
JOURNAL OF GEOPHYSICALRESEARCH,VOL. ???,XXXX, DOI:10.1029/,

FEMSECT: an InverseSectionModel Basedon the Finite ElementMethod
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Alfred-Wegener-Institut f •ur Polar- undMeeresforschung,Bremerhaven,Germany

Abstract. A new inverse model is presented for the analysis of hydrographic section data
in conjunction with velocity measurements. The model offers advantages over commonly
applied interpolation techniques because it combines data and physical assumptions such
as geostrophic balance in the framework of a finite element discretization. Specifically a
quadratic objective function of model-data misfits is minimized to give estimates of trans-
ports together with formal error estimates. The finite element method allows the accurate
representation of highly irregular bottom topography and ensures consistent interpolation
of model variables to measurement points. The model is called FEMSECT for Finite Ele-
ment Method SECTion model. FEMSECT also gives improved flexibility and performance
over standard box models by allowing dynamic adjustment of the model variables temper-
ature and salinity. Idealized test cases illustrate that the finite element methods solve the
thermal wind equations far more accurately than standard finite difference methods, espe-
cially in the presence of steep topography. For a more realistic test, FEMSECT is applied
to hydrographic CTD-section data and moored-instrument current meter measurements
from an array in the Fram Strait. Transport estimates by FEMSECT prove to be more
robust and less sensitive to the spatial data resolution than estimates by a conventional
interpolation method that only uses information from moored instruments. FEMSECT is
available as a highly portable Matlab code and can be run on an ordinary desktop com-
puter.

1. Intr oduction

Theclassicalanalysisof hydrographicsectiondatarelieson the
geostrophicbalanceof pressuregradientforce andCoriolis force.
This balanceis often expressedin terms of geopotentialheight
anomalyor the thermalwind equations.The latter relatesthe lo-
cal horizontaldensitygradienton a constantheightsurfaceto the
verticalgradientor shearof thevelocity normalto theplaneof the
densitygradient.Givenmeasurementsof density(asa functionof
measuredtemperature,salinity, andpressureor depth),anestimate
of thegeostrophicvelocitiescanbeobtainedbyverticallyintegrating
thethermalwind equations,relative to a so-calledreferenceveloc-
ity. As aneducatedguess,onecanimaginea “level-of-no-motion”
at the ocean�oor or betweenwatermassesthat move in opposite
directions;at this level the horizontalvelocity canbe assumedto
besmall. However, without additionaldynamicalconstraints,this
referencevelocity is (mathematically)completelyarbitrary. There-
fore, additionaldataor additionalassumptionsaboutthe absolute
velocityarenecessary.

Inversetechniqueshave widely beenusedto estimatemassand
property�ux esthroughhydrographicsectionsin so-calledinverse
box-models[e.g., Wunsch, 1978; Rintoul, 1991; Macdonaldand
Wunsch, 1996;GanachaudandWunsch, 2000]. Otherinversesec-
tion modelstreatnot only referencevelocity but alsotemperature
and salinity as independentvariables[Nechaev and Yaremchuk,
1995;Yaremchuk et al., 1998,2001;Losch et al., 2002]. Essen-
tially, thesetechniquesrequiredataandcorrespondingmodelval-
uesto agreewithin prescribedprior errorbars. This is very often
achievedbyaleast-square�t, minimizinganobjectivefunctionthat
is the sum of the squareddifferencesof model and datavalues,
weightedby appropriatecovariancematrices[Wunsch, 1996]. Part
of the information requiredin addition to the hydrographicdata
canbeinferredfrom massor propertyconservationprinciples,for
example,within boxesthat thehydrographicsectionsform, but in
mostcasesa null spaceremainsandfurtherinformationis needed.
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In recentyears,measurementsof absolutevelocitieshave be-
comemore frequentand more reliable. Ship-mountedacoustic
Doppler currentpro�ler (ADCP) measurementscan reachaccu-
raciesof 1cms� 1 [Cisewski et al., 2003] dueto improvementsin
the global positioningsystems(GPS).Therehave beendedicated
efforts to monitor thecurrentsystemin specialregionssuchasthe
FramStraitwith long-termcurrentmetermoorings[Fahrbach etal.,
2001;Schaueret al., 2004]. Time seriesof temperatureandveloc-
ity from mooredinstrumentsprovide estimatesof heatandvolume
�ux eswith excellenttemporalresolution.However, themainsource
of errorin thesetransportestimatesstemsfrom under-resolvingthe
spatialstructureof the �o w. At this point a consistentapproachis
necessarythatcombinesthevaluablecurrentmeasurementsthatare
still comparatively sparsein spacewith hydrographicdatathathave
a goodspatialcoverage,but arenotof high temporalresolution.

Least-squaremethodsareanaturalchoice,becauseall available
information can be combinedinto a synthesis:The in�uence of
eachpieceof informationcanbecontrolledbycarefullyassigninga
priorerrorestimate,andall derivedresults,for example,masstrans-
port througha hydrographicsection,arenot only thebestestimate
in anoptimalsense,but alsoit is straightforwardto computeerror
estimatesfor theseresults.

Recently, �nite elementmethods(FEM) havereceivedconsider-
ableattentionin oceanography, becausethetriangulardiscretization
thatis typicaltoFEMallowsanappropriateresolutionof veryirreg-
ulardomainsatcomparatively low cost.Furthermore,thevariables
in FEM arenot only de�ned at discretegrid nodes,but continu-
ously over the whole domain,becausethe interpolationbetween
grid nodesis implicitly de�nedby so-calledbasisfunctions.Appli-
cationsin oceanographyincluderegionalstudies[Schlichtholzand
Houssais, 1999;Dobrindt andSchr•oter, 2003;Myers andWeaver,
1995; Myers et al., 2004], tidal models,both regional [Walters,
1987]andglobal [Le Provostet al., 1998],andrecentlyevengen-
eralcirculationmodels[Danilov et al., 2004].

The �e xible discretizationwith trianglesin the �nite element
methodisattractivefor ahydrographicsectionbecausethetriangles
naturallytake careof theso-calledbottomwedges,whereconven-
tional �nite differencemethodsareambiguous[e.g.,Wunsch, 1996;
Ganachaud,2003]. Thesecondadvantagestemsfromtheimplicitly
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de�ned interpolationrulesthatallow modelvariablesto bemapped
naturally to the datalocations,thusmaking the modelingsystem
highly consistent.Theseadvantagesareboughtwith slightly higher
conceptionalandcomputationalefforts.

Herewe will demonstratehow a new inversesectionmodel—
that we call FEMSECTbecauseit is basedon the �nite element
method—canhelp to interpretcurrentmeasurementsin conjunc-
tion with hydrographicdata. The model conceptis describedin
Section2; in Section3 wediscussthediscretizationassociatedwith
the�nite elementmethod.Section4 demonstratesin a realisticap-
plicationin FramStraitthecapabilitiesof themodelandconclusions
aredrawn in Section5.

2. Geostrophic InverseModel

2.1. Thermal wind equations

Theinversemodelcalculatesdensityfrom thenon-linearequa-
tion of stateof sea-water[Fofonoff andMillard, 1983]asafunction
of salinity S, in situ temperatureT , andpressurep = � g� 0z (or
depth).g is theaccelerationresultingfrom gravity, � 0 ameanden-
sity, andz thevertical coordinate.Accordingto the thermalwind
equation,theverticalshearof horizontalvelocity is proportionalto
thehorizontaldensitygradient.Integratingthethermalwind equa-
tion yields

v = vref �
g

� 0 f

0

@
zZ

� h

@�
@x

(T; S;p) dz

1

A (1)

with the unknown referencevelocitiesvref . f = 2
 sin � is the
Coriolisparameterthatdependsonlatitude� . Thelocalcoordinate
systemisorientedalongthesection,sothatthex directionisparallel
to thesectionandthevelocityv is normalto it.

2.2. Least-squares method: Optimization and error
estimation

In orderto �t thegeostrophicvelocityshearto thedata,wede�ne
thefollowing objective function:

J =
1
2

(T � � � T T )T WT (T � � � T T )

+
1
2

(S� � � S S)T WS (S� � � S S)

+ (T � � � T T )T WT S (S� � � S S)

+
1
2

(v � � � v v )T Wv (v � � � v v )

+ R :

(2)

Here,in acompactmatrixnotation,thevariablesT , S, andv arear-
rangedin columnvectorsT = (T1 ; : : : ; Ti ; : : :)T , etc..All starred
variablesdenotedatavectors,for exampleT �

i is thetemperatureat
theposition(x i ; zi ) in thesectionplane.� � arelinearinterpolation
operators(matrices)thatmapthemodelvariables� = T; S; v to the
correspondingdatalocation. If themodelgrid nodesareidentical
to thedatalocationsthen� � is simply theunit matrix. The third
termin(2), which is actuallythesumof two symmetriccovariance
terms,allows for correlationsbetweentemperatureandsalinity.

The data-modelmis�t is weightedby weightingmatricesW�

thataretheinversesof prior errorcovariances.For a speci�c case,
theseerrorcovariancesaredescribedin Section4. “Regularization”
R providesprior informationwherethedatais not suf�cient to de-
terminea uniquesolution; choosinga properregularizationalso
speedsup the convergenceof the optimizationprocess[Thacker,
1989]. We chooseto includea prior guessfor theunknown refer-
encevelocitiesandpenalizeroughnessof thesolutionby requiring
thehorizontalgradientsof temperature,salinity, andvelocity to be

small. After discretizationwe write, againin matrix notation:
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;

(3)

where@v =@x, @T =@x, and@S=@x representthe vectorsof dis-
cretizedhorizontalderivativesof the vectorsv , T , andS. v ref ;0
is a �rst or prior guessfor referencevelocity. In this paper, we
choosev ref ;0 = 0 nearthe bottom,but otherchoicesareequally
possible.Theverticalpositionof thereferencevelocitycanbedif-
ferentfor eachstationpairandnoassumptionsaboutahypothetical
level-of-no-motionaremade.TheweightmatricesW( T ;S ;v )

r canbe
horizontallyvariable;in Section4 they arechosento be diagonal
with diagonalelements(� x=0:01)2 , where� x = � x(x) is the
localhorizontalgrid spacing.

Smoothnesscouldalsobe imposedby penalizingthecurvature
(secondderivatives)of thehydrographic�elds [e.g.,Nechaev and
Yaremchuk, 1995;Loschetal., 2002]. However, in thepresent�nite
elementframework, thischoicerequireshigherorderbasisfunctions
(seeSection3), whichwe wantto avoid for simplicity.

The optimal solution for the (independent)control parameters
T , S, andvref minimizesobjective function(2), subjectto equa-
tion (1). This solution is found by an iterative procedure,in our
caseaBFGSquasi-Newtonalgorithmwith boundsasimplemented
by Kelley [1999]. The BFGSalgorithmneedsthe gradientof the
objective functionwith respectto thecontrolparametersto �nd the
descenddirection. Becauseall operationsin the above equations
arelinear, exceptfor thecomputationof densityfrom temperature
andsalinity, constructingthisgradientis straightforward.

TheHessianmatrix H of secondderivativesof J canbe inter-
pretedasthe inverseof the error covariancematrix of the control
parameters[Thacker, 1989]. For any derivedquantity' thatcanbe
expressedasalinearor linearizedfunctionof thecontrolparameters
b = (T; S; vref ) nearthesolutionb0 : ' (b) = ' (b0) + L' (b� b0),
with the linear operatorL' = ' 0jb0 , the error covariancecanbe
computedfrom theHessianmatrix as

cov(' ) = L
T
' H� 1

L' : (4)

3. Discretization of the Model Equations

Clearly, thediscretizationinvolvesonly thatof linearoperations.
We choosea �nite elementgrid that is basedon a Delaunaytrian-
gulation[Barberet al., 1996]. Figure1 shows anexampleof such
a grid for asectionacrosstheFramStraitbetweenSpitsbergenand
Greenlandin the Arctic Ocean(inset �gure in Figure1). Note
that the grid is almostregular, that is, the grid nodesarealigned
in both the horizontalandthe vertical. Only nearthe bottomare
sometrianglesslantedto resolve the topography. But the inclina-
tion of thesetrianglesis muchsmallerthanit appearsto be from
the�gure, becausein the�gure, asusual,thedepthis scaledup by
ordersof magnitude.Nevertheless,theinclinationof thesetriangles
cancauseerrorsin the horizontalgradientcomputation,andtheir
inclusionmustbeconsideredcarefully.

3.1. Finite Elements

Following thegeneralprocedurein �nite elementmethods,the
thermalwind equationsarerewritten in weakform, thatis, they are
projectedontoappropriatetestfunctions ~' andintegratedover the
computationaldomain:

ZZ
@v
@z

~' dx dz = �
g

� 0 f

ZZ
@�
@x

(T; S;p) ~' dx dz: (5)
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Figure1. Numericalgrid of a sectionacrossFramStraitat approximately79� N with insetmapof thearea.In color
themeasuredin situ temperaturein � C in August2002. Theblack dotsmark the positionsof mooredinstruments,
while thegrid nodesarechosento coincidewith thepositionof hydrographicmeasurements.

Wenow describetwo differentdiscretizationsonthetriangulargrid

in Figure1: the�rst approximatesall continuousvariablesbypiece-

wiselinearfunctions,thesecondusespiece-wiseconstantfunctions

to representvelocitieson the grid andpiece-wiselinear functions

for all othervariables.

3.1.1. Linear basisfunctions for velocity

ThestandardGalerkinmethodreplacesthecontinuousfunction

v, � , and ~' by anexpansioninto basisfunctions� i thatareoneat

thecurrentnodei , andzeroat all othernodes:

v(x; z) =
X

i

vi � i (x; y)

� (x; z) =
X

i

� i � i (x; y)

~' (x; z) =
X

i

~' i � i (x; y):

(6)

vi , � i , and ~' i denotepointvaluesatgrid nodei . After substitution,

equation(5) becomes

X

i;j

vi ~' j

� ZZ
� j

@� i

@z
dx dz

�
=

�
g

� 0 f

X

i;j

� i ~' j

� ZZ
� j

@� i

@x
dx dz

�
(7)

with thematrices

Uij =
ZZ

� j
@� i

@z
dx dz; (8)

R ij = �
g

� 0 f

ZZ
� j

@� i

@x
dx dz: (9)

Equation(7) holdsfor any ~' . Thus,theequivalentproblemto equa-

tion(7), in matrix notation,is

Uv = Rρ; or v = U� 1Rρ: (10)

The boundaryconditionat the bottomz = � h, v(� h) = vref ,

is appliedby replacingin matrix U the row correspondingto the

boundarynodewith (0; : : : ; 1; : : : ; 0), wheretheoneis thediago-

nal elementUii , andmoving the boundaryvaluevref to the right
handside.Thisalsoensurestheexistenceof theinverseof U.

Thebasisfunctions� i arechosenaspiece-wiselinearfunctions
onall elementsthatbelongto grid nodei :

� i (r ) =

8
><

>:

1 � r for all elementsthatcontain

nodei

0 for all otherelements.

(11)

r is the distancefrom nodei normalizedby thedistancebetween
nodei andtheneighboringnode. With this de�nition, matricesU
andR arereadilycomputed.
3.1.2. Piece-wiseconstantbasisfunctions for velocity

Sofar, we have computedvelocitiesat thesamepoints,thegrid
nodes,that also representthe temperatureand salinity measure-
ments.In contrast,thestandarddynamicmethodcomputesveloci-
tiesbetweenstationpairs. To achieve a similar numericalscheme,
theGalerkinequations(5) requirea smallmodi�cation. Partial in-
tegrationof theleft handsideof equation(5) in z yields

Z
v ~' (n � z) dx �

ZZ
v

@~'
@z

dx dz =

�
g

� 0 f

ZZ
@�
@x

(T; S;p) ~' dx dz; (12)

wherethe�rst integral is takenalongtheboundariesat thesurface
andat thebottomof thedomain;(n � z) is theprojectionof thenor-
mal to the boundaryonto the vertical. After specifyingboundary
valuesfor thevelocityv ateithersurfaceor bottom,thevalueof the
�rst integral in equation(12)alongtheotherboundaryfollowsfrom
the so-calledsolvability conditionfor weaksolutions. For exam-
ple, assumethatboundaryvaluesfor velocity v areimposedat the
bottom.Then

R
v ~' dx over thesurfaceis computedasfollows: the

secondtermin theleft sideof equation(12) vanishesif ~' � 1, and
thesurfaceintegral mustbalancethe integral over thebottomand
theright handsideintegral in equation(12).

Insteadof this procedurewe replacev with a potentialV , such
that

v =
@V
@z

; (13)

andsolve for V insteadof v. Theresultingsecond-orderdifferen-
tial equationfor thenew unknown variableV requirestwoboundary
conditions: oneis the referencevelocity andthe other is an arbi-
trary constantthatdoesnot affect thevelocity v. For example,we
canchoosea V (z = 0) at thesurfacesothatthe�rst termin equa-
tion(12)representstheboundaryintegralalongthebottomboundary
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only. V is representedwith the samelinearbasisfunctions� i as
densityandthe testfunctions ~' . As a consequence,v, sinceit is
thederivative of V , is now representedby basisfunctionsthatare
piecewiseconstanton theelements.

3.2. Testing the Discretized Thermal Wind Equations in
IdealizedGeometries
3.2.1. Front over a steepslope

In a �rst test of the �nite elementdiscretization,we compute
velocitiesfrom thermalwind relative to thebottomor the surface
throughan idealizeddomainwith a front over a steepslope(Fig-
ure2). Weassumeadensity�eld thatis aninversetangentfunction
of thehorizontalcoordinate:� = [arctan(ax + b) + cz] kgm� 3 ,
so that we canintegrateequation(1) analytically. For our choice
of densitywith a = 1=(50km), b = 20, c = � 3=(400m), a do-
mainthatis 1000km wideandhasamaximumdepthof 400m, and
with g=(� 0 f ) = 100m4 kg� 1 s� 1 , weobtaina transportof 5.60Sv
(1Sv = 106 m3 s� 1).
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Figure 2. Testdomainwith hypotheticalmeasurementpoints
(stars).Solid thin linesmark the �nite elementtriangulargrid,
thethick dashedlinescorrespondto the�nite differencegrid of
thedynamicmethod.Theshadingshows thedensityfront with
darkshadesfor densewaterandlight shadesfor light water.

The standarddynamicalmethod,for example,asimplemented
in the matlabroutinesof the CSIRO seawater library [Morgan,
1994], computesgeopotentialheightanomaliesat the locationof
verticalcastsof temperatureandsalinity. Velocitiesarethencalcu-
latedbetweenstationpairsandtherefore,themethodis accurateto
�rst order. However, becauseof the�nite resolutionin thehorizon-
tal, specialinterpolationtechniquesarerequirednearthebottomto
resolve bottomwedges[e.g.,Wunsch, 1996]. Ganachaud [2003]
compareddifferentinterpolationmethodsandfound that they can
yield transportsthataredifferentby severalSverdrups.Assuming
thatthetransportthroughthebottomwedgesvanishesthedynamic
methodgivesa transportof 4.85Sv, relative to thebottom,if mea-
surementsof temperatureandsalinity areavailable for the hypo-
theticalstationsin Figure2. In a secondcasethe referencelevel
is chosento be at the surface,that is, the largestvelocitiesoccur
nearthebottom.In thiscase,whichservesasanextremecaseonly,
thedynamicmethodis evenlessaccurateandyieldsa transportof
4.05Sv.

Our �nite elementdiscretizationis basedon piece-wiselinear
basisfunctionsfor density(or temperatureandsalinity) andeither
piece-wiselinearorconstantbasisfunctionsfor velocity. If theden-
sity �eld is chosento vary linearly betweenstationsthesemethods
areexact.

However, for ourdensity�eld thatis anon-linearfunctionof the
horizontalcoordinate,we get deviations from the exact transport
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Figure 3. Deviation of transportvaluesfrom thetruevalueof
1 asa functionof numberof velocity nodesfor threedifferent
methods.

by 0.04Sv for piece-linearbasisfor velocity andand� 0.17Sv for
piece-wiseconstantvelocity basisfunctions. Also in the extreme
caseof zeroreferencevelocitiesat thesurfacetheestimatedtrans-
port is muchmoreaccuratethanfor the �nite-dif ferencemethod:
for piece-wiselinearvelocitybasisfunctionsweget5.30Svandfor
piece-wiseconstantfunctions5.77Sv.
3.2.2. Flat bottom

In a different testcase,we test the performanceof piece-wise
linearversuspiece-wiseconstantbasisfunctionsfor velocity. For
this, geostrophicvelocities relative to the bottom are computed
in a domain with a �at bottom at depth h =

p
2 and length

L = 1. The density�eld is sinusoidalwith the horizontalcoor-
dinate: � = � 0 + � 0 f

g cos 2n � 1
2L � x, whereL is the lengthof the

sectionandn = 1; 2 : : : is thenumberof velocity nodes.For a �at
bottomthehorizontalandverticalintegrationsto computethetotal
transportareindependentandthetransportonly dependsonthenet
densitydifferenceacrossthesection,whichis thesamefor all n, so
that theanalyticaltransportis always 1

2 h2 = 1. Tenhypothetical
stationswith constantspacingde�ne the horizontalgrid. The ex-
ampleis constructedsothatcentraldifferencesyield exactresults,
becausein summingup thedifferencesbetweenthevaluesat grid
nodei andi � 1 cancelsall interior contributionsexactly. Conse-
quently, thedynamicmethodyieldsatransportvalue1 independent
of n (Figure3). Forthe�nite elementmethodwith piece-wiselinear
basisfunctionsfor velocity the transportdeviatesfrom thecorrect
valueastheresolutiondecreasesrelative to thenumberof velocity
nodesn. On the other hand,the transportvaluesobtainedfrom
�nite elementsandpiece-wiseconstantbasisfunctionsfor velocity
arealsoindistinguishablefrom thetruevalue1. In fact,deviations
aresmallerthan10� 14 andthereforewithin machineprecision.

For this problem,thehighestaccuracy is achieved with central
differences,becausethehorizontaloperatoractingondensityis �rst
order, while thevelocity is subjectto azeroorderdifferentialoper-
ator in thehorizontal.Thereforediscretizingdensitywith a higher
order(linear= �rst order)basisfunction thanvelocity (constant=
order zero) resultsin a more accuratetransportvalue than using
thesameorder(linear)for bothdensityandvelocity. Consequently
piece-wiseconstantbasisfunctionsfor velocity are preferredfor
this application.

4. A First Application: Fram Strait

FramStraitrepresentstheonlydeepconnectionbetweentheArc-
tic OceanandtheNordicSeas.Thisconnectionis two-fold: Arctic
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Oceanfreshwater from the north hasa strongimpacton convec-
tion in the Nordic Seasandfurther south,while warm andsaline
Atlantic watersfrom the southaffect the watermasscharacteris-
tics in the Arctic Oceanand in�uence ice andatmosphere.The
topographicconstraintsof theFramStrait split theWestSpitsber-
genCurrent(WSC),which carriesAtlantic Waternorthward, into
at leastthreebranches.Two of thementertheArctic Oceanalong
differentpathways. The third branchrecirculatesimmediatelyin
theFramStrait. TheEastGreenlandCurrent(EGC)carrieswater
from theArctic Oceansouthwardsin aconcentratedcoreabove the
continentalslope.

Thevariabilityof oceanic�ux esthroughtheFramStraithasbeen
monitoredby anexceptionallydensearrayof mooringssince1997
[Fahrbachetal.,2001;Schaueretal.,2004]. Timeseriesof tempera-
tureandvelocityfrommooredinstrumentsprovideestimatesof heat
andvolume�ux eswith excellenttemporalresolutionbut thespatial
structureof the�o w isunder-resolved. Thisis themainsourceof the
error in previous transportestimates.With our new �nite element
sectioninversemodel,we expectto reducetheproblemof spatial
resolution—becausewe cannow useadditionalhydrographicdata
that hasa higherspatialresolutionthan the moorings—andthus,
obtainmorereliabletransportestimatesby combiningall available
data.

4.1. Velocity Measurementsand Hydr ographic Data

The arrayof currentmetermooringsis describedcomprehen-
sively in Woodgateetal. [1998];Fahrbach etal. [2001]andSchauer
et al. [2004]. We only repeata few detailsthatarerelevant here:
Themooringarrayextendsfrom theeasternGreenlandshelfbreak
to the westernshelf breakoff the coastof Spitsbergen(Figure1).
From 1997 to 2001,14 mooringscoveredthe section,except for
theyears1999and2000when3 mooringsin thecentralpartof the
straitwerenot deployed. In 2002thearraywasaugmentedwith 2
additionalmooringsin therecirculationareabetween0and2� Eand
oneat theGreenlandshelf. Thehorizontalspacingof themoorings
increasesoverthecontinentalslopes.Theinstrumentsaredeployed
at depthsstartingat 10m above theseabedto approximately60m
below the surface. Figure 4 shows the position of the moorings
in August2002. Eachyear during redeployment of the array in
summeror autumn,hydrographicmeasurementswerecarriedoutat
CTD-stationsalongthe mooringline with high spatialresolution.
In orderto exploit the �e xibility of the �nite elementmethod,we
usethepositionsof theCTD-stationstogeneratethegrid,sothatthe
interpolationfrom modelvariablesto datais trivial for temperature
andsalinity.

Without the hydrographicsectiondata,the largestuncertainty
of transportestimatesfrom mooredcurrentmetersand tempera-
turerecordersstemsfrom aliasingdueto thelow resolutionof the
availabledatapoints. In previous work, measurementsof moored
instrumentsweremappedto a �ne resolutiongrid by kriging [e.g.,
DeutschandJournel, 1992]toyieldtemperatureandabsoluteveloc-
ity �elds thatresolvethewarmcoreof theWestSpitsbergenCurrent
andtheshallow �o w of theEastGreenlandCurrentratherwell when
comparedto temperaturemeasurementsor relative geostrophicve-
locity �elds from high resolutionCTD sections[Schauer et al.,
2004]. However, the complex structureof the return �o w in the
centralFramStrait is not properly resolved by the mooredarray.
Further, mesoscaleeddiesarealiasedinto largescale�o w by dis-
tant moorings[Fahrbach et al., 2003]. Temporalaveraginginto
monthly meansof measuredvelocitieseliminatestransientsmall
scalestructures,but stationarymesoscaleeddiesover topography,
whichareobservedin thecentralFramStrait,remainaliased.

4.2. Weight Matrices and Prior Err or Estimates

Prior to inversionof all datawith thehelpof the �nite element
modelFEMSECT,weightingmatricesfor equations(2)and(3)have
tobeconstructed.Theweightingmatricesde�ne the“physicallyac-
ceptable”deviationsof themodelstatefrom dataandconstraints.
They aretakento betheinversesof errorcovariancesthatareesti-
matedprior to theinversion,sothata largerprior erroramountsto
asmallerweightandlessalloweddeviationfrom thecorresponding
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Figure 4. Velocitiesestimatedby interpolatingmooredinstru-
mentdata(top, with positionof mooredinstruments)andesti-
matedwith thehelpof theinversemodelFEMSECT(bottom).

datumandvice versa. With the exceptionof T andS from CTD
measurementsall cross-correlationsareneglectedandthe covari-
ancematricesarediagonal.

For T and S from CTD-measurements,we construct
covariances—localto the respective CTD-station—from verti-
cal correlationand cross-correlationsbetweenT and S. This
procedure,which follows Losch et al. [2002], allows themodelto
changethedepthof anisopycnalwithoutchangingtheT -S relation
on the isopycnal [Yaremchuk et al., 2001]. To thesecovariances,
we adda depthdependentestimateof uncorrelated“oceannoise”
accordingto Bindoff and McDougall [1994], that is, the variance
of differencesbetweenneighboringstations,and an estimateof
uncorrelated“measurementerror”. The latter can include both
actual instrumenterrors and possibleerrors that arise from the
quasi-synopticityof theCTD-data.Here,we allow a largeerrorof
1� C for T and0.1for S, becauseCTD dataareoftennot represen-
tativeof theentireperiodcoveredby themooringdata.In total, the
covarianceestimateincludesdiagonaltermson theorderof (1� C)2

near the bottom to (1:75� C)2 near the surface for temperature
and0:12 to 0:752 for salinity, respectively; off-diagonaltermsare
smaller.

For velocity datawe assumeanuncorrelatederrorof 1cms� 1 ,
theinitial referencevelocity is assumedto be0� 5 cms� 1 . Weim-
posesmoothnessbyspecifyingWr in equation(3)tobe(� x=0:01)2

for bothT , S, andvelocityv, where� x = � x(x) is thelocalhor-
izontalgrid spacing.

In orderto reducetheamountof hydrographicdata,we interpo-
latedthe1dbardatato standarddepthlevels (-10m, -20m, -50m,
-75m,-100m,-150m,-200m,-250m,-300m,-400m,-500m,etc.)
to obtain1404datapointsfor temperatureandsalinityeachfor the
72stationsof CTD-sectionin August2002. In thatyeartherewere
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Figure5. Model-datamis�t afterinversion(dots)with prior er-
rors(circles)for August2002(Figure4), for temperature(left),
salinity(middle),andvelocity(right)data.Onlynearthesurface
a few model-datamis�t valuesremainarelarger thantheprior
errors,so that for the mostpart the assumptionof geostrophic
balanceis valid.
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Figure 6. Transportestimatesfor 7 differentyears. The esti-
matesdonotalwaysrefertodatafromthesamemonthof theyear
andshouldthereforenot betreatedasa timeseries.Thediffer-
encesin transportsbetween1998and2001canbeexplainedby
theresolutionof themooringarraythatis toocoarseto represent
therecirculationpatternsin thecentralFramStrait. FEMSECT
canreducethis resolutionproblemby usingadditionalinforma-
tion from CTD-dataandgeostrophy.

66 mooredcurrentmetersin place.The�e xibility of the�nite ele-
mentgrid allowsto choosethegridnodesto coincidenaturallywith
thehydrographicdatapoints,so that thedimensionof thecontrol
vectoris2� 1404+71=2879.Forotheryearsthenumberof dataand
grid pointsis comparable.With this con�gurationwe neededtypi-
callyontheorderof 1000iterationsto reachconvergence,measured
by areductionof thenormof thegradientby a factorof 1000.
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Figure 7. Comparisonof northward and southward volume
transportsbetweenFEMSECTand the mooring dataalonein
Sv (1Sv = 106 m3 s� 1).

4.3. Velocity Fields and Transport Estimates

Velocityfrom interpolationof mooringdataby kriging andfrom
a full inversionof all CTD andmooringdatawith FEMSECTare
shown in Figure4 for August2002. Both velocity �elds revealan
intensenorthward�o w of theWestSpitsbergenCurrent,occupying
thewholewatercolumnat theeasternshelfslope. Measurements
by mooredcurrentmetersin thetoppanelof Figure4 clearlyshow
its strongbarotropiccharacter. In this area,theinversesolutionin
thebottompaneldiffersonly slightly from thekriging solutionby
additional(geostrophic)shearat thelowerboundaryof theAtlantic
waterlayerat approximately700m depth. At theoppositesideof
theFramStrait, theshallower andweaker EastGreenlandCurrent
shows up asa southern�o w with a coreover theGreenlandshelf
slope. Thestrongdensitygradientin theupperlayergivesrise to
signi�cant verticalvelocity shearwhich is muchbetterreproduced
by the inversesolutionthanby the velocity obtainedfrom moor-
ingsalone;thelattertendto havesmoothverticalvelocitygradients
(smallverticalshear)dueto theinterpolation.A partof theAtlantic
waterrecirculatesin the centralFramStrait andthe velocity �eld
fromtheinversionsuggeststhatthis�o w ischaracterizedbysmaller
spatialscalesthanareresolvedby themooringarray.

Temperatureandsalinityarecontrolvariablesof FEMSECTand
areadjustedduring the inversion. Figure5 shows the model-data
mis�t aftertheinversion(dots)alongwith theprior errors(circles)
asa functionof depth. Generally, themodel-datamis�t is consis-
tentwith theprior errors. Theresultingdifferencebetweeninitial
andinverteddensity�eld canreach0.3kgm� 3 (not shown). The
differenceis most pronouncedin areaswith strongvertical den-
sity gradients,especiallyin thewesternpartof thestrait. Over the
Greenlandshelfthisdensitydifferenceis associatedwith thefresh-
waterlayerin theupper30–50m. Overthecontinentalslopedensity
differencesarelargein thecoreof theEastGreenlandCurrentbe-
causethe inversemodelchangesthe density�eld in orderto �t a
geostrophicshearto thecurrentmeasurements.Modelvelocityde-
viatesfrom themooredinstrumentdataby lessthantheprior error
of 1cmaftertheinversionexceptfor nearsurfacevalues.

In Figure 6 we compareestimatesof volume transportsand
heattransportsrelative to � 0:1� C throughtheFramStraitobtained
with the kriging methoddescribedin Schaueret al. [2004] from
monthlyaveragesof currentandtemperaturedatafrom mooredin-
strumentsfor seven different timesduring the period1997–2003,
to estimatesof the inversemodelFEMSECTfrom the samedata
plushydrographicdatafrom theCTD section.(Theheattransports
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Table1. Transportestimatesfor thetwo sensitivity experimentswith completeandreducedmooringdatasets.
Volumenet

[Sv]
Volume

northward[Sv]
Volume

southward[Sv] Heatnet[TW]

August2002
Mooringdataonly 3.6 12.5 � 9.0 61.2
Mooringdataonly, with gap 15.5 23.4 � 7.9 70.4
FEMSECTfor CTD sectionwith completemooringsarray 6.4� 6.4 13.4� 4.3 � 7.0� 3.3 52.4� 12.7
FEMSECTfor CTD sectionwith mooringsarray, with gap 6.9� 6.7 13.4� 4.4 � 6.5� 3.5 52.5� 12.8

September2003
Mooringdataonly 5.9 14.2 � 8.3 52.1
Mooringdataonly, with gap 12.2 20.1 � 7.9 56.6
FEMSECTfor CTD sectionwith completemooringsarray 2.9� 6.5 11.3� 4.2 � 8.4� 3.4 49.7� 15.8
FEMSECTfor CTD sectionwith mooringsarray, with gap 3.2� 6.8 10.7� 4.6 � 7.5� 3.4 48.5� 16.0
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Figure 8. Velocity differencebetweensolutionsbasedon the
completeand the reducedmooring dataset for August2002.
Top: interpolationof mooredinstrumentdata,bottom: inverse
solutionwith mooredinstrumentdataandCTD data.Note,that
thecolorscaleis differentby oneorderof magnitude.

are strictly speakingtemperaturetransports,as the massbalance
throughthe FramStrait is non-zero,but we stick to the jargon of
relative heattransportsfor convenience.)In all cases,we assume
quasi-synopticityandonly usemooreddatafrom themonthsduring
which CTD dataareavailable,becausefor now we wish to avoid
mixing datafrom differenttime periodsfor simplicity.

FEMSECTprovidesuncertaintyestimatesalongwith thesolu-
tion. Theseuncertaintyestimatesarecomputedfrom the inverse
Hessianof the objective function J in equation(2). In the limit
of Gaussianstatistics,the inverseHessiancan be interpretedas
theerrorcovariancematrix of thecontrolparameterstemperature,
salinity, andreferencevelocity (cf. Section2.2). Theestimatedun-
certaintiesthencorrespondto thestandarddeviation of a normally
distributedvariable. With our choiceof prior error estimates,the

volumetransportuncertaintiesareof the orderof 6–7Sv, that is,
in somecaseslarger thanthe volumetransportestimateitself. It
is important to understandthat the simultaneousinversionof all
dataandmodelequationsresultsin a formalerrorpropagationthat
translatesthe measurementandmodelerrorsinto uncertaintiesof
estimatedquantitiessuchasnetvolumetransport.For example,we
chosea prior error of 5cms� 1 for the bottom(reference)veloci-
ties. Changingthis prior error to 1cms� 1 reducesthe estimated
uncertaintyby 14%; reducingthe prior “measurementerrors” for
temperature(1 � C) andsalinity (0.1) by a factorof �v e, decreases
theposterioruncertaintyby 35%of thepreviousvalue. As a more
radicaltest,we increasedtheweightof all regularizationtermsby
a factorof 4, thatis, doubledtheprior errorsfor referencevelocity
androughness,to obtainposteriorvolumeandheattransporterrors
thatareincreasedby 40–50%.Thus,thesizeof theestimatedun-
certaintyof inversesolutionsis controlledby the prior errorsthat
de�ne theweightsin theobjective function. It is theresponsibility
of theinvestigatorto checkthatbothprior andposteriorerrorsare
consistentwith themodelsolutionandobservationsWunsch [1996].

For theyears1998to 2001,netvolumetransportestimatesfrom
the different methodsdiffer by as much as the uncertaintyesti-
mateprovidedbyFEMSECT.Separatingthevolumetransportintoa
northwardandasouthwardcomponent(integraloverall northward
andsouthwardvelocities,respectively) pointstowardsanexplana-
tion thatrelatesthelargedifferenceto theresolutionof themooring
array(Figure7): In theyears1997,1999,and2000,theestimated
southwardvolumetransportis largerwith theinterpolationmethod
thanwith FEMSECTwhile thenorthwardtransportsaresimilar for
bothmethods.In contrast,thesouthward transportsaresimilar in
1998and2001,but now thenorthward transportestimatesareoff
by asmuchas4Sv. All yearsup to 2001have in commonthatthe
mooringarrayhadagapbetween1� W and3� Ewhichleadstoamis-
representationof therecirculationregionin theinterpolateddata.In
theyears1997to 2000,a prevailing southward�o w wasmeasured
at both endsof the gap, which gives enormoussouthward trans-
port when interpolatedacrossthe signi�cant distanceof the gap.
A changein thecirculationpatternin 2001resultsin theopposite
effect: Northward�o w measuredattheendsof thegapandinterpo-
latedacrossthegapresultsin thestronglyoverestimatednorthward
volumetransportandin consequencein anettransportto thenorth.
FEMSECTusesadditionaldataandgeostrophicvelocity informa-
tioninsteadof simplyinterpolatingmooringdata.By combiningthe
mooringdatawith hydrographicdataandgeostrophy, FEMSECT
canprovide reliableandrealisticvelocity and transportestimates
thataresuperiorto thoseobtainedfrom unphysicalinterpolationof
data.

This problemof unresolved recirculationbetween� 1� W and
3� E wasrecognized[Fahrbach et al., 2003] and resolved by de-
ploying additionalmooringsin therecirculationregionin 2002and
2003.With theadditionaldata,amuchmorerealisticrepresentation
of the�o w �eld in thecentralFramStraitisobtained(Beszczynska-
M•oller et al., Variability of volumeandheat�ux esthroughFram
Straitfrom thearrayof moorings,manuscriptin preparation).Con-
sequently, transportestimatesfrom mooringdataaloneandinverse
estimatesagreemuchbetterin thoseyears.
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Thenetheattransportrelative to � 0:1� C is lesssensitive to the
resolutionproblemdescribedabove thanthenetvolumetransport.
This observation supportsthe above hypothesisof an unresolved
�o w �eld in the centerof the strait, becausealmostall heat(i.e.,
temperaturerelative to � 0:1� C) is carriednorthby theWestSpits-
bergenCurrent,thatis, by apermanentfeaturein theeasternpartof
thestraitthatis alsowell resolvedby themooringarray. Therefore,
theestimatesbasedonmooringdataaloneandFEMSECTestimates
generallyagreewith eachotherquitewell. With oneexception(in
1999whenthevolumetransportestimatesalsodiffermost),all esti-
matesof netheattransportfrommooringsfall within theuncertainty
rangeof FEMSECTestimates(Figure6). For 2002and2003,the
netvolumetransportsestimatedfrom mooredinstrumentdataalso
fall into theerrorrangeestimatedwith FEMSECT.

In thefollowing,wetestthehypothesisthatbetterspatialresolu-
tion of dataimprovestransportestimatesfrominterpolatedmooring
dataandthat the lack of dataresolutionexplainsthe largerdiffer-
encebetweeninterpolationandinversemodelsolution. Fromtwo
mooringdatasetsfrom theperiodwith increasedspatialcoverage
bymooringsin thecentralFramStrait(August2002andSeptember
2003),thecentraltwo mooringsareremovedto mimic thesituation
of previousyears.Figure8 comparesvelocity �elds obtainedfrom
interpolationof all mooredinstrumentdataandtheinversemodelto
therespectivesolutionsfor thereducedmooringdatasetfor August
2002.If mooringdatais interpolatedtoyieldvelocity�elds, remov-
ing thetwo mooringsin thecenterof thestrait(opencircles)leads
to a dramaticallydifferentvelocity �eld in the centralpart of the
section.Northwardvelocitydifferencesover 10cms� 1 areclearly
aresultof thepoorresolution.Ontheotherhand,thestructureof the
currentsreproducedby FEMSECTseemsto bemuchlesssensitive
to thespatialresolutionof themooringdata.

Table1 shows thecorrespondingvolumeandheattransportes-
timatesfor August2002 and September2003. For both periods
removing the two centralmooringsresultsin a stronglyincreased
northward volumetransportfor thekriging method:Theestimate
is nearlydoubledfor August2002and50%higherfor September
2003.Togetherwith amuchweakerdecreaseof thesouthwardvol-
ume transport,overestimatingthe northward componentyields a
netvolumetransportthat is almostthreetimeslarger in 2002and
two timeslarger in 2003. At thesametime, net volumetransport
estimatesby the inversemodel,basedon thecompleteandthere-
ducedmooringdatasetaredifferentby lessthan10%in bothcases.
Differencesin estimatedheattransportsare also of one order of
magnitudelarger in the caseof estimatesbasedon mooringdata
aloneascomparedto inversemodelresults.

Whilewewouldliketoclaimthatourinversesolutionis farsupe-
rior to theinterpolationmethod,it shouldbenotedthatthispositive
result is to someextent fortuitous: Inspectionof Figure4 reveals
that at the two locationsof the additionalmooringsthe measured
velocitiesnearthe bottomaresmall, so that our prior estimateof
zerobottomvelocitiesis justi�ed a posteriori. Togetherwith a re-
alisticbottomvelocity, thegeostrophicshearprovidesareasonable
velocityestimatethroughoutthewatercolumn,whichdoesnotneed
correctionby measurementsof absolutevelocities(by mooredin-
struments).However, addingmoredataalwaysimprovestheinverse
solutionby decreasingtheformalposteriorerrorestimate(Table1).

We emphasizethat thechoiceof zerobottomvelocity is by no
meansa limitation of the method: any prior estimateof bottom
velocitiescanbeusedin theinversemodel.

5. Conclusion

Inversemethodsand�nite elementsareaperfectcombinationfor
analyzingirregularlyspacedsectiondatain oceanography. With the
helpof inversemethods,dataof differenttypeandresolutioncanbe
combinedwith dynamicalbalancesto yield a dynamicallyconsis-
tentbest�t toall availableinformation.Finiteelements,ontheother
hand,provide an elegantandconsistentway to accountfor irreg-
ularly spaceddataandcomplex topographywith a triangulargrid.

Grid nodescanbe chosento coincidewith datalocationsmaking
interpolationof modelvariablesto datatrivial. Also, the�nite ele-
mentmethodrequiresthenumericalformulationof thedynamical
equationsin matrix form, which in turn simpli�es the formulation
of theadjointmodelfor thegradientcomputation:theadjointof a
matrix operatoris simply its transpose.

All thesecharacteristicsof �nite elementsandinversemethods
canbecombinedto formulateanew analysistool for oceanographic
sectiondata.This model,whichwe call FEMSECTfor FiniteEle-
mentMethodinverseSECTionmodel,isusedto estimatetransports
of volumeandheatthroughtheFramStrait,whereanexceptional
datasetwith mooredinstrumentdataandhydrographicdatafrom
oceanictransectsis available. Combiningall dataalreadyreveals
that calculationsfrom interpolationof mooringdataalonetendto
overestimatetotal transportsin the caseof poor spatialresolution
of mooredinstrumentdata.FEMSECTprovidesmorereliableesti-
matesthatarelesssensitiveto thespatialresolutionof themoorings
becauseit replacesinterpolationwith geostrophicshearinformation
from CTD-measurements.

Furtheranalysesof theFramStraitdataareunderway. Therewe
investigatetime seriesof mooredinstrumentdatafor which CTD
dataarenotavailableat thesametime. In thiscase,theprior errors
of theCTD needto beincreasedto accountfor theassumptionthat
thedensity�eld is constant.

In general,additionaldatacouldbe includedin the analysisof
hydrographicsectionswith FEMSECT. In the absenceof moored
instruments,ship-basedADCP(AcousticDopplerCurrentPro�ler)
velocitydatacould�ll thegapandprovideanestimateof theabso-
lute velocity to yield transportestimatesfor theentiresection.

Furtherdevelopmentsof FEMSECTincludeusingbasisfunc-
tionsof arbitrary(higher)orderin orderto increasetheaccuracy of
thesolution. With higher-orderbasisfunctionsit is alsonaturalto
includeregularizationtermsin theobjective functionthatpenalize
thesecondinsteadof the�rst derivativeof the�elds. In someappli-
cationsit maybenecessaryto beableto put thereferencevelocity
at anarbitrarydepthwithin thewatercolumn. Currentlytheposi-
tion of thereferencevelocity is restrictedto eitherthebottomor the
surfaceof thedomain,sothatthereis alsoroomfor improvement.

The�nite elementmethodis very appealingfrom a mathemati-
cal point of view. Especiallyintegral quantities,suchasintegrated
transportsthrougha section,bene�t from theconservative proper-
tiesof thenumericalscheme.Togetherwith thegeometrical�e xi-
bility of atriangulargrid,weachievewith our�nite elementsection
modelaproperrepresentationof thebottomtopographyandbottom
wedgesevenwith limited horizontalresolution;themodelprovides
naturalinterpolationrulesfor irregularly spaceddatathat emerge
from themethoditself; themodelintegratesthethermalwind equa-
tion accuratelyif piece-wiseconstantbasisfunctionsarechosento
representvelocity. Piece-wiselinearbasisfunctionsshouldonly be
usedfor temperature,salinity, anddensityvaluesfor this applica-
tion.

In ordertocomplementthe�e xibility of the�nite elementmodel,
FEMSECTis availableasa highly portableMatlab code. It can
be obtainedfrom authorson request.More convenientdownload
methodsare in preparation.All computationsin this paperwere
performedon ordinaryP4desktopcomputers,Unix Workstations,
andApplecomputers.Typicallyona2GHzP4with 512MB RAM,
1000iterationsof theBFGSalgorithmtooklessthan40minutesfor
theFramStraitexperiments,andthe inversionof theHessianma-
trix (� 30002 elements)lessthan1 minute.Notethatourproblem
wassuf�ciently smallto allow adirectinversionof theHessianma-
trix in Matlab. Largerproblemsmayrequireaniterativeprocedure
following Yaremchuketal. [2001]or Yaremchuketal. [2002].

When undertakingthe dif�cult task of analyzingsparsedata,
inversemethodsappeartheperfecttool to combineinformationof
differentorigins,suchas,in ourexample,ship-bornemeasurements,
measurementsfrom mooredarrays,anddynamicalbalances.These
methodsprovide botha “bestestimate”from datawith prior error
estimatesanda posteriorformal errorestimate.We concludethat
inversemethodsshouldbeusedroutinelyfor theanalysisof data.
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