.

Functional Stability Motifs

Consider a many-variable dynamical system whose dynamics are described by a system
of differential equations. We can picture such a system as a network, where nodes
correspond to variables and weighted directed links indicate the interaction between
pairs of variables.

A common notion of stability, locally asymptotic stability, can be computed by
studying so-called eigensolutions of the dynamics in the proximity of a dynamical
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behavior (18). In the simplest case, the behavior under consid-
eration is stationarity in a steady state. The dynamics in the
proximity are then captured by the Jacobian matrix, J, and the
eigensolutions are given by the eigenvectors and eigenvalues,
found by solving the eigenvalue equation

Jv= v, [1]

where v is an eigenvector and A the corresponding eigenvalue.
Specifically, a stationary state is stable if all A have negative real
parts. Similar conditions also exist for nonstationary states butare
in practice harder to compute and hence less frequently evaluated.

Since the presence of a single nonnegative Jacobian eigenvalue
makes a system unstable, a part is a functional stability motif if
its presence in a system implies that at least one eigenvalue will
have a nonnegative real part.

There are two different ways in which the presence of a specific
motif can imply dynamical instability: First, the presence of a
motif could stipulate that there must be a specific eigenvalue.
Second, a given motif could show that there is an eigenvalue that
exceeds a certain bound without stipulating an exact value. In
the following, we refer to these cases as functional motifs of the
first and second kinds, respectively.

We start by considering motifs of the first kind, where the
presence of a motif directly causes the presence of a specific
eigenvalue. Generally, the eigenvalues of a large matrix do not
originate from a small motif but emerge from the matrix as
a whole (Fig. 1). To explore this more deeply, we build on
results from matrix perturbation theory (19), which show that
the set of nodes that cause an eigenvalue is indicated by the
corresponding eigenvector. Eigenvector plays a two-fold role:
First, it indicates a direction in which a system can escape if
the corresponding eigenvalue is positive (18). Second, and more
importantly, the eigenvector indicates the nodes to which the
eigenvalue is sensitive (19).

Inasystem of N variables, Jacobian eigenvectors contain /V ele-
ments, each corresponding to one of the variables. If a normalized
eigenvector has a large element, then the corresponding variable
has a strong impact on the associated eigenvalue. By contrast,
a small element means that the corresponding variable has only
a weak impact and a zero element means that an eigenvalue is
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Fig. 1. Comparison between localized and delocalized eigenvectors of a
Jacobian matrix. The example shows two different eigenvectors of the
Jacobian matrix from the same system as heatmaps. Nodes corresponding
to zero elements in the eigenvector (white) have no impact on the associated
eigenvalue. The exploitative competition motif localizes an eigenvector (A),
such that the corresponding eigenvalue becomes independent of nodes
outside the motif. By contrast, typical eigenvectors (B), which also exist in
the same system, are delocalized and hence depend on all of the nodes. This
illustrates that eigenvector localization, if it occurs in a system, can result in
the formation of functional motifs.
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(at least locally) independent of the variable. We can thus say that
a network has a functional stability motif of the first kind if there
is a positive eigenvalue for which the corresponding eigenvector
is zero in all nodes outside the motif.

Exploitative Competition Example

Common derivations of the competitive exclusion principle
typically start by considering a system of two populations of
specialist competitors of the form

X = G(R)X — mX [2a]
Y =G,(R)Y —myY, [2b]

where X and Y are abundances or biomasses of the two
populations, 7 are the respective mortality rates, G are the
growth rates, and the dot over a variable denotes the change in
time. The variable R is the resource that both of the competing
consumer populations are exploiting and which possibly interacts
with many other species that do not have a direct impact on the
competing consumers. The dynamics of R and any other variables
in the system are not essential to the argument that is made and
are hence omitted here.

One can show that the coexistence of the species is only feasible
if one of the parameters (e.g., 72) is chosen exactly right (10, 20),
which is thought to be implausible in nature. However, this
reasoning has been criticized as it applies a genericity argument
to a system where the degeneracy is built into the modeling
assumptions (5).

Let us instead consider the stability of the steady state if one
exists. For any such steady state the eigenvector equation is solved

0 0 = o --- by 0
0 0 a) 0 e —bl 0
by by c11 c12 ... 0 _ 0 E)
0 0 o1 o ... 0 0

—— ——
J v Av

where the first row and column of the matrix correspond to the
X, the second to Y, and the third to R. The Jacobian matrix has
a block of zeros (blue) in the top-left as self-interactions vanish as
a consequence of the linearity of gain and loss rates with respect
to the consumer populations (21), and the two competitors only
interact with each other and the rest of the network via their
resource R (third row). The only nonzero elements that we find
in the first two columns of the matrix are hence &1 and &,, which
describe the consumers’ impact on the resource and whose values
will depend on the specific system under consideration. However,
a vector of the form v shown in the equation will always be an
eigenvector of the matrix with a corresponding eigenvalue 4 = 0.

The example shows that the exploitative competition motif
implies the presence of a zero eigenvalue, regardless of the
interactions in the rest of the system (represented by ¢;).
Hence, any system involving competition between uncontrolled
consumers described by Eq. 2b precludes asymptotic stability of
the network (see SI Appendix for details). We can therefore say
that the two species whose dynamics are described by Eq. 2b
form a functional stability motif, as their joint presence in the
absence of internal regulation inherently disrupts stability.

Note that the infeasibility of stationary coexistence is tied to
the presence of this zero eigenvalue through the implicit function
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theorem of calculus, which allows us to compute how stationary
states change as parameter values shift. If the Jacobian has a zero
eigenvalue, the solutions diverge, signaling an abrupt change in
the solution and typically annihilation of the equilibrium.

Functional Stability Motifs Are Rare

The exploitative competition example illustrates that an eigen-
value is determined by a small motif if the eigenvector elements
that correspond to nodes outside the motif are zero. Such
eigenvectors that are zero except in a small motif are called
localized eigenvectors. We can now state thata functional stability
motif of the first kind requires the presence of a localized
eigenvector of the Jacobian.

In connected networks exact localization, where eigenvector
elements outside a motif become exactly zero, appears only in
response to the presence of certain symmetries in the network
(22). In unweighted networks, these symmetries and hence
localized eigenvectors are common (23). However, in network
representations of Jacobians, which are weighted networks, link
weights must also satisfy certain symmetry conditions to allow
for eigenvector localization. Specifically, a vector is a localized
eigenvector for a specific motif if: i) it is an eigenvector for the
motif in isolation, and #i) the eigenvector elements are zero on
those nodes in the motif to which outside nodes are allowed to
attach.

For example, consider the modified system

X = F(R)X — mx'*? [4a]
Y =F(R)Y —my'*? [4b]

which has a stationary state at X* = Y* > 0. The Jacobian
matrix for the motif in isolation, including R, has the structure

J= (5]

>~ O X
N )

S X N

where 4, b, ¢, d depend on the specifics of the system. For this
matrix, the vector (1, —1,0)’ is an eigenvector and the element
corresponding to R is zero, creating a point where other parts can
be attached. Hence, this motif is a functional motif of the first
kind.

The eigenvalue corresponding to the localized vector is A =
d = —mp(X*)?. Hence, its presence in the network destabilizes
the system if p < 0, but not if p > 0, which is a known
result (5).

In this example the localization appears because we assumed
the two competitors behave identically, preserving complete
symmetry between the species (24). While it is possible to find
nonsymmetric examples where fortuitous cancellations happen
to meet the conditions, these are likewise special cases. When
searching for a vector that meets the two conditions, the condition
7) alone reduces the choice down to a narrow set of candidates,
as the motif in isolation only has a finite set of eigenvectors. The
probability that any of these eigenvectors is able to meet condition
ii) exactly is of measure zero, except if a symmetry exists. The
exploitative competition motif with linear rates escapes the logic
above because the motif block contains only zeroes, because every
vector is an eigenvector of a zero matrix, which makes it easy to
meet the first condition.

PNAS 2026 Vol. 123 No.5 2521927123

Routes to Functional Stability Motifs

There are some additional ways in which functional stability
motifs of the first kind can arise. While the implications for
ecology are mostly well-known, we find it valuable to provide a
brief but comprehensive overview. We have seen that the original
exploitative competition motif is a functional motif because it
assumes linear rates and absence of internal interactions within
the motif. This will create a functional motif whenever we have
sufficient degrees of freedom left to satisfy the condition on
adjacent nodes, i.e., whenever the number of nodes within the
motif is greater than the number of adjacent nodes, which is
equivalent to the general formulation of the competitive exclusion
principle.

Our second example was a functional motif due to the
assumption of identical dynamics. A motif is a functional motif if
there is a nontrivial symmetry in the Jacobian matrix (this is the
case whenever the order of variables can be changed while leaving
the matrix unchanged, see ST Appendix). In practice this will
require the assumption that there are sets of variables that behave
identically. In ecology, this assumption could be warranted as an
approximation as there are many examples of species that appear
to be functionally redundant.

A trivial way to achieve eigenvector localization, mentioned
for completeness, is disconnection or unidirectional connection.
If a part of a system interacts with the rest of the system not
at all or only unidirectionally then also eigenvalues will remain
localized in their respective parts. Such an isolation of a part of
the system is rare and hence this scenario will be irrelevant in
most applications.

If the conditions for exact localization of eigenvectors are
not met, we can sometimes still have approximate localization
reminiscent of Anderson localization in physical systems (25). In
this case, eigenvectors from the motif spill into the rest of the
network, but the eigenvector elements decay exponentially with
increasing distance from the motif, leading to an eigenvalue that
is nearly independent of the nodes outside the motif.

We expect approximate localization when a subgraph can
sustain a very different eigenvalue from the rest of the network.
For example, approximately localized eigenvectors arise if a tightly
knit community is only weakly interacting with a wider network
that is sparser or operating on different time scales. Approximate
localization may thus provide a post factum justification for
modeling, say, an aquatic food web within a lake separately
from the surrounding terrestrial system (26), or modeling a
mammalian food web without considering invertebrates and
microbes (27). In these cases, we would expect eigenvectors to
become approximately localized, making the system insensitive
to the wider world. Hence, for example, the lake food web can
become a functional motif in the broader ecosystem.

In summary, this section shows that there are a number of
scenarios that lead to functional motifs of the first kind. However,
these scenarios are relatively rare and have consequences that are
already well known in ecology. Let us therefore now turn to
functional motifs of the second kind, which guarantee that one
eigenvalue will have at least a certain value.

In general dynamical systems, the presence of a certain
subgraph does not constrain the Jacobian eigenvalues of the
system as a whole. Therefore, functional stability motifs of
the second type only exist under specific circumstances but
are ubiquitous in the subclass of dynamical systems that have
symmetric Jacobian matrices, meaning /;; = J;; for all 4, j. Such
systems arise for example in the modeling of coupled oscillators,
meta-populations, and epidemics on networks.

https://doi.org/10.1073/pnas.2521927123
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For a symmetric matrix, application of Cauchy’s interlacing
theorem (28) proves that the largest eigenvalue of the entire
system must be at least as large as the largest eigenvalue of
any subgraph that we find in the system. Hence, in systems
with symmetric Jacobians, any subgraph can act as a functional
stability motif.

Functional Reactivity Motifs

Besides local asymptotic stability, many other notions of stability
have been proposed in ecology and beyond. For example,
persistence and permanence quantify the ability of populations
to survive in the system, which is of more direct relevance to
environmental question, but harder to link to motifs. An analysis
by Stouffer and Bascompte found no direct relationship, though
they note that motifs that had a higher persistence in isolation
are also more common in food webs (16).

Here we focus on reactivity (17, 29-31), which describes
the system’s initial amplification of a perturbation (Fig. 2).
Reactivity is defined as the initial growth rate of a worst-case
perturbation, which can be computed as the leading eigenvalue
of the symmetric part of the Jacobian S = (J+J')/2 (17). If the
reactivity is positive then perturbations are initially amplified by
the system, and the system is said to be reactive. If the reactivity
is negative then perturbations are attenuated and the system is
said to be nonreactive. This means that any unstable system is
reactive, while stable systems can be reactive or nonreactive.

Because reactivity is computed as an eigenvalue of a symmetric
matrix S, the interlacing theorem implies that the largest
eigenvalue of S must be equal or greater than the largest eigenvalue
of any motif found in S. In other words, observing a certain
amount of reactivity in a part of the network provides lower
bound for the reactivity of the system. Thus every subgraph of a
network is a functional reactivity motif.

The interlacing theorem shows that reactivity that is generated
in a part of the network cannot be compensated by structures
outside the part. This is exciting because it opens up the possibility
to search for parts of ecological networks that are major sources
of reactivity and thus pose a systemic risk when disturbed.

The interlacing theorem also tells us that the reactivity of
the full system is greater than the reactivity of any isolated
subsystem or part. Hence, we need to ask whether reactivity
is predominantly a systemic property such that its major share
emerges only when nearly the entire network is considered. If this
were the case, analyzing the reactivity found in small subgraphs
would be practically useless . Conversely, if a proportion of the
reactivity is rooted in small motifs, searching for these localized
sources of reactivity in real-world systems becomes a worthwhile
endeavor.

To explore the scale at which reactivity emerges, we generated
plausible food web topologies with 15 species using the niche
model (32). We then converted the food web topologies into
dynamical models using the generalized modeling approach
(21), with parameters that are drawn randomly from plausible
parameter ranges (S/ Appendix). From the resulting Jacobian
matrices we rejected those that corresponded to unstable and
nonreactive stable states, as we are interested in systems where
reactivity is a relevant concern. We thus created two sets
containing 10% Jacobians for stable but reactive systems. One
set contained random topologies with randomly chosen param-
eters (set 1), whereas the second set contained Jacobians with
randomly chosen parameters for a single fixed network topology
(set 2).
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Fig. 2. Behavior of reactive and nonreactive stable systems. A system in
stable equilibrium responds to a sufficiently small perturbation (cross) by
eventually returning to its equilibrium state (here, 0). In nonreactive systems,
this return is uniform (blue). Conversely, in a reactive system, a transient
amplification of the perturbation occurs (red).

To assess whether small motifs can explain a significant
proportion of system-wide reactivity, we consider individual
predator—prey interactions as well as small subgraphs, including
all ecologically sensible subgraphs of size three. We examined the
most reactive instance of each motif and compared its reactivity
to that of the entire system (Fig. 3).

The analysis reveals broad variation in reactivity across motifs,
with some motifs containing only small or moderate amounts
while others cause almost as much reactivity as the entire system.
In the most extreme case, we find that the most reactive predator—
prey link alone causes >99.9% of the total network reactivity in
set 1 (>99.3% in set 2). When we consider three-node motifs,
this number rises to >99.9% for both sets (see S/ Appendix for
discussion of larger subgraphs). Furthermore, in 88.3% of webs
(set 1) or 98.2% (set 2) the most reactive link alone contributes
at least half of the system’s reactivity. If we consider subgraphs of
size three this value increases to 98.7% (set 1) and 99.9% (set 2).
These results show that, typically, the major portion of reactivity
is generated in small localized parts of the network, suggesting
that it may be useful to look for such isolated sources of reactivity
in nature.

To facilitate the search for reactive motifs in nature it is useful
to quantify the extent to which a motif’s reactivity is rooted in
its topological structure versus the nonlinearity of its processes.
We therefore examine set 2 where the topology of the network
remains fixed, but the dynamical parameters are randomized.
In this network apparent competition (AC) motifs are the main
source of reactivity, with the most reactive AC motif causing more
than 90% of the system’s reactivity in over half the networks.
Plotting the participation of the nodes in the most reactive motif
(Fig. 4) reveals that two specific apparent competition motifs
were the most reactive in 73% of the realizations. These results
show that topology plays a significant role in the reactivity of
motifs, though dynamical factors can still determine which motif
is ultimately the most reactive.

Because the reactivity of a small motif is generated entirely
within the motif, a detailed analysis can be conducted to pinpoint
factors contributing to reactivity. While a detailed mathematical
discussion is beyond the scope of the present paper we conjecture
that long predator—prey links, bridging multiple trophic levels
contribute strongly to reactivity. Our results from the analysis
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Fig. 3. Contribution of individual motif to system reactivity. The histograms show the proportion of total system reactivity contained in the network’s most
reactive instances of the particular motifs indicated in the upper left corner of each subplot, across 104 realizations. Results are shown for an ensemble of
networks with different topologies (blue) and for a specific example network (orange, see also Fig. 4 for the network structure), and predator-prey (4), apparent
competition (B), exploitative competition (C), and tritrophic chain motifs (D). This shows that reactivity frequently stems from distinct, highly localized sources

within a larger network.

of niche webs (Fig. 3) show that apparent competition and
tritrophic chain motifs have the highest likelihood of explaining
a high proportion of the reactivity in the system, whereas the
exploitative competition motif seems to have a lesser effect.

Conclusions

We examined the conditions under which small parts of a
network act as functional motifs, such that their presence has
systemic implications that cannot be undone by the wider
network. We presented an alternative approach to the role of
the exploitative competition motif in the competitive exclusion
principle and used it to explain why similar functional stability
motifs are unlikely. We then provided an overview of ways in
which small subgraphs can gain functional importance, which

highlighted reactivity as an ecological concept for which every
subgraph acts as a functional motif.

Our numerical explorations showed that motifs with two or
three species can typically explain a significant proportion of the
reactivity of model networks. It is therefore plausible that real-
world food webs contain such motifs that are strong, localized
drivers of reactivity. Hence, efforts should be made to identify
these motifs in natural webs, as they could act as strong amplifiers
of disturbances.

The search for reactivity motifs in the real world can benefit
from mathematical analysis of small motifs, which can highlight
the specific topologies and nonlinearities that cause high values
of reactivity to appear. To corroborate the existence of these
reactivity motifs in nature will thus require both data analysis
from real-world food webs and further mathematical work.

0.8

0.6

o

0.4

0.2

Probability of Node in Most Reactive Motif

Fig. 4. Node participation in the most reactive apparent competition motif. Shown is the example food web topology. The color of the nodes indicates the
probability that a node participates in the most reactive apparent competition motif. Darker shades of red correspond to higher probabilities. The figure shows
that the most reactive apparent competition motif most likely consists of the three nodes on the right or the three nodes on the left of the figure. This illustrates

that specific network structures drive network reactivity.
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While we have used food webs as a primary example, we believe
that the results apply to a wide class of dynamical systems that are
at risk from perturbations, ranging from power grids and supply
chains to networks of social influence. Due to the mathematical
properties of reactivity presented here, we can say that in these
networks, every subgraph will be a reactivity motif. However,
determining how much of a system’s reactivity is rooted in small
subgraphs and how much arises only at the systemic level in these
applications will require subsequent studies.

We hope future research, perhaps inspired by this work, will
deepen our understanding of which system properties arise from
parts of a network and which emerge from the network as a whole.
In the former case, functional motifs can be identified to narrow
the focus to the most critical parts. In the latter case, details should
not matter, enabling the use of coarse-grained models. Hence,
in both cases, a simplification can be achieved. Further insights
into when to pursue one route or the other might ultimately lead
to a general theory for the mathematical modeling of complex
systems.

Materials and Methods

Reactivity. Reactivity measures the maximum relative growth rate of the
deviation from a steady state after a sufficiently small perturbation 6. Following
Neubert and Caswell (17), we write it as

r = max—
[ 6]

| =

|81, (6]

o

t

where
|6]|=V66 (7]

is the magnitude of the deviation & away from the steady state.

Ifthe growth rate is negative, the perturbation decays, and the system returns
to its steady state. Steady states where this is the case are said to be nonreactive.
If the growth rate is positive, the perturbation is amplified, causing the system
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to move initially further away from its equilibrium. Steady states where this is
the case are called reactive.
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