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FEMSECT: an InverseSectionModel Basedon the Finite Element Method
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Abstract. A new inverse model is presented for the analysis of hydrographic section data
in conjunction with velocity measurements. The model offers advantages over commonly
applied interpolation techniques because it combines data and physical assumptions such
as geostrophic balance in the framework of a finite element discretization. Specifically a
quadratic objective function of model-data misfits is minimized to give estimates of trans-
ports together with formal error estimates. The finite element method allows the accurate
representation of highly irregular bottom topography and ensures consistent interpolation
of model variables to measurement points. The model is called FEMSECT for Finite Ele-
ment Method SECTion model. FEMSECT also gives improved flexibility and performance
over standard box models by allowing dynamic adjustment of the model variables temper-
ature and salinity. Idealized test cases illustrate that the finite element methods solve the
thermal wind equations far more accurately than standard finite difference methods, espe-
cially in the presence of steep topography. For a more realistic test, FEMSECT is applied
to hydrographic CTD-section data and moored-instrument current meter measurements
from an array in the Fram Strait. Transport estimates by FEMSECT prove to be more
robust and less sensitive to the spatial data resolution than estimates by a conventional
interpolation method that only uses information from moored instruments. FEMSECT is
available as a highly portable Matlab code and can be run on an ordinary desktop com-

puter.

1. Intr oduction

The classicaknalysisof hydrographicsectiondatareliesonthe
geostrophidalanceof pressuregradientforce and Coriolis force.
This balanceis often expressedin terms of geopotentialheight
anomalyor the thermalwind equations. The latter relatesthe lo-
cal horizontaldensitygradienton a constanteightsurfaceto the
verticalgradientor shearof the velocity normalto the planeof the
densitygradient. Given measurementsf density(asa function of
measuredemperaturesalinity, andpressurer depth),anestimate
ofthegeostrophiwelocitiescanbeobtainedy verticallyintegrating
thethermalwind equationsrelative to a so-calledreferenceveloc-
ity. As aneducatedjuesspnecanimaginea “level-of-no-motion”
atthe oceanoor or betweenwatermasseghat move in opposite
directions;at this level the horizontalvelocity canbe assumedo
be small. However, without additionaldynamicalconstraintsthis
referencevelocity is (mathematicallyfompletelyarbitrary There-
fore, additionaldataor additionalassumptionsboutthe absolute
velocity arenecessary

Inversetechniquediave widely beenusedto estimatemassand
property ux esthroughhydrographicsectionsin so-calledinverse
box-models[e.g., Wunsd, 1978; Rintoul, 1991; Macdonaldand
Wunsd, 1996;GanahaudandWunsd, 2000]. Otherinversesec-
tion modelstreatnot only referencevelocity but alsotemperature
and salinity as independentvariables[Nedaes and Yaremduk,
1995; Yaremdwuk et al., 1998,2001; Losd et al., 2002]. Essen-
tially, thesetechniquesequiredataand correspondingnodelval-
uesto agreewithin prescribedorior errorbars. This is very often
achieredby aleast-squard, minimizinganobjective functionthat
is the sum of the squareddifferencesof model and datavalues,
weightedby appropriatecovariancematriceg Wunsd, 1996]. Part
of the information requiredin additionto the hydrographicdata
canbeinferredfrom massor propertyconseration principles,for
example,within boxesthatthe hydrographicsectionsorm, but in
mostcases null spaceemainsandfurtherinformationis needed.
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In recentyears,measurementsf absolutevelocitieshave be-
come more frequentand more reliable. Ship-mountedacoustic
Doppler currentPro ler (ADCP) measurementsan reachaccu-
raciesof 1cms - [Cisewnskietal., 2003] dueto improvementsin
the global positioningsystemqGPS). Therehave beendedicated
efforts to monitorthe currentsystemin specialregionssuchasthe
FramStraitwith long-termcurrentmetemrmooringg Fahrbad etal.,
2001;Sctaueretal., 2004]. Time seriesof temperaturendveloc-
ity from mooredinstrumentgprovide estimate®f heatandvolume

ux eswith excellenttemporatesolution.However, themainsource
of errorin thesetransporiestimatestemsrom underresolvingthe
spatialstructureof the o w. At this pointa consistenaipproachs

necessarthatcombineghevaluablecurrentmeasurementhatare
still comparatiely sparsen spacewith hydrographidatathathave

agoodspatialcoverage but arenot of high temporalresolution.

Least-squarenethodsarea naturalchoice,becausell available
information can be combinedinto a synthesis: The in uence of
eachpieceof informationcanbecontrolledby carefullyassigning
prior errorestimateandall derivedresultsfor example masgrans-
portthrougha hydrographicsection,arenot only the bestestimate
in anoptimal senseput alsoit is straightforvardto computeerror
estimatedor theseresults.

Recently nite elemenmethodgFEM) haverecevedconsider
ableattentionin oceanographyecaus¢hetriangulardiscretization
thatis typicalto FEM allowsanappropriateesolutionof veryirreg-
ulardomainsatcomparatiely low cost. Furthermorethevariables
in FEM arenot only de ned at discretegrid nodes,but continu-
ously over the whole domain, becausehe interpolationbetween
grid nodess implicitly de ned by so-calledbasisfunctions. Appli-
cationsin oceanographincluderegional studieq Sclichtholzand
Houssais1999; Dobrindtand Sdreter, 2003;Myers and Weaver,
1995; Myers et al., 2004], tidal models, both regional [Walters,
1987]andglobal[Le Provostetal., 1998],andrecentlyeven gen-
eralcirculationmodels[Danilov etal., 2004].

The exible discretizationwith trianglesin the nite element
methods attractive for ahydrographisectiorbecaus¢hetriangles
naturallytake careof the so-calledbottomwedgeswherecorven-
tional nite differencemethodsareambiguouge.g.,Wunsd, 1996;
Ganadaud 2003]. Theseconddwantagetemdromtheimplicitly
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de nedinterpolatiorrulesthatallow modelvariablego bemapped
naturally to the datalocations,thus making the modelingsystem
highly consistentTheseadvantagesreboughtwith slightly higher
conceptionahndcomputationakfforts.

Herewe will demonstraténon a new inversesectionmodel—
that we call FEMSECTbecauset is basedon the nite element
method—carhelp to interpretcurrentmeasurements conjunc-
tion with hydrographicdata. The model conceptis describedn
Section2; in Section3 we discusshediscretizatiorassociategvith
the nite elemenimethod.Section4 demonstratem arealisticap-
plicationin FramStraitthecapabilitief themodelandconclusions
aredrawvn in Section5.

2. Geostrophic InverseModel
2.1. Thermal wind equations

Theinversemodelcalculatesiensityfrom the non-linearequa-
tion of stateof sea-vater[Fofonof andMillard, 1983]asafunction
of salinity S, in situ temperaturdl , andpressurg = g oz (or
depth).g is theacceleratiomesultingfrom gravity, o ameanden-
sity, andz the vertical coordinate.Accordingto the thermalwind
equationtheverticalshearf horizontalvelocity is proportionafto
thehorizontaldensitygradient.Integratingthethermalwind equa-
tion yields

0 1
7z @
V= Vier %@ & (TS dzA (1)
h
with the unknavn referencevelocitiesvyes . f = 2 sin is the

Coriolis parametethatdepend®nlatitude . Thelocalcoordinate
systenis orientedalongthesection sothatthex directionis parallel
to the sectionandthevelocity v is normalto it.

2.2. Least-squares method: and error
estimation

Optimization

In orderto t thegeostrophiwelocitysheato thedatawede ne
thefollowing objective function:

J = %(T +T)T Wy (T +T)
+ %(s sS)" Ws (S s9)
+ (T TT)T WTS (S sS) (2)
+ %(v Vv)T W, (v vV)
+ R:

Here,in acompacimatrixnotation thevariablesT , S, andv arear

variablesdenotedatavectors for exampleT; is thetemperatureat
theposition(xi; zi) in thesectiorplane.  arelinearinterpolation
operatorgmatricesthatmapthemodelvariables = T;S;vtothe
correspondinglatalocation. If the modelgrid nodesareidentical
to the datalocationsthen is simply the unit matrix. The third
termin(2), whichis actuallythe sumof two symmetriccovariance
terms,allowsfor correlationdbetweertemperatur@ndsalinity.
The data-modeimis t is weightedby weighting matricesw

thataretheinversesof prior error covariances.For a speci ¢ case,
theseerrorcovariancesredescribedn Sectiord. “Regularization”
R providesprior informationwherethe datais not sufcient to de-
termine a unique solution; choosinga properregularizationalso
speedaup the corvergenceof the optimizationprocesq Thader,
1989]. We chooseto includea prior guessfor the unknawn refer
encevelocitiesandpenalizeroughnessf the solutionby requiring
the horizontalgradientf temperaturesalinity, andvelocity to be
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small. After discretizatiorwe write, againin matrix notation:

1
R = E(Vref Vref;O)T Wy (Vref  Vref;0)
T
2Oy @
2 @& @ 3
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where@ =@, @ =@, and @=@ representhe vectorsof dis-
cretizedhorizontalderivatives of the vectorsv, T, andS. Vo
is a rst or prior guessfor referencevelocity. In this paper we
choosevet.0 = 0 nearthe bottom, but otherchoicesare equally
possible.Thevertical positionof thereferencevelocity canbe dif-
ferentfor eachstationpairandno assumptionabouta hypothetical
level-of-no-motionaremade. Theweightmatricesw!" =" canbe
horizontallyvariable;in Section4 they arechosento be diagonal
with diagonalelementy x=0:01)?, where x =  x(x) is the
local horizontalgrid spacing.

Smoothnessould alsobeimposedby penalizingthe cunature
(secondderivatives) of the hydrographicelds [e.g., Nedaes and
Yaremduk, 1995;Losd etal., 2002]. However, in thepresentnite
elemenframework, thischoicerequireshigherorderasisunctions
(seeSection3), which we wantto avoid for simplicity.

The optimal solution for the (independentyontrol parameters
T, S, andv,es minimizesobjective function(2), subjectto equa-
tion (1). This solutionis found by an iterative procedurejn our
casea BFGSquasi-N&vton algorithmwith boundsasimplemented
by Kelley [1999]. The BFGSalgorithmneedsthe gradientof the
objective functionwith respecto thecontrolparameterto nd the
descendlirection. Becauseall operationsn the abore equations
arelinear, exceptfor the computatiornof densityfrom temperature
andsalinity, constructinghis gradientis straightforvard.

The Hessiammatrix H of secondderivativesof J canbeinter
pretedasthe inverseof the error covariancematrix of the control
parameterfThader, 1989]. For ary derivedquantity’ thatcanbe
expresse@salinearorlinearizedunctionof thecontrolparameters
b= (T;S; Vet ) Nnearthesolutionty: ' (b) = ' (ko) + £ (b ko),
with the linear operatorC: = * Yy, , the error covariancecanbe
computedrom the Hessiammatrix as

cov(')=L"H 'L 4

3. Discretization of the Model Equations

Clearly, thediscretizationinvolvesonly thatof linearoperations.
We choosea nite elementgrid thatis basedon a Delaunaytrian-
gulation[Barberetal., 1996]. Figurel shavs anexampleof such
agrid for asectionacrosshe FramStraitbetweerSpitsbegenand
Greenlandn the Arctic Ocean(inset gure in Figure1l). Note
thatthe grid is almostregular, thatis, the grid nodesare aligned
in both the horizontalandthe vertical. Only nearthe bottomare
sometrianglesslantedto resohe the topography But theinclina-
tion of thesetrianglesis muchsmallerthanit appeargo be from
the gure, becausén the gure, asusual,thedepthis scaledup by
ordersof magnitude Neverthelesstheinclinationof thesedriangles
cancauseerrorsin the horizontalgradientcomputationandtheir
inclusionmustbe consideredarefully

3.1. Finite Elements

Following the generalprocedurén nite elementmethodsthe
thermalwind equationsarerewrittenin weakform, thatis, they are
projectedonto appropriategestfunctions'~ andintegratedover the
computationatlomain:

zz
@ g

—'~dxdz =

@ of

YA
%(T;S;p)'~dx dz: (5
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Figure 1. Numericalgrid of a sectionacross=ramStraitat approximately79 N with insetmapof thearea.In color
the measuredn situ temperaturen C in August2002. The black dotsmark the positionsof mooredinstruments,
while thegrid nodesarechoserto coincidewith the positionof hydrographianeasurements.

We now describawo differentdiscretization®nthetriangulargrid
in Figurel: the rst approximateall continuouwariableshy piece-
wiselinearfunctions theseconduseiece-wiseonstanfunctions
to representelocitieson the grid and piece-wiselinear functions
for all othervariables.
3.1.1. Linear basisfunctions for velocity

The standardsalerkinmethodreplaceghe continuoudunction
v, , and'~ by anexpansioninto basisfunctions ; thatareoneat
thecurrentnodei, andzeroatall othernodes:

v(x;z) = Vi i(Xy)
xz)= iy (6)
2= )

i
Vi, i,and~ denotepointvaluesatgrid nodei. After substitution,
equatior(5) becomes

7
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i
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with thematrices
77
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Equatior(7) holdsfor ary '~. Thus,theequivalentproblemto equa-
tion(7), in matrix notation,is
Uv = Rp; orv = U 'Rp: (10)

The boundaryconditionat the bottomz = h, v( h) = v,
is appliedby replacingin matrix U the row correspondingo the

nal elementU; , and maoving the boundaryvalue vy to the right
handside. This alsoensureshe existenceof theinverseof U.

Thebasisfunctions ; arechoseraspiece-wisdinearfunctions
onall elementghatbelongto grid nodei:

8

21 r forall elementghatcontain
i(r)= S nodei

"0 for all otherelements.

(11)

r is the distancefrom nodei normalizedby the distancebetween
nodei andthe neighboringnode. With this de nition, matricesU
andR arereadilycomputed.
3.1.2. Piece-wiseconstantbasisfunctions for velocity

Sofar, we have computedvelocitiesat the samepoints,thegrid
nodes,that also representhe temperatureand salinity measure-
ments.In contrastthe standardlynamicmethodcomputesseloci-
tiesbetweerstationpairs. To achieve a similar numericalscheme,
the Galerkinequationg5) requirea smallmodi cation. Partial in-
tegrationof theleft handsideof equatior(5) in z yields

z 7

v'~(n z)dx @

v—dxdz=
@ YA
9 @
of @&
wherethe rst integralis takenalongthe boundariest the surface
andatthebottomof thedomain;(n z) istheprojectionof thenor
mal to the boundaryonto the vertical. After specifyingboundary
valuesfor thevelocity v ateithersurfaceor bottom,thevalueof the
rst integralin equatior{12) alongtheotherboundaryfollowsfrom
the so-calledsohvability conditionfor weak solutions. For exam-
ple, assumehgtboundaryvaluesfor velocity v areimposedat the
bottom.Then v'~dx overthesurfaceis computedasfollows: the
secondermin theleft sideof equatior(12) vanishesf '~ 1, and
the surfaceintegral mustbalancethe integral over the bottomand
theright handsideintegral in equatior(12).
Insteadof this procedureve replacev with a potentialV, such
that

(T;S;p)~dxdz; (12)

V= —; (13)

andsolwe for V insteadof v. Theresultingsecond-ordedifferen-
tial equatiorfor thenew unknawn variableV requiregwo boundary
conditions: oneis the referencevelocity andthe otheris an arbi-
trary constanthatdoesnot affect the velocity v. For example,we
canchooseaV (z = 0) atthesurfacesothatthe rst termin equa-
tion(12)representtheboundaryntegralalongthebottombourdary
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only. V is representedvith the samelinear basisfunctions ; as
densityandthe testfunctions'~. As a consequencey, sinceit is
thederwative of V, is now representetyy basisfunctionsthatare
piecavise constanbn theelements.

3.2. Testing the Discretized Thermal Wind Equations in

Idealized Geometries
3.2.1. Frontover asteepslope

In a rst testof the nite elementdiscretization,we compute
velocitiesfrom thermalwind relative to the bottomor the surface
throughanidealizeddomainwith a front over a steepslope(Fig-
ure2). Weassumedensity eld thatis aninversetangenfunction
of the horizontalcoordinate: = [arctan(ax + b) + czlkgm 3,
sothat we canintegrateequation(1) analytically For our choice
of densitywith a = 1=(50km), b= 20,c = 3=(400m), a do-
mainthatis 1000km wide andhasa maximumdepthof 400m, and
with g=( of ) = 100m*kg s !, weobtainatransporof 5.60Sv

(1Sv= 10°m®s 1.
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Figure 2. Testdomainwith hypotheticalmeasuremerpoints
(stars). Solid thin lines markthe nite elementriangulargrid,
thethick dashedinescorrespondo the nite differencegrid of
the dynamicmethod. The shadingshavs the densityfront with
darkshadedor densewaterandlight shadedor light water

The standarddynamicalmethod,for example,asimplemented

in the matlabroutinesof the CSIRO seawater library [Morgan,
1994], computesgeopotentiaheightanomaliesat the location of
vertical castsof temperatur@ndsalinity. Velocitiesarethencalcu-
latedbetweerstationpairsandtherefore the methodis accuratdo
rst order However, becausef the nite resolutionin thehorizon-
tal, specialinterpolationtechniquesrerequirednearthe bottomto
resole bottomwedgege.g., Wunsd), 1996]. Ganadiaud [2003]

=1)

deviation from true value (
7/

comparedifferentinterpolationmethodsandfound thatthey can
yield transportghataredifferentby several Sverdrups.Assuming
thatthetransporthroughthe bottomwedges/anisheghedynamic
methodgivesa transportof 4.85Sy, relative to the bottom,if mea-
surementf temperatureand salinity are available for the hypo-
thetical stationsin Figure2. In a secondcasethe referencdevel
is chosento be at the surface, thatis, the largestvelocitiesoccur
nearthebottom. In this casewhich senesasanextremecaseonly,
thedynamicmethodis evenlessaccurateandyields a transporiof
4.05Sv.

Our nite elementdiscretizationis basedon piece-wiselinear
basisfunctionsfor density(or temperature@ndsalinity) andeither
piece-wisdinearor constanbasisfunctionsfor velocity. If theden-
sity eld is choserto vary linearly betweerstationsthesemethods
areexact.

However, for ourdensity eld thatis anon-linearfunctionof the
horizontalcoordinate we get deviations from the exact transport

FEMSECT
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Figure 3. Deviation of transportvaluesfrom the true value of
1 asa function of numberof velocity nodesfor threedifferent

methods.

by 0.04Sv for piece-lineatbasisfor velocity andand 0.17Sv for
piece-wiseconstantvelocity basisfunctions. Also in the extreme
caseof zeroreferencevelocitiesat the surfacethe estimatedrans-
portis muchmoreaccuratethanfor the nite-dif ferencemethod:
for piece-wisdinearvelocity basisfunctionswe get5.30Sv andfor
piece-wiseconstanfunctions5.77Sv.
3.2.2. Flat bottom
In a differenttestcase,we testthe performanceof piece-wise
linear versuspiece-wiseconstantasisfunctionsfor velocity. For
this, geostrophicvelocities relative to the bottor@zire computed
in a domainwith a at bottom at depthh = ~ 2 and length
L = 1. Thedensity eld is sinusoidalwith the horizontalcoor
dinate: o+ —gi cosz’;—Ll X, whereL is the lengthof the
sectionandn = 1;2::: isthenumberof velocity nodes.For a at
bottomthe horizontalandverticalintegrationsto computethetotal
transportareindependenandthetransporionly depend®nthenet
densitydifferenceacrosghesectionwhichis thesamefor all n, so
thatthe analyticaltransportis aways 2h? = 1. Tenhypothetical
stationswith constantspacingde ne tﬁe horizontalgrid. The ex-
ampleis constructedsothat centraldifferencegield exactresults,
becausen summingup the differencesetweerthe valuesat grid
nodei andi 1 cancelsall interior contritutionsexactly. Conse-
quently thedynamicmethodyieldsatransportvaluel independent
of n (Figure3). Forthe nite elementethodwith piece-wisdinear
basisfunctionsfor velocity the transportdeviatesfrom the correct
valueastheresolutiondecreaseeelative to the numberof velocity
nodesn. On the otherhand, the transportvaluesobtainedfrom
nite elementsandpiece-wiseconstanbasisfunctionsfor velocity
arealsoindistinguishabldrom thetruevalue 1. In fact, deviations
aresmallerthan10 ** andthereforewithin machineprecision.
For this problem,the highestaccurag is achiezed with central
differencesbecaus¢hehorizontaloperatolactingondensityis rst
order while thevelocity is subjectto azeroorderdifferentialoper
atorin the horizontal. Thereforediscretizingdensitywith a higher
order(linear= rst order)basisfunctionthanvelocity (constant=
order zero) resultsin a more accuratetransportvalue than using
thesameorder(linear)for bothdensityandvelocity. Consequently
piece-wiseconstantbasisfunctionsfor velocity are preferredfor

this application.

4. A First Application: Fram Strait

FramStraitrepresenttheonly deepconnectiorbetweernhe Arc-
tic OcearandtheNordic Seas.This connectioris two-fold: Arctic
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Oceanfreshwater from the north hasa strongimpacton convec-
tion in the Nordic Seasand further south,while warm and saline
Atlantic watersfrom the southaffect the water masscharacteris-
tics in the Arctic Oceanand in uence ice and atmosphere.The
topographiaconstraintsof the Fram Strait split the West Spitsber
genCurrent(WSC), which carriesAtlantic Waternorthward, into
atleastthreebranches.Two of thementerthe Arctic Oceanalong
differentpathways. The third branchrecirculatesmmediatelyin
the Fram Strait. The EastGreenlandCurrent(EGC) carrieswater
from the Arctic Oceansouthvardsin aconcentratedoreabove the
continentaklope.

Thevariability of oceanicux esthroughtheFramStraithasbeen
monitoredby anexceptionallydensearrayof mooringssince1997
[Fahrbadetal., 2001;Schaueretal., 2004]. Timeserie®ftempera-
tureandvelocityfrom moorednstrumentprovide estimatesf heat
andvolume ux eswith excellenttemporakesolutionbut thespatial
structureofthe o wisunderresohed. Thisisthemainsourceofthe
errorin previous transportestimates.With our nev nite element
sectioninversemodel, we expectto reducethe problemof spatial
resolution—becausee cannow useadditionalhydrographiacdata
that hasa higher spatialresolutionthan the moorings—andhus,
obtainmorereliabletransportestimatedy combiningall available
data.

4.1. Velocity Measurementsand Hydr ographic Data

The array of currentmetermooringsis describedcomprehen-
sivelyin Woodgateetal. [1998]; Fahrbad etal. [2001]andSdauer
etal. [2004]. We only repeata few detailsthatarerelevant here:
Themooringarrayextendsfrom the easterrGreenlandshelfbreak
to the westernshelf breakoff the coastof Spitsbegen (Figure1).
From 1997 to 2001, 14 mooringscoveredthe section,exceptfor
theyears1999and2000when3 mooringsin the centralpartof the
straitwerenot deplo/ed. In 2002the arraywasaugmentedvith 2
additionalmooringsn therecirculatiorareabetweer0 and2 Eand
oneattheGreenlandhelf. Thehorizontalspacingof themoorings
increasesverthecontinentaklopes.Theinstrumentsaredeploed
at depthsstartingat 10m above the seabedo approximately6Om
belov the surface. Figure 4 shavs the position of the moorings
in August2002. Eachyearduring redeplymentof the arrayin
summeior autumn hydrographianeasurementserecarriedoutat
CTD-stationsalongthe mooringline with high spatialresolution.
In orderto exploit the e xibility of the nite elementmethod,we
usethepositionsof theCTD-stationgo generatéhegrid, sothatthe
interpolationfrom modelvariablegto datais trivial for temperature
andsalinity.

Without the hydrographicsectiondata, the largestuncertainty
of transportestimatesrom mooredcurrentmetersand tempera-
turerecordersstemsfrom aliasingdueto thelow resolutionof the
availabledatapoints. In previous work, measurementsf moored
instrumentaveremappedo a ne resolutiongrid by kriging [e.g.,
DeutstrandJournel 1992]toyield temperaturandabsduteveloc-
ity elds thatresolhethewarmcoreof theWestSpitsbegenCurrent
andtheshallov o w of theEastGreenlandCurrentrathenwell when
comparedo temperatureneasurementsr relative geostrophicre-
locity elds from high resolutionCTD sections[Sdauer et al.,
2004]. However, the comple structureof the return o w in the
centralFram Strait is not properly resohed by the mooredarray
Further mesoscaleddiesarealiasedinto large scale o w by dis-
tant moorings[Fahrbad et al., 2003]. Temporalaveraginginto
monthly meansof measuredselocities eliminatestransientsmall
scalestructuresput stationarymesoscal@ddiesover topography
which areobseredin the centralFramStrait,remainaliased.

4.2. Weight Matrices and Prior Err or Estimates

Prior to inversionof all datawith the help of the nite element
modelFEMSECT weightingmatricedor equation§2) and(3) have
tobeconstructedTheweightingmatricedde ne the“physicallyac-
ceptable"deviations of the modelstatefrom dataand constraints.
They aretakento betheinversesof errorcovarianceghatareesti-
matedprior to theinversion,sothata largerprior erroramountsto
asmallerweightandlessalloweddeviation from thecorresponding
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Figure 4. Velocitiesestimatedy interpolatingmooredinstru-
mentdata(top, with positionof mooredinstrumentsynd esti-
matedwith the helpof theinversemodel FEMSECT(bottom).

datumandvice versa. With the exceptionof T andS from CTD
measurementsll cross-correlationare neglectedand the covari-
ancematricesarediagonal.

For T and S from CTD-measurements,we construct
covariances—Ilocalto the respectie CTD-station—from verti-
cal correlationand cross-correlationdbetweenT and S. This
procedurewhich follows Losd et al. [2002], allows the modelto
changehedepthof anisopycnalwithoutchangingheT -S relation
on the isopycnal [Yaremdwk et al., 2001]. To thesecovariances,
we adda depthdependenestimateof uncorrelatedoceannoise”
accordingto Bindof and McDougall [1994], that s, the variance
of differencesbetweenneighboringstations,and an estimateof
uncorrelated’'measurementrror”. The latter can include both
actual instrumenterrors and possibleerrors that arise from the
quasi-synopticityof the CTD-data.Here,we allow alarge errorof
1 CforT and0.1for S, becaus€TD dataareoftennot represen-
tative of theentireperiodcoveredby themooringdata.In total, the
covarianceestimatancludesdiagonatermsontheorderof (1 C)?
near the bottom to (1:75 C)? near the surface for temperature
and0:1? to 0:75* for salinity, respectiely; off-diagonaltermsare
smaller

For velocity datawe assumean uncorrelatecerrorof 1cms *,
theinitial referencevelocityis assumedobe0 5cms 1. Weim-
posesmoothnesky specifyingW;, inequatiori3)tobe( x=0:01)2
for bothT, S, andvelocityv, where x =  x(x) isthelocalhor
izontalgrid spacing.

In orderto reducethe amountof hydrographicdata,we interpo-
latedthe 1dbardatato standarddepthlevels (-10m, -20m, -50m,
-75m,-100m, -150m, -200m, -250m, -300m, -400m, -500m, etc.)
to obtain1404datapointsfor temperatur@ndsalinity eachfor the
72 stationsof CTD-sectionin August2002. In thatyeartherewere
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Figure5. Model-datamis t afterinversion(dots)with prior er
rors(circles)for August2002(Figure4), for temperaturéleft),
salinity(middle),andvelocity (right) data.Only nearthesurface
afew model-datamis t valuesremainarelargerthanthe prior
errors,so that for the mostpartthe assumptiorof geostrophic
balances valid.
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Figure 6. Transportestimatedor 7 differentyears. The esti-
mateslonotalwaysreferto datafromthesamemnonthof theyear
andshouldthereforenot be treatedasa timeseries.The differ-
encedn transportdetween998and2001canbeexplainedby
theresolutionof themooringarraythatis too coarseo represent
therecirculationpatternsn the centralFramStrait. FEMSECT
canreducethis resolutionproblemby usingadditionalinforma-
tion from CTD-dataandgeostrophy

66 mooredcurrentmetersin place. The e xibility of the nite ele-
mentgrid allowsto choosehegrid nodeso coincidenaturallywith
the hydrographiadatapoints, so that the dimensionof the control
vectoris2 1404+71=2879For otheryearshenumberof dataand
grid pointsis comparableWith this con gurationwe neededypi-
cally ontheorderof 1000iterationsto reachconvergencemeasured
by areductionof thenormof thegradientby a factorof 1000.
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Figure 7. Comparisonof northward and southvard volume
transportshetweenFEMSECT and the mooring dataalonein
Sv(1Sv= 10°m®s 1).

4.3. Velocity Fields and Transport Estimates

Velocity from interpolationof mooringdataby kriging andfrom
afull inversionof all CTD andmooringdatawith FEMSECTare
shavn in Figure4 for August2002. Both velocity elds revealan
intensenorthward o w of theWestSpitsbegenCurrent,occupying
the whole watercolumnat the easterrshelf slope. Measurements
by mooredcurrentmetersin thetop panelof Figure4 clearlyshav
its strongbarotropiccharacter In this area,theinversesolutionin
the bottompaneldiffers only slightly from the kriging solutionby
additional(geostrophicyhearat thelower boundaryof the Atlantic
waterlayerat approximately700m depth. At the oppositeside of
the Fram Strait, the shallover andwealer EastGreenlandCurrent
shavs up asa southerno w with a coreover the Greenlandshelf
slope. The strongdensitygradientin the upperlayer givesrise to
signi cant vertical velocity sheamwhich is muchbetterreproduced
by the inversesolutionthan by the velocity obtainedfrom moor
ingsalone;thelattertendto have smoothverticalvelocity gradients
(smallverticalsheardueto theinterpolation.A partof theAtlantic
waterrecirculatesn the centralFram Strait andthe velocity eld
fromtheinversionsuggestshatthis o w is characterizetly smaller
spatialscaleghanareresolhed by themooringarray

Temperatur@ndsalinity arecontrolvariablesof FEMSECTand
areadjustedduring the inversion. Figure5 shavs the model-data
mis t aftertheinversion(dots)alongwith theprior errors(circles)
asa function of depth. Generally the model-datamis t is consis-
tentwith the prior errors. The resultingdifferencebetweeninitial
andinverteddensity eld canreach0.3kgm 2 (notshawn). The
differenceis most pronouncedn areaswith strongvertical den-
sity gradientsgspeciallyin the westernpartof the strait. Over the
Greenlandashelfthis densitydifferences associateavith thefresh-
waterlayerin theupper30-50m. Overthecontinentaklopedensity
differencesarelargein the coreof the EastGreenlandCurrentbe-
causethe inversemodelchangeghe density eld in orderto t a
geostrophishearo the currentmeasurementdvodel velocity de-
viatesfrom the mooredinstrumentdataby lessthanthe prior error
of 1cm aftertheinversionexceptfor nearsurfacevalues.

In Figure 6 we compareestimatesof volume transportsand
heattransportgelatveto 0:1 C throughthe FramStraitobtained
with the kriging methoddescribedn Sdaueret al. [2004] from
monthly averagef currentandtemperaturelatafrom mooredin-
strumentdor seven differenttimesduring the period 1997-2003,
to estimateof the inversemodel FEMSECTfrom the samedata
plushydrographidatafrom the CTD section.(Theheattransports
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Table 1. Transportestimatedor thetwo sensitvity experimentsvith completeandreducednooringdatasets.

Volumenet Volume Volume

[Sv] northward[Sv] southvard [Sv] Heatnet[TW]
August2002
Mooring dataonly 3.6 125 9.0 61.2
Mooring dataonly, with gap 155 23.4 7.9 70.4
FEMSECTfor CTD sectionwith completemooringsarray 6.4 6.4 134 43 7.0 3.3 52.4 12.7
FEMSECTfor CTD sectionwith mooringsarray with gap 6.9 6.7 134 4.4 6.5 3.5 52.5 12.8
September2003
Mooring dataonly 5.9 14.2 8.3 52.1
Mooring dataonly, with gap 12.2 20.1 7.9 56.6
FEMSECTfor CTD sectionwith completemooringsarray 29 6.5 11.3 4.2 8.4 34 49.7 15.8
FEMSECTfor CTD sectionwith mooringsarray with gap 3.2 6.8 10.7 4.6 75 34 48.5 16.0
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Figure 8. Velocity differencebetweensolutionsbasedon the
completeand the reducedmooring dataset for August2002.
Top: interpolationof mooredinstrumentdata,bottom: inverse
solutionwith mooredinstrumentdataandCTD data.Note,that
the color scaleis differentby oneorderof magnitude.

are strictly speakingtemperaturgransports,asthe massbalance
throughthe Fram Straitis non-zero,but we stick to the jargon of
relative heattransportdor corvenience.)In all caseswe assume
quasi-synopticityandonly usemooreddatafrom themonthsduring
which CTD dataare available, becausdor now we wish to avoid
mixing datafrom differenttime periodsfor simplicity.
FEMSECTprovidesuncertaintyestimatesalongwith the solu-
tion. Theseuncertaintyestimatesare computedfrom the inverse
Hessianof the objective functionJ in equation(2). In the limit
of Gaussianstatistics,the inverseHessiancan be interpretedas
the error covariancematrix of the control parametersemperature,
salinity, andreferencerelocity (cf. Section2.2). Theestimatedin-
certaintieghencorrespondo the standardieviation of a normally
distributedvariable. With our choiceof prior error estimatesthe

volume transportuncertaintiesare of the order of 6—7Sy, thatis,
in somecasedarger thanthe volumetransportestimateitself. It
is importantto understandhat the simultaneousnversionof all
dataandmodelequationgesultsin aformal errorpropagatiorthat
translategshe measuremerénd model errorsinto uncertaintieof
estimatedjuantitiessuchasnetvolumetransport.For example we
chosea prior errorof 5cms ! for the bottom (reference)eloci-
ties. Changingthis prior errorto 1cms * reducesthe estimated
uncertaintyby 14%; reducingthe prior “measuremenerrors” for
temperaturél C) andsalinity (0.1) by afactorof v e, decreases
the posterioruncertaintyby 35% of the previousvalue. As amore
radicaltest,we increasedhe weightof all regularizationtermsby
afactorof 4, thatis, doubledthe prior errorsfor referencevelocity
androughnessto obtainposteriorvolumeandheattransporierrors
thatareincreasedy 40-50%. Thus,the size of the estimatedun-
certaintyof inversesolutionsis controlledby the prior errorsthat
de ne theweightsin the objective function. It is the responsibility
of theinvestigatorto checkthatboth prior andposteriorerrorsare
consistentvith themodelsolutionandobserationsWunsd [1996].

Fortheyears1998to 2001,netvolumetransporiestimatesrom
the different methodsdiffer by as much as the uncertaintyesti-
mateprovidedby FEMSECT Separatinghevolumetransporintoa
northward anda southward componentintegral over all northward
andsouthvard velocities,respectiely) pointstowardsan explana-
tion thatrelateghelargedifferenceto theresolutionof themooring
array(Figure7): In theyears1997,1999,and2000,the estimated
southvardvolumetransports largerwith theinterpolationmethod
thanwith FEMSECTwhile thenorthwardtransportsaresimilar for
both methods.In contrastthe southvard transportsaresimilar in
1998and 2001, but now the northward transportestimatesare off
by asmuchas4Sv. All yearsupto 2001havein commonthatthe
mooringarrayhadagapbetweerl W and3 Ewhichleadsoamis-
representationf therecirculatiorregionin theinterpolatediata.In
theyears1997to 2000,a prevailing southvard o w wasmeasured
at both endsof the gap, which gives enormoussouthvard trans-
port wheninterpolatedacrossthe signi cant distanceof the gap.
A changein the circulationpatternin 2001 resultsin the opposite
effect: Northward o w measureattheendsof thegapandinterpo-
latedacrosghegapresultsin the stronglyoverestimatedorthward
volumetransportandin consequencia anettransporto thenorth.
FEMSECTusesadditionaldataandgeostrophiaselocity informa-
tioninsteadf simplyinterpolatingnooringdata. By combiningthe
mooringdatawith hydrographicdataand geostrophyFEMSECT
can provide reliable andrealistic velocity and transportestimates
thataresuperiorto thoseobtainedrom unphysicainterpolationof
data.

This problemof unresoled recirculationbetween 1 W and
3 E wasrecognized Fahrbad et al., 2003] and resoled by de-
ploying additionalmooringsin therecirculationregionin 2002and
2003.With theadditionaldata,amuchmorerealisticrepresentation
ofthe ow eld inthecentralFramStraitis obtainedBeszczynska-
Meller et al., Variability of volumeandheat ux esthroughFram
Straitfrom thearrayof moorings manuscriptn preparation)Con-
sequentlytransportestimatesrom mooringdataaloneandinverse
estimatesgreemuchbetterin thoseyears.
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Thenetheattransportrelativeto 0:1 C is lesssensitie to the
resolutionproblemdescribedabore thanthe netvolumetransport.
This obsenration supportsthe abose hypothesisof an unresoled

ow eld in the centerof the strait, becausalmostall heat(i.e.,
temperaturgelatveto 0:1 C) is carriednorth by the WestSpits-
belgenCurrent.thatis, by apermanenteaturein theeasterrpartof
thestraitthatis alsowell resohedby themooringarray Therefore,
theestimatedasednmooringdataaloneandFEMSECTestimates
generallyagreewith eachotherquite well. With oneexception(in
1999whenthevolumetransporestimateslsodiffer most),all esti-
matesf netheattransporfrom mooringsfall within theuncertainty
rangeof FEMSECTestimategFigure6). For 2002and2003,the
netvolumetransportestimatedrom mooredinstrumentdataalso
fall into theerrorrangeestimatedvith FEMSECT

In thefollowing, wetestthehypothesighatbetterspatialresolu-
tion of dataimprovestransporestimategrom interpolatednooring
dataandthatthe lack of dataresolutionexplainsthe larger differ-
encebetweerninterpolationandinversemodelsolution. Fromtwo
mooringdatasetsfrom the periodwith increasedspatialcoverage
by mooringsin thecentralFramStrait(August2002andSeptember
2003),thecentraltwo mooringsareremoredto mimic thesituation
of previousyears.Figure8 comparewelocity elds obtainedrom
interpolationof all moorednstrumentataandtheinversemodelto
therespectie solutionsfor thereducednooringdatasetfor August
2002.1f mooringdatais interpolatedo yield velocity elds, remov-
ing thetwo mooringsin the centerof the strait (opencircles)leads
to a dramaticallydifferentvelocity eld in the centralpart of the
section.Northward velocity differencesover 10cms * areclearly
aresultof thepoorresolution.Ontheotherhand thestructureof the
currentgeproducedy FEMSECTseemgo be muchlesssensitie
to the spatialresolutionof the mooringdata.

Tablel shaws the correspondingolumeandheattransportes-
timatesfor August2002 and Septembe2003. For both periods
removing the two centralmooringsresultsin a stronglyincreased
northward volumetransportfor the kriging method: The estimate
is nearlydoubledfor August2002and50% higherfor September
2003. Togethemwith amuchwealer decreasef thesouthvardvol-
ume transport,overestimatingthe northward componentyields a
netvolumetransportthatis almostthreetimeslargerin 2002and
two timeslargerin 2003. At the sametime, netvolumetransport
estimatedy the inversemodel,basedon the completeandthere-
ducedmooringdatasetaredifferentby lessthan10%in bothcases.
Differencesin estimatedheattransportsare also of one order of
magnitudelarger in the caseof estimatesbasedon mooring data
aloneascomparedo inversemodelresults.

While wewouldlik eto claimthatourinversesolutionis farsupe-
rior to theinterpolationmethod,t shouldbenotedthatthis positive
resultis to someextent fortuitous: Inspectionof Figure4 reveals
that at the two locationsof the additionalmooringsthe measured
velocitiesnearthe bottomare small, so that our prior estimateof
zerobottomvelocitiesis justi ed a posteriori Togethemwith are-
alistic bottomvelocity, thegeostrophisheamprovidesareasonable
velocity estimatehroughouthewatercolumn,whichdoesnotneed
correctionby measurementsf absolutevelocities(by mooredin-
struments) However, addingmoredataalwaysimprovestheinverse
solutionby decreasingheformal posteriorerrorestimatgTablel).

We emphasizehatthe choiceof zerobottomvelocity is by no
meansa limitation of the method: ary prior estimateof bottom
velocitiescanbe usedin theinversemodel.

5. Conclusion

Inversemethodsand nite elementareaperfectcombinatiorfor
analyzingrregularly spacedectiondatain oceanographywith the
helpof inversemethodsdataof differenttypeandresolutioncanbe
combinedwith dynamicalbalancego yield a dynamicallyconsis-
tentbestt toall availableinformation. Finiteelementspntheother
hand,provide an elegantand consistentvay to accountfor irreg-
ularly spaceddataandcomplex topographywith a triangulargrid.
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Grid nodescanbe choserto coincidewith datalocationsmaking
interpolationof modelvariablesto datatrivial. Also, the nite ele-
mentmethodrequiresthe numericalformulationof the dynamical
equationsgn matrix form, which in turn simpli es the formulation
of theadjointmodelfor the gradientcomputation:theadjointof a
matrix operatoris simply its transpose.

All thesecharacteristicef nite elementsaindinversemethods
canbecombinedo formulateanew analysigool for oceanographic
sectiondata. This model,whichwe call FEMSECTfor Finite Ele-
mentMethodinverseSECTion model,is usedo estimatdransports
of volumeandheatthroughthe Fram Strait, wherean exceptional
datasetwith mooredinstrumentdataand hydrographiadatafrom
oceanictransectss available. Combiningall dataalreadyreveals
that calculationsfrom interpolationof mooringdataalonetendto
overestimateotal transportdn the caseof poor spatialresolution
of mooredinstrumentata. FEMSECTprovidesmorereliableesti-
mateghatarelesssensitve to thespatialresolutionof themoorings
becausé replacesnterpolationwith geostrophisheainformation
from CTD-measurements.

Furtheranalyse®f the FramStraitdataareundervay. Therewe
investigatetime seriesof mooredinstrumentdatafor which CTD
dataarenot availableatthesametime. In this casetheprior errors
of theCTD needto beincreasedo accountor theassumptiorithat
thedensity eld is constant.

In general additionaldatacould be includedin the analysisof
hydrographicsectionswith FEMSECT In the absencef moored
instrumentsship-basedDCP (AcousticDopplerCurrentPro ler)
velocity datacould Il thegapandprovide anestimateof theabso-
lute velocity to yield transportestimatedor the entiresection.

Furtherdevelopmentsof FEMSECT include using basisfunc-
tionsof arbitrary(higher)orderin orderto increaseheaccurag of
the solution. With higherorderbasisfunctionsit is alsonaturalto
includeregularizationtermsin the objective functionthatpenalize
thesecondnsteadf the rst derivative of the elds. In someappli-
cationsit maybe necessaryo be ableto putthereferencevelocity
at anarbitrarydepthwithin the watercolumn. Currentlythe posi-
tion of thereferencevelocityis restrictedo eitherthebottomor the
surfaceof thedomain,sothatthereis alsoroomfor improvement.

The nite elementmethodis very appealingrom a mathemati-
cal point of view. Especiallyintegral quantities suchasintegrated
transportghrougha section,bene t from the conserative proper
ties of the numericalscheme.Togethemwith the geometricale xi-
bility of atriangulargrid, we achieze with our nite elemensection
modelapropemrepresentationf thebottomtopographyandbottom
wedgesvenwith limited horizontalresolutionithemodelprovides
naturalinterpolationrulesfor irregularly spaceddatathat emepge
from themethodtself; themodelintegrateshethermalwind equa-
tion accuratelyif piece-wiseconstanbasisfunctionsarechoserto
representelocity. Piece-wisdinearbasisfunctionsshouldonly be
usedfor temperaturesalinity, and densityvaluesfor this applica-
tion.

In orderto complementhe e xibility of the nite elementmodel,
FEMSECTis available as a highly portableMatlab code. It can
be obtainedfrom authorson request. More convenientdownload
methodsarein preparation. All computationdn this paperwere
performedon ordinary P4 desktopcomputerslUnix Workstations,
andApplecomputersTypicallyona2 GHz P4with 512MB RAM,
1000iterationsof theBFGSalgorithmtooklessthan40 minutesfor
the Fram Strait experimentsandthe inversionof the Hessianma-
trix ( 300¢ elements)essthanl minute. Notethatour problem
wassufciently smallto allow adirectinversionof theHessiarma-
trix in Matlah Largerproblemsmayrequireaniterative procedure
following Yaremdwuketal. [2001] or Yaremdwuketal. [2002].

When undertakingthe dif cult task of analyzingsparsedata,
inversemethodsappeathe perfecttool to combineinformationof
differentorigins,suchas,in ourexample ship-borneneasurements,
measuremenfsom mooredarraysanddynamicabalancesThese
methodsprovide both a “bestestimate”from datawith prior error
estimatesanda posteriorformal error estimate. We concludethat
inversemethodsshouldbe usedroutinely for the analysisof data.
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