
GEOPHYSICS, VOL. 71, NO. 2 (MARCH-APRIL 2006); P. G63–G72, 12 FIGS.
10.1190/1.2187756

Airborne electromagnetic footprints in 1D earths

James E. Reid1, Andreas Pfaffling2, and Julian Vrbancich3

ABSTRACT

Existing estimates of footprint size for airborne elec-
tromagnetic (AEM) systems have been based largely on
the inductive limit of the response. We present calcula-
tions of frequency-domain, AEM-footprint sizes in infinite-
horizontal, thin-sheet, and half-space models for the case of
finite frequency and conductivity. In a half-space the orig-
inal definition of the footprint is extended to be the side
length of the cube with its top centered below the transmit-
ter that contains the induced currents responsible for 90%
of the secondary field measured at the receiver. For a hor-
izontal, coplanar helicopter frequency-domain system, the
in-phase footprint for induction numbers less than 0.4 (thin
sheet) or less than 0.6 (half-space) increases from around
3.7 times the flight height at the inductive limit to more
than 10 times the flight height. For a vertical-coaxial sys-
tem the half-space footprint exceeds nine times the flight
height for induction numbers less than 0.09. For all models,

geometries, and frequencies, the quadrature footprint is
approximately half to two-thirds that of the in-phase foot-
print. These footprint estimates are supported by 3D model
calculations that suggest resistive targets must be separated
by the footprint dimension for their individual anomalies to
be resolved completely.

Analysis of frequency-domain AEM field data acquired
for antarctic sea-ice thickness measurements supports the
existence of a smaller footprint for the quadrature com-
ponent in comparison with the in-phase, but the effect
is relatively weak. In-phase and quadrature footprints es-
timated by comparing AEM to drillhole data are con-
siderably smaller than footprints from 1D and 3D cal-
culations. However, we consider the footprints estimated
directly from field data unreliable since they are based on
a drillhole data set that did not adequately define the true,
3D, sea-ice thickness distribution around the AEM flight
line.

INTRODUCTION

A measure of the lateral resolution of an AEM system,
the footprint can be used to help assess the applicability of
1D interpretation models and to choose appropriate flight-
line spacing for surveys (Liu and Becker, 1990) (Kovacs
et al., 1995) (Beamish, 2003) (Sattel, 2004). Originally stud-
ied in the context of electromagnetic, sea-ice thickness mea-
surements by Liu and Becker (1990), the AEM footprint was
defined as the square area centered under the transmitter (Tx)
that contained the induced currents responsible for 90% of the
observed secondary magnetic field at the receiver (Rx).

Liu and Becker (1990) calculated the footprint of a closely
coupled, frequency-domain, electromagnetic system at the in-
ductive limit and found the footprint size depends on the alti-
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tude of the AEM system (h) as well as on the Tx–Rx geometry.
Inductive-limit Liu-Becker footprints for horizontal-coplanar
(HCP) and vertical-coaxial (VCX) AEM geometries are 3.73h
and 1.35h, respectively. An analysis of high-frequency AEM
field data by Kovacs et al. (1995) supported the Liu-Becker
estimates of footprint size for VCX and HCP geometries. Re-
cently, Reid and Vrbancich (2004) determined inductive-limit
footprints for a variety of contemporary AEM systems, in-
cluding vertical-coplanar (VCP), central-loop, fixed-wing, and
towed-bird geometries.

The major limitation of the Liu-Becker footprint is that it is
calculated at the inductive limit corresponding to the case of
infinite transmitter frequency and/or earth conductivity. Fur-
thermore, at the inductive limit the induced secondary cur-
rents are entirely in phase with the primary field of the Tx. The
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inductive-limit Liu-Becker footprint therefore corresponds to
the minimum in-phase footprint of a frequency-domain AEM
system. In the case of finite Tx frequency and earth conductiv-
ity, the current system induced in the earth will have a greater
spatial extent than that at the inductive limit (Beamish, 2003)
and it will contain both in-phase and quadrature components.

Figure 1. Transmitter–receiver (Tx–Rx) configurations con-
sidered in this study: (a) horizontal coplanar (HCP) (b) ver-
tical coaxial (VCX). In the HCP geometry, Tx and Rx axes
are vertical, and the coils are offset in the x-direction. In the
VCX geometry, the Tx and Rx axes are oriented in the +x-
direction, and the Tx and Rx are offset in the x-direction. The
system flight height above the earth’s surface is h.

Figure 2. Geometry for calculating the footprint of an HCP
AEM system over an infinite horizontal thin sheet: (a) sec-
tion (b) plan. Panel (b) shows the innermost 36 model cells
arranged symmetrically below the Tx position. For practical
calculations, discretization of the thin sheet extends much fur-
ther in the x- and y-directions than shown on the diagram.

In this paper we extend the Liu-Becker footprint calculation
(Liu and Becker, 1990; Reid and Vrbancich, 2004) to the case
of finite frequency and earth conductivity. We consider the in-
phase and quadrature frequency-domain AEM footprints for
1) an HCP AEM system over an infinite, horizontal thin sheet
and 2) HCP and VCX geometries over a homogeneous half-
space (Figure 1).

Beamish (2003) has previously calculated the frequency-
domain AEM footprints for horizontal and vertical magnetic-
dipole transmitters over a half-space of finite conductivity.
His calculations used an alternative definition of the foot-
print based on the local source-skin distance and were based
on the total amplitude of the induced current, rather than
on the individual in-phase and quadrature components. Foot-
prints Beamish (2003) calculated were based solely on the cur-
rent density induced in the half-space by the Tx, whereas the
method of Liu and Becker (1990) accounts for the coupling
between the induced currents and the receiver Rx.

METHOD

Infinite thin-sheet model

The footprint calculation for an infinite, horizontal thin
sheet of conductance S is a straightforward extension of the
method used to calculate the inductive-limit footprint (Reid
and Vrbancich, 2004) because the induced-current system is
constrained to lie in the plane of the sheet. In contrast to the
inductive-limit calculation, we calculated footprints at a range
of frequencies and determined footprint size for both the in-
phase and quadrature components. The geometry for the thin-
sheet footprint calculation is illustrated in Figure 2.

The sheet is first discretized into a number of square cells
of dimension �s × �s, distributed symmetrically around the
transmitter Tx position (Figure 2b). The x- and y-components
of the total (primary plus secondary) electric field at the cho-
sen frequency are calculated at the center of each cell (see
Appendix A, equations A-1 to A-4). The electric field is com-
plex and has both real (in-phase) and imaginary (quadrature)
components. The equivalent x- and y-directed electric dipole
moments Px and Py of each model cell are then given by

Px = ExS(�s)2 (1)

and

Py = EyS(�s)2, (2)

where Ex and Ey are the (complex) x- and y-components of
the electric field at the center of each model cell, S is the sheet
conductance, and �s is the side length of each cell. The quan-
tity ES in the above equations equals the surface-current den-
sity on the thin sheet (A/m). Equations 1 and 2 assume that
the surface-current density is constant within each cell.

Once equivalent-dipole moments were obtained for all
cells, we determined the footprint by integrating the secon-
dary magnetic field contributions at the Rx, from cells within
a square area centered beneath the Tx (Liu and Becker, 1990;
Reid and Vrbancich, 2004). For the HCP geometry, the re-
quired magnetic-field components at (x, y, z) produced by sur-
face currents within a cell centered at (xs, ys, zs) are

Hxd
z (x, y, z) = Px(y − ys)

4πr3
(3)
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and

Hyd
z (x, y, z) = −Py(x − xs)

4πr3
, (4)

where H refers to the magnetic field strength and Px and Py

are the equivalent x and y electric-dipole moments of the cell
and

r = [(x − xs)2 + (y − ys)2 + (z − zs)2]1/2. (5)

The secondary in-phase magnetic field at the Rx is obtained
by substituting the real parts of Px and Py into equations 3 and
4 and into the secondary quadrature magnetic field by using
the imaginary parts. The area of integration is increased until
the calculated secondary magnetic field is 90% of the theoret-
ical response at that frequency. The required area of integra-
tion is different for the in-phase and quadrature components,
as discussed in the Results section that follows. We repeated
the process described above for each frequency required.

Homogeneous half-space

The footprint calculation for a homogeneous half-space is
similar to that for an infinite, horizontal thin sheet. How-
ever, in a homogeneous half-space the induced in-phase and
quadrature current systems diffuse downward and outward
from the Tx with decreasing frequency (Reid and Macnae,
1998), whereas in an infinite thin sheet they are constrained to
migrate laterally away from the Tx. Therefore, in a half-space
we extend the definition of the footprint to be the side length
of the cubic volume with its top cantered beneath the Tx that
contains the induced currents responsible for 90% of the sec-
ondary field at the Rx at the chosen frequency. This definition
was chosen to be consistent with the original 2D footprint de-
fined by Liu and Becker (1990).

The initial calculation step is to discretize a volume of the
earth centered beneath the Tx into cubic cells of dimension
�s × �s × �s. At the chosen frequency the complex total
electric field resulting from the HMD or VMD Tx then is cal-
culated at the center of each cell (see Appendix A, equations
A-5 to A-10). The equivalent x- and y-directed electric-dipole
moments of each cell are given by

Mx = Exσ (�s)3 (6)

and

My = Eyσ (�s)3, (7)

where E is the electric field and σ is the half-space conductiv-
ity. The quantity Eσ in equations 6 and 7 is the current density
(A/m2) that is assumed to be constant within each cell.

Once the electric-dipole moments were determined, we cal-
culated the footprint by integrating the secondary magnetic-
field contributions at the Rx from currents within a cubic vol-
ume centered beneath the Tx. We gradually increased the side
length of the cube until the integrated response reached 90%
of the theoretical magnetic field at that frequency. For the
HCP configuration we require the z-components of the mag-
netic field resulting from x- and y-directed dipole moments
induced by a VMD Tx. These are given by equations 3 and
4 with equivalent electric-dipole moment quantities Px and Py

replaced by Mx and My , respectively (equations 6 and 7). For

the VCX configuration, with a +x-directed HMD source, we
also require the x-component of the magnetic field due to a
y-directed electric dipole given by

Hyd
x (x, y, z) = My(z − zs)

4πr3
. (8)

In the VCX case the induced x-directed, electric-dipole mo-
ments do not contribute to the x-component of the magnetic
field at the Rx.

RESULTS

As a computational check on the thin-sheet and half-space
footprint algorithms described above, the numerical integra-
tion of the secondary fields resulting from the induced currents
was performed over large areas or volumes, and the resulting,
secondary magnetic fields at each frequency were compared
with the semianalytic solutions for 1D earths (Kaufman and
Keller, 1983, p. 62; Wait, 1982, p. 113). Examples of these
calculations are shown in Figure 3. Thin-sheet responses in
Figure 3a were plotted as a function of the dimensionless-
induction number α = ωµ0Sh, where ω is the angular fre-
quency, µ0 is the magnetic permeability of free space, S is the
conductance of the thin sheet, and h is the altitude of the AEM
system above the sheet. At all induction numbers, the numer-
ical and analytic thin-sheet solutions agree to within 2%.

VCX half-space responses in Figure 3b were plotted as a
function of the induction number � = ωµ0σh2, where σ is the
half-space conductivity. The numerical and analytic solutions
agree to within 2.3%, except for the quadrature response at
the highest induction number, where the error is ≤4%. For
the HCP geometry (not shown), the numerical and analytic
solutions generally agreed to within 1.5% over the range of
induction numbers shown in Figure 3b with a maximum error
of 2.5%.

Figure 4 shows the HCP in-phase and quadrature footprint
sizes for an infinite horizontal thin sheet as a function of the
induction number α. At high induction numbers, the in-phase
footprint approaches the inductive-limit value of 3.73h, indi-
cated by the dotted horizontal line. The quadrature footprint
approaches a limiting value of 2.10h. As the induction number
decreases, the footprint size for both the in-phase and quadra-
ture components increases markedly because of the outward
diffusion of the induced currents from the Tx. The in-phase
footprint exceeds 10h for induction numbers α < 0.4. The
quadrature footprint is consistently smaller than the in-phase
footprint with the ratio of the two ranging between 1.53 and
2.0 for the selected range of induction numbers (Figure 4).

The HCP and VCX footprints in a homogeneous half-space
are shown in Figures 5 and 6, respectively. The in-phase foot-
prints at high induction numbers approach the inductive-limit
values of 3.73h (HCP) and 1.35h (VCX). The maximum in-
phase footprint exceeds 10h for induction numbers � < 0.6.
As for the thin sheet, the quadrature footprint is smaller than
the in-phase footprint over the range of induction numbers
shown. The ratio of the in-phase to quadrature footprints
ranges between 1.55 and 1.72 for the HCP geometry and be-
tween 1.54 and 2.01 for VCX.

Our main motivation for conducting this work was to study
the lateral resolution of AEM systems. The actual-current sys-
tem induced in a half-space by a magnetic-dipole transmitter
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Tx has a much greater lateral extent than its depth of penetra-
tion into the half-space. Although our definition of the half-
space footprint involves integration over a volume of the sub-
surface, we found that this definition provides a reasonable
measure of the lateral area, giving rise to most of the AEM
response at the Rx, as demonstrated by the following exam-
ples.

To compare the calculated footprint sizes with the in-phase
and quadrature current systems induced in the earth, we con-
sider the case of an HCP system over a homogeneous half-
space. Calculations have been performed for the AWI (Al-

Figure 3. (a) Comparison of the analytic-HCP, secondary
magnetic-field response of an infinite horizontal thin sheet
to the response obtained by numerical integration of the
magnetic-field contributions of the induced in-phase and
quadrature surface currents. The thin-sheet conductance is
10 S, Tx–Rx separation is 8 m, and the system flight height
above the sheet is 30 m. (b) Comparison of the analytic-VCX,
secondary magnetic-field response of a homogeneous half-
space with the response obtained by numerical integration of
the magnetic-field contributions of the induced in-phase and
quadrature currents. The half-space conductivity is 0.1 S/m
with the system height and Tx–Rx offset the same as for (a).

fred Wegener Institute) HEM-Bird, a modern, fully digital,
two-frequency system designed specifically for sea-ice thick-
ness measurements (Pfaffling et al. 2004). The HEM-Bird em-
ploys an HCP geometry with a Tx–Rx separation of 2.05 m at
112 kHz and 2.77 m at 3680 Hz, although in this example we
consider only the lower frequency. The half-space conductiv-
ity is 2.77 S/m, typical of polar seawater, and the system flight
height is 15 m. Dimensional in-phase and quadrature foot-
prints for these model parameters are ≈69 m and ≈40 m, re-
spectively. A 200-m × 200-m × 200-m half-space volume was
discretized into cubic cells of dimension 2 m × 2 m × 2 m. The
magnetic-field contribution of each cell at the Rx was calcu-
lated according to the procedure described in the preceding
Method section.

Figure 4. In-phase and quadrature footprints for an HCP
AEM system over an infinite, horizontal thin sheet. The foot-
print is expressed as the side length of the square area of in-
tegration normalized by the system height (side/height). The
lateral Tx–Rx separation is 8 m. The horizontal dotted line in-
dicates the inductive-limit, in-phase footprint.

Figure 5. In-phase and quadrature footprints for an HCP
AEM system over a homogeneous half-space. The lateral Tx–
Rx separation is 8 m. The horizontal dotted line indicates the
inductive-limit, in-phase footprint.



AEM Footprints in 1D Earth G67

Figure 7 shows a horizontal slice through the half-space at a
depth of 3 m below the surface, representing a layer of model
cells extending from 2 m to 4 m depth. The magnetic-field
contributions of each cell at the Rx are shown as a grayscale
image with darker colors indicating stronger contributions.
The more-compact pattern of the quadrature contributions
to the magnetic field is immediately apparent and supports
the smaller footprint for this component. The lateral ex-
tents of the calculated footprints for the in-phase and quad-
rature components are indicated by heavy black squares in
Figures 7a and 7b. Although calculated by integration over
a volume of the subsurface, the footprint provides a reason-
able estimate of the lateral extent of the region making the
strongest contributions to the magnetic field.

Figure 8 shows a cross section through the half-space in the
plane y = 1 m, representing model cells extending from y =
0 m to y = 2 m. The heavy vertical lines on Figures 8a and
8b indicate the lateral extents of the in-phase and quadrature
footprints. In both cases the volume of integration used for the
footprint calculation extends beneath the maximum depth of
the cross section shown.

THREE-DIMENSIONAL MODELING

To further test our estimates of the HEM footprint, we
calculated a series of 3D EM models using the code
MARCO AIR version 2.6.2 (Xiong, 1992; Xiong and Tripp,
1995; Raiche, 2001; Vrbancich et al., 2004). Calculations were
performed for the AWI HEM-Bird sea-ice thickness system
at a frequency of 3680 Hz. The 3D model geometry is illus-
trated in Figure 9e. The model consists of two identical 0.05-
S/m block targets located in a two-layered host medium. The
0.5-m-thick upper layer of the host medium represents sea ice
(conductivity 0.05 S/m), and the lower layer represents seawa-
ter (conductivity 2.77 S/m). The resistive-block targets repre-
sent zones of thicker sea ice (pressure ridges) with strike ex-
tent 50 m, in-line extent (width) 15 m, and depth extent 2 m.

Figure 6. In-phase and quadrature footprints for a VCX AEM
system over a homogeneous half-space. The lateral Tx–Rx
separation is 8 m. The horizontal dotted line indicates the
inductive-limit in-phase footprint.

For this model we used MARCO AIR to compute re-
sponses for a range of target separations. In-phase and quad-
rature responses for two separations are shown in Figure 9,
with the response of the two-layered host medium also plotted
for comparison. Figures 9a and 9b show the 3680-Hz in-phase
and quadrature responses for a target separation of 45 m. For
a flight height of 15.5 m above the seawater, this target sep-
aration is slightly larger than the theoretical quadrature foot-
print. At the center of the profile, the quadrature response
of the 3D model is equal to the response of the two-layered
host medium, whereas the in-phase response is not. This
indicates that the AEM anomalies resulting from the individ-
ual targets have been resolved just in the quadrature compo-
nent but not in the in-phase.

Figures 9c and 9d show the responses calculated for an
increased target separation of 75 m, slightly larger than the

Figure 7. HCP in-phase (a) and quadrature (b) magnetic-field
contributions from induced currents at a depth of 3 m below
the surface of a 2.77-S/m homogeneous half-space. The air-
borne Tx and Rx are located at (x, y, z) = (0 m, 0 m, 15 m) and
(2.77 m, 0 m, 15 m), respectively. The Tx frequency is 3680 Hz.
The bold square on each panel indicates the lateral extent of
the AEM footprint as calculated in the main text.
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Figure 8. HCP in-phase (a) and quadrature (b) magnetic-field
contributions from induced currents in the plane y = 1 m, for
the model parameters described in the caption to Figure 7.
The bold vertical lines on each panel denote the lateral extent
of the AEM footprint as calculated in the main text.

Figure 9. MARCO AIR 3D EM model results for a sea-ice
model containing two identical block targets embedded in a
two-layered host medium. Responses were computed for the
HCP AWI HEM-Bird system with frequency 3680 Hz and Tx–
Rx separation of 2.77 m. Flight height was 15 m above the sur-
face. The profile crosses directly over the center of the targets
that have strike extent 50 m and in-line extent (width) 15 m.
Panels (a) and (b) show in-phase and quadrature responses
for a target separation of 45 m (target centers at Tx–Rx mid-
points of 10 020 m and 10 080 m). Panels (c) and (d) show the
corresponding responses for a target separation of 75 m (tar-
get centers at Tx–Rx midpoints of 10 005 m and 10 095 m).
The horizontal dotted lines in each panel show the response
of the two-layered host (0.5 m thick sea ice overlying seawa-
ter) without the targets present. The model geometry is shown
in (e).

theoretical in-phase footprint. In this case, both the in-phase
and quadrature responses at the center of the profile are equal
to the host response. The individual target anomalies are just
resolved in the in-phase profile but have been completely re-
solved in the quadrature profile. It should be noted that be-
cause the targets are only 15-m wide, the model response at
the center of each target does not reach the 1D response ex-
pected for a 2.5-m-thick layer of sea ice overlying seawater
that is 609 ppm and 223 ppm for the in-phase and quadrature
components, respectively.

Thus, the 3D models support the calculated half-space foot-
print sizes for the AWI HEM system. The model results indi-
cate that the resistive targets must be separated by roughly the
footprint size if their anomalies are to be resolved completely.

FIELD EXAMPLE

The theoretical calculations above suggest a smaller foot-
print for the quadrature component of the frequency-domain
response in comparison with the in-phase response. To test
whether this effect can be observed in real data, we consider a
helicopter electromagnetic (HEM) data set that was acquired
for sea-ice thickness measurements in the antarctic and that
was verified by extensive drilling. AEM measurements of sea-
ice thickness have been described by Kovacs and Holladay
(1990) and Kovacs et al. (1995).

To analyze the AEM field data for footprint size, the EM
and drillhole data sets were converted from sea-ice thick-
ness to draft, i.e., depth extent of sea ice below sea level
(Figure 10). This step is required because the sea-ice thick-
ness is calculated from AEM data, based on (1) the depth to
seawater interpreted from the EM data and (2) the altitude
of the AEM system above the upper sea-ice surface measured
by a laser altimeter. At pressure ridges, deformed sea ice typi-
cally has an above-surface topographic expression referred to
as the ridge sail, as well as a subsurface extent or keel (Fig-
ure 10). The small pressure ridge sails produce little or no
measurable effect on the AEM response but can be detected
easily by the laser altimeter that has a height resolution and
lateral footprint of only a few centimeters. In these cases the
sea-ice thickness interpreted from the AEM data contains
thickness anomalies of high spatial frequency solely because
of the above-surface topography at ridges. This problem com-

Figure 10. Schematic cross section through a sea-ice floe that
illustrates quantities referred to in the main text. Diagram is
not to scale.



AEM Footprints in 1D Earth G69

plicates EM-footprint determination from field data. How-
ever, based on measurements of depth to seawater routinely
made during drilling, conversion of EM-determined thick-
nesses to draft removes the anomalies solely because of the
laser altimeter.

Figure 11a shows profiles of sea-ice draft from three paral-
lel transects across an antarctic sea-ice floe. The profiles cross
areas of level sea ice of relatively constant thickness and also
zones of thick, deformed sea ice (pressure ridges) where the
drilled draft is highly variable. For each 500-m-long profile,
drilled measurements were conducted approximately every
2 m in areas of level sea ice and every 1 m close to pressure
ridges, resulting in a total of 976 holes. The lateral separation
between adjacent profiles was 20 m.

Large variations in sea-ice draft are apparent along each
profile and also between adjacent profiles, indicating a
strongly 3D sea-ice thickness distribution. Mean and modal
sea-ice drafts on all three drilled profiles are 1.08 m and 0.48 m,
respectively. Additional drillhole measurements between the
survey lines were originally planned in order to better char-
acterize the 3D thickness distribution but were not completed

Figure 11. (a) Drilled sea-ice draft along three parallel 500-
m-long profiles in antarctic sea ice. The spacing between pro-
files is 20 m. For clarity, Profiles B and C have been offset by
+3 m and +5 m, respectively. (b) Comparison of the drilled
sea-ice draft on the center Profile B to draft estimated by in-
dependent, empirical interpretation of the 3680 Hz in-phase
and 3680 Hz quadrature HEM data.

because of time constraints in the field. Although the thick-
ness distribution was adequately sampled in the in-line di-
rection (drillhole spacing 1–2 m), it was highly undersampled
in the direction perpendicular to the profiles (sample spacing
20 m).

We used the AWI HEM-Bird system to collect AEM data
on the center profile (Profile B). The height of the AEM sys-
tem was measured with a laser altimeter mounted in the bird.
Mean flight height above the snow surface was 14.6 m. The
HEM data were processed to remove the effects of drift (Val-
leau, 2000), but no other filtering was applied. Our field-data
analysis considers only 3680 Hz data because we anticipated
that the in-phase footprint size at this frequency would show
the greatest difference from the established inductive-limit
value (3.7h). The 112-kHz data were not used because of an
electronic problem that resulted in severe noise contamina-
tion of the quadrature response.

Noise levels for the 3680 Hz response were estimated di-
rectly from field data recorded over open water and were
based on the residuals between the observed data and the
predicted theoretical response of a 2.77-S/m half-space at a
range of flight heights. Standard deviations for the in-phase
and quadrature data were 6.4 and 5.8 ppm, respectively. Sea-
ice thickness was interpreted separately from the 3680 Hz in-
phase and quadrature responses using an empirical technique
routinely employed at AWI for AEM sea-ice thickness inter-
pretation (Pfaffling et al., 2004). The amplitude of the mea-
sured AEM data shows an exponential dependence on height
above seawater. A good fit to the measured EM response as
a function of height can be obtained using a function of the
form

Z = C1 + C2 · eC3·h, (9)

where Z denotes the response amplitude and h the height of
the system above the seawater. For practical interpretation,
best-fit values for the coefficients C1, C2, and C3 are deter-
mined from AEM data recorded over areas of open (ice-free)
water several times during each survey flight. In areas of sea-
ice cover, equation 9 can be inverted to estimate the height of
the AEM system above the sea-ice seawater interface. Snow
plus sea-ice thickness is calculated by subtracting the bird al-
titude from the estimated depth to seawater. This extremely
rapid empirical approach can be applied to individual in-phase
or quadrature components of the measured response. How-
ever, it has the disadvantage of not accounting for the effect
of the finite conductivity of the sea ice.

Figure 11b shows sea-ice draft interpreted from 3680 Hz
in-phase and quadrature data acquired on Profile B. We cal-
culated draft by subtracting the sea-ice freeboard (i.e., ice
thickness above sea level) from the AEM-determined, sea-
ice thickness at each point on the profile. We estimated the
freeboard at each AEM measurement point using spline in-
terpolation between drilled measurements. Both in-phase and
quadrature components of the AEM data give very good es-
timates of the draft over level ice; e.g., between 400 m and
500 m and at most points on the profile, the draft derived from
both components shows very close agreement.

The sea-ice draft at major pressure ridges is underestimated
because the EM response yields an average depth to seawa-
ter over the footprint (Kovacs et al., 1995). The maximum-



G70 Reid et al.

interpreted draft at the two major pressure ridges is very sim-
ilar for both the in-phase and quadrature profiles. However,
the quadrature component appears to show better lateral res-
olution of the two prominent ridges at 300 m and 370 m com-
pared to the in-phase data and gives a better indication of the
thin sea ice between the ridges at 340 m. This supports the ex-
istence of a smaller footprint for the quadrature component
in comparison with the in-phase — in agreement with the the-
ory. The minor pressure ridge at 70 m produces no detectable
anomaly in either the 3680-Hz in-phase or quadrature compo-
nents. Aerial photographs taken during HEM data acquisition
indicate that this ridge is a local feature with a strike extent of
approximately 20 m and an in-line extent (width) of around
13 m (Figure 11a). Because of the small size of the feature in
comparison with the EM footprint, it cannot be detected by
AEM measurements.

In an attempt to estimate the AWI HEM-Bird footprint di-
rectly from the field data, we compared the sea-ice draft
estimated from the 3680 Hz in-phase and quadrature re-
sponses to a moving average of the drilled draft within square
windows of varying size. For each window size, we have cal-
culated an rms error of fit between the HEM-determined and
drilled profiles given by

RMS(%) = 100

√√√√√
N∑

i=1

(
zw
i

−zEM
i

zw
i

)2

N
, (10)

where N is the number of points on the profile, zEM
i is the draft

determined from the (in-phase or quadrature) HEM response
at the ith point, and zw

i is the weighted average drillhole draft
within a square window centered at the ith point.

Because most of the contribution to the response at the re-
ceiver Rx comes from an annular region roughly coincident
with the total electric-field maximum in the half-space (Fig-
ures 7 and 8), we have weighted the drillhole measurements
within the footprint depending on their distance from the Tx–
Rx midpoint of the HEM system, rather than simply calculat-
ing the mean sea-ice draft within the footprint. The weights
are the magnetic-field contributions at the Rx from the sur-
face of a half-space and were calculated at 3680 Hz for a sys-
tem at height 15.12 m above a 2.765-S/m half-space. The cho-
sen height is equal to the mean flight height above the surface
plus the modal thickness of the snow plus sea ice from all three
profiles. The in-phase and quadrature weighting functions are
shown in Figure 12a.

The smallest rms error of fit between the averaged drillhole
measurements and the EM-determined draft occured for foot-
print sizes of 11 m (0.75h) for the quadrature component and
36 m (2.4h) for the in-phase. Figure 12b shows a comparison of
the sea-ice draft determined from the 3680-Hz in-phase data
with the averaged drillhole measurements over windows of
69 m, corresponding to the theoretical footprint, and 36 m, de-
termined from direct comparison of EM and drillhole data de-
scribed above. Figure 12c shows a corresponding plot for the
3680-Hz quadrature component with a theoretical footprint of
41 m and a drillhole-determined footprint of 11 m.

For both the in-phase and quadrature components, averag-
ing over the theoretical footprint gives a reasonable estimate
of the maximum EM-determined sea-ice draft at major pres-
sure ridges but tends to oversmooth the lateral variations in

the estimated draft along the profile. Overestimation of the
level ice draft between 400 m and 500 m occurs for both the
in-phase and quadrature theoretical footprints since these in-
clude contributions from the thick sea ice (≈2 m) drilled be-
tween 400 m and 500 m on Figure 12c.

The smaller footprints that were determined by comparison
of drillhole to EM-determined sea-ice drafts strongly overes-

Figure 12. (a) 3680 Hz in-phase and quadrature weighting
functions. Calculation of these weights is described in the
main text. (b) Comparison of the 3680 Hz in-phase sea-ice
draft (solid line) with moving weighted averages of drillhole
data within square windows of dimension 36 m and 69 m.
The 69 m window corresponds to the theoretical 3680 Hz in-
phase footprint and the 36 m window to the footprint that
gives the smallest rms error of fit between the drilled and
EM-determined sea-ice draft. (c) Comparison of the 3680 Hz
quadrature sea-ice draft (solid line) to moving weighted av-
erages of drillhole data within square windows of dimensions
41-m and 11 m. The 41-m window corresponds to the theoret-
ical 3680-Hz quadrature footprint and the 11-m window to the
footprint that gives the smallest rms error of fit between the
drilled and EM-determined sea-ice draft.
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timate the maximum EM draft at pressure ridges but give a
more reliable representation of lateral variation in the esti-
mated draft and level sea-ice thickness.

DISCUSSION

The difference between the footprints estimated from the
field data and the theoretical values probably arises because
the drillhole measurements did not completely characterize
the sea-ice thickness distribution at the field site. The drill-
hole field data and aerial photographs taken during AEM data
acquisition indicate that the actual sea-ice thickness distribu-
tion is strongly 3D. Tests using synthetic 3D drillhole data sets
have shown that the weighted averages of the drilled thick-
nesses over the footprint can be biased strongly when the ac-
tual thickness distribution is undersampled in the strike direc-
tion (perpendicular to the profiles), as was the case for our
field experiment. Undersampling of the drilled thickness dis-
tribution in the strike direction can result in the effects seen
in Figures 11b and 11c, such as oversmoothing of lateral vari-
ations along the profiles and significant overestimation of the
thickness in level sea-ice areas. Accordingly, we consider that
the small footprints estimated from direct comparison of the
AEM-determined and drilled drafts are likely to be underes-
timates of the actual footprint — especially since they consid-
erably overestimate the EM-determined sea-ice draft at the
major pressure ridges.

Kovacs et al. (1995) used autocorrelation analysis to de-
termine the footprint of a HEM system for sea-ice thickness
measurements. They were able to achieve good agreement
between the footprint estimated from high-frequency field
data and the inductive-limit, footprint estimates of Liu and
Becker (1990). We performed a 1D autocorrelation analysis
of the 3680-Hz HEM response using drillhole data from Pro-
file B only, following the approach described by Kovacs et al.
(1995). For the purpose of the autocorrelation calculation, the
drillhole data were resampled at a uniform spacing of 2 m.
This analysis yielded footprint estimates of 91 m (5.72h) and
71 m (4.47h), respectively, for the 3680 Hz in-phase and
quadrature components. Although the indicated quadrature
footprint is again smaller than the in-phase footprint, the auto-
correlation estimates considerably exceed the theoretical foot-
prints.

The reasons for this poor agreement have not been estab-
lished but are most probably related to the strongly 3D sea-
ice thickness distribution at our antarctic field site. We also
note that Kovacs et al. (1995) performed their autocorrelation
analysis on HEM sea-ice thickness estimated using simultane-
ous 1D inversion of both the in-phase and quadrature compo-
nents of the response, whereas we used HEM sea-ice drafts
derived independently from the in-phase and quadrature data
by empirical means.

CONCLUSIONS

Theoretical footprint calculations in infinite thin-sheet and
half-space models have shown that for finite frequencies and
conductivities, frequency-domain AEM footprint sizes may be
several times the widely accepted, inductive-limit values. In
both half-space and thin-sheet models, the theoretical quadra-
ture footprint is considerably smaller than the in-phase foot-
print at all frequencies. For the calculations presented in this

paper, the ratio of the theoretical HCP in-phase to quadrature
footprint sizes for a horizontal thin-sheet model is between
1.53 and 2.0. For the half-space model, the ratio is between
1.55 and 1.72 for the HCP geometry, and between 1.54 and
2.01 for VCX.

The theoretical footprint calculations presented in Fig-
ures 4–6 are strictly valid only for frequency-domain systems
with Tx–Rx separation of 8 m. However, the theoretical anal-
ysis can be extended easily to other frequency-domain geome-
tries and to the time domain.

The in-phase and quadrature footprint estimates based on
1D models have been supported by previous analysis of HEM
field data (Kovacs et al., 1995) and also by 3D modeling con-
ducted during this study. Our 3D MARCO AIR model results
also suggest a smaller footprint for the quadrature component
in comparison with the in-phase, as well as indicate that sea-
ice pressure ridges must be separated by roughly one footprint
for their anomalies to be resolved completely. Our attempt
to determine the in-phase and quadrature footprints directly
from the field data resulted in estimated footprints that are
considerably smaller than the theoretical values. We believe
that our field estimates of footprint size are unreliable because
the drillhole data did not define adequately the true 3D sea-
ice thickness distribution perpendicular to the survey line. Re-
liable estimation of the practical footprint from field data will
require more detailed 2D drilling around the AEM flight line.
A field experiment of this nature is planned for an upcoming
HEM survey in the Arctic.
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APPENDIX A

ELECTRIC FIELDS INDUCED BY AIRBORNE
MAGNETIC-DIPOLE TRANSMITTERS OVER
INFINITE HORIZONTAL THIN-SHEET AND

HOMOGENEOUS HALF-SPACE MODELS

Infinite, horizontal thin-sheet model – +z-directed
VMD source

The quasi-static, total electric field on the surface of an
infinite thin sheet of conductance S, because of a vertical
magnetic-dipole (VMD) Tx at height h above the sheet, can
be obtained from vector potentials given by Kaufman and
Keller (1983, p. 62). In cylindrical coordinates with the origin
at the VMD Tx, the azimuthal electric field at the thin sheet
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(z = h) is

Et
φ(r, h) = − iωµ0M

2π

∫ ∞

0

λ2

(2λ − iωµ0S)
e−λhJ1(λr)dλ,

(A-1)
where

r =
√

x2 + y2. (A-2)

ω is the angular frequency (radians/sec), µ0 is the magnetic
permeability of free space (henry/m), M is the Tx moment
(Am2), and λ is the wavenumber.

The Cartesian components of the electric field are then
given by

Et
x = −y

r
Et

φ (A-3)

and

Et
y = x

r
Et

φ. (A-4)

Homogeneous half-space

The quasi-static, total electric field within a half-space of
conductivity σ , because of an airborne VMD or HMD Tx can
be obtained from equations for the vector potential (Ward,
1967). In the following equations the Tx is located at height h
above the surface of the half-space.

+z-directed VMD source

In cylindrical coordinates with the origin on the surface of
the half-space directly beneath the Tx, the azimuthal compo-
nent of the total electric field within the earth (z ≥ 0) is given
by

Et
φ = iωµ0M

2π

∫ ∞

0

λ2

(λ + u1)

× e(u1−λ)he−u1zJ1(λr)dλ, (z ≥ 0), (A-5)

where

u1 =
√

λ2 − iωµ0σ . (A-6)

The Cartesian components of the electric field are given by
equations A-3 and A-4.

+x-directed HMD source

The x and y-components of the total electric field within the
half-space (z ≥ 0) are given by

Et
x = − iωµ0M

2π

[
2xy

r3
I1 − xy

r2
I2

]
(A-7)

and

Et
y = − iωµ0M

2π

[
x2

r2
I2 − (x2 − y2)

r3
I1

]
, (A-8)

where

I1 =
∫ ∞

0

λ

(λ + u1)
e(u1−λ)he−u1zJ1(λr)dλ (z ≥ 0)

(A-9)
and

I2 =
∫ ∞

0

λ2

(λ + u1)
e(u1−λ)he−u1zJ0(λr)dλ (z ≥ 0).

(A-10)
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