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16 Abstract

17 Numerical convergence properties of a recently developed Jacobian-free
18 Newton-Krylov (JENK) solver are compared to the ones of the widely used
v EVP model when solving the sea ice momentum equation with a Viscous-
o Plastic (VP) formulation. To do so, very accurate reference solutions are
a1 produced with an independent Picard solver with an advective time step of
» 10 s and a tight nonlinear convergence criterion on 10, 20, 40, and 80-km
s grids. Approximate solutions with the JFNK and EVP solvers are obtained
2 for advective time steps of 10, 20 and 30 min. Because of an artificial elas-
s tic term, the EVP model permits an explicit time-stepping scheme with a
s relatively large subcycling time step. The elastic waves excited during the
27 subcycling are intended to damp out and almost entirely disappear such that
s the approximate solution should be close to the VP solution. Results show
2 that residual elastic waves cause the EVP approximate solution to have no-
s table differences with the reference solution and that these differences get
a1 more important as the grid is refined. Compared to the reference solution,
» additional shear lines and zones of strong convergence/divergence are seen in
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the EVP approximate solution. The approximate solution obtained with the
JFNK solver is very close to the reference solution for all spatial resolutions
tested.

Keywords: sea ice, viscous-plastic rheology, Newton-Krylov method,
numerical convergence, numerical stability

1. Introduction

Sea ice dynamics plays an important role in shaping the ice cover in polar
regions. Indeed, it strongly affects the sea ice thickness distribution which
then influences the exchange of heat, moisture and momentum between the
atmosphere and the underlying ocean.

To properly represent sea ice dynamics, it is crucial that rheology, i.e.,
the relationship between applied stresses and the resulting deformations, is
correctly formulated. The very sporadic behavior of sea ice deformations sug-
gests that critical stresses must be reached before the ice can fail in shear,
compression or tension [1]. This lead modelers to consider sea ice as a plastic
material (e.g., [1, 2]). Over the years, the constitutive law introduced by Hi-
bler [2] has become the most widely used approach for the representation of
the ice-ice interactions in sea ice models. When the ice is rigid, it is treated
as a very viscous fluid '. However, once internal stresses reach critical values
defined by a yield curve, the ice flows as a plastic material and can exhibit
large deformations. This Viscous-Plastic (VP) constitutive law proposed by
Hibler [2] is based on an elliptical yield curve and a normal flow rule (referred
to as the standard VP rheology in this paper).

When using the elliptical yield curve with the parameters proposed by
Hibler [2], sea ice can resist large stresses in compression, significant shear
stresses, and has very limited tensile strength. The standard VP rheology im-
plies a large change in the internal stresses when going from a non-divergent

IThis viscous regime originates from a mathematical regularization for small deforma-
tions. This regularization has nevertheless a certain physical validity as the average (in
space or in time) of many small plastic deformations has been shown to exhibit a viscous
behavior [3].



25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

velocity field to a slightly converging one (same idea in shear). This explains
why a VP formulation leads to a very nonlinear problem that requires an ef-
ficient and robust numerical solver. The fact that the ice is treated as a very
viscous fluid in zones of small deformations further complicates the problem.
Indeed, a stability analysis shows that the time step required for an explicit
time-stepping scheme is on the order of a second for a 100-km resolution grid
[4] and a 100™" of a second for a resolution of 10 km, a typical spatial resolu-
tion for current regional models. Because of this stringent stability condition,
Hibler [2] initially proposed to solve the momentum equation implicitly.

The numerical scheme introduced by Hibler [2] for solving the momentum
equation is based on an implicit solution of a linearized system of equations
and an outer loop (OL) iteration ?. Hibler [2] initially proposed to perform 2
OL iterations at each time level. As the nonlinearities are not converged with
only 2 OL iterations, the approximate solution responds slowly to changes
in the wind forcing unless a small time step is used [2, 7]. However, as the
number of OL increases, the approximate solution converges toward the non-
linear solution [8].

In recent papers, we have studied the convergence behavior [8] of the
standard Picard solver and compared its computational efficiency and robust-
ness to the ones of a newly developed Jacobian-Free Newton-Krylov (JFNK)
solver [9]. Our conclusion is that the Picard solver converges very slowly.
A large number of OL iterations are needed to obtain the fully-converged
nonlinear solution and the number of OL iterations required is roughly mul-
tiplied by two when doubling the spatial resolution. Large errors (the largest
errors coincide with the largest deformations) exist in the approximate so-
lution if the number of OL iterations is insufficient. For a set of test cases
and termination criteria, the JENK solver is 3-7 times faster than the Picard
solver. Importantly, this computational gain of JENK over Picard increases
with resolution and when a more accurate nonlinear solution is needed.

Current sea ice models are almost entirely based on a VP formulation.

2Sea ice modelers sometimes refer to the OL iterations as pseudo time steps [5] while
it is customary in many other fields to refer to these as Picard iterations and to refer to
this scheme as a Picard solver (e.g., [6]).
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However, many modelers have in the past few years adopted a new approach
for solving the momentum equation: the Elastic-Viscous-Plastic (EVP) model.
Hunke and Dukowicz [10] added an artificial elastic term to the VP consti-
tutive equation in order to relax the stability condition for an explicit time-
stepping scheme. This approach leads to an explicit scheme using a relatively
large time step (on the order of 10 s). Because the EVP is an explicit scheme,
it is naturally suited for parallel computations and has demonstrated very
good scaling with the number of processors [7]. In this first version of the
EVP solver, the viscous coefficients were held at the previous time level and
therefore not updated during the subcycling (the time-stepping is referred
to as subcycling). This treatment leads to unphysical internal stresses lying
outside of the yield curve [7]. To cure this problem, Hunke [11] proposed to
include the viscous coefficients in the subcycling loop. To avoid the increase
in floating point operations with this new EVP scheme, Young’s modulus was
redefined in terms of a damping time scale, which allowed a rearrangement
of the stress equation such that the new EVP model is roughly as efficient as
the first version [11]. The basic idea of the EVP scheme is to approximate
the VP solution by damping the artificial elastic waves during the subcy-
cling. Elastic waves disappear entirely in regions of lower ice concentration
but remain in the solution where the ice concentration is very high, that is,
where the ice should be nearly rigid and the VP solution must be regularized
[11].

Recently, it has been pointed out, however, that the solution obtained
with the EVP scheme is quite different that the one obtained with a Picard
solver. Comparing results from a Picard solver with 2 OL iterations to the
ones of the EVP with either 120 or 400 subcycles, Losch et al. [12] showed
that the difference between these two can be larger than other effects: for
example the effect of lateral boundary conditions and ice-ocean stress for-
mulation, the choice of rheology (other yield curves) or advection scheme.
As both solutions are approximate solutions, it was not possible for Losch
et al. [12] to assert which one is better. Using idealized geometry, Losch
and Danilov [13] concluded that the implicit and EVP approximate solu-
tions can differ significantly because the EVP approximate solution tends to
have smaller viscosities, especially in the vicinity of lateral boundaries and
marginally resolved flow.

In this study, we investigate the numerical convergence properties of the
EVP model and compare them to the ones of our JENK solver. More specifi-

4
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cally, we study the accuracy of the solution and the computational efficiency.
We define a reference VP solution (calculated with an independent solver) to
which we compare the JFNK and EVP approximate solutions. We also look
at the impact of residual errors, in both the EVP and JFNK approximate so-
lutions, on the simulation of sea ice deformations. The EVP model described
in Hunke [11] is implemented (see also [14]). Additionally, we introduce a
slightly different EVP solver by adding an extra inertial term to the momen-
tum equation. This is done in order to get exactly the same solution as the
implicit solver and to be able to define a residual. Reducing the residual
to zero with this modified EVP solver ensures that the elastic waves have
disappeared. Furthermore, this new approach can be used for validating an
implementation of the EVP solver.

Even though the elastic component in the EVP model was first intro-
duced as a numerical artifice, some argue that, the EVP approach can be
considered a different rheology whose derivation is based on VP but that only
approximates it, because of EVPs different regularization by elastic waves (E.
Hunke, personal communication). Exploring the physical validity of the EVP
approach is beyond the scope of this paper. It is possible that the regular-
ization by elastic waves leads to a physically realistic solution when the ice
is in a quasi-rigid state. However, large undamped elastic waves have been
observed to lead to unphysical solutions in some circumstances. For example,
in order to model landfast ice, Konig Beatty and Holland [15] added isotropic
tensile strength by shifting the elliptical yield curve into the first quadrant.
Their simulated landfast ice solution was very close to predictions by theory
when they used a Picard solver, but they were not able to obtain a stable
landfast ice with the EVP approach, because of residual elastic waves. In
this paper, we consider the elastic term as a numerical technique: we inves-
tigate the use of two solvers (the EVP and JFNK schemes) for solving the
momentum equation with the standard VP rheology. If the EVP approach
were interpreted as a new and different rheology, our results would illustrate
the differences between VP solutions and similar EVP solutions.

It is also important to mention that recent work has questioned the va-
lidity of the standard VP rheology. Indeed, the standard VP rheology has
been shown to underestimate the deformations [16], the simulated shear lines
are too broad compared to observations and do not significantly refine as
the spatial resolution is increased [17], and statistics of deformations do not

5
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match observations [18, 19] in both space and time [20]. While some authors
propose very different constitutive laws to better represent the deformations
(e.g., [19, 21]), others argue that a VP formulation requires a different yield
curve and a different flow rule to improve its representation of sea ice defor-
mations [17]. To study these new rheologies, accurate, robust and efficient
solvers are needed. It is the topic of this paper to investigate the behavior
of two numerical schemes for solving the sea ice momentum equation with
the standard VP rheology. Nevertheless, our findings can still provide some
informations on how these solvers would behave for other rheologies (espe-
cially for the other VP rheologies).

The contributions of this paper are: a thorough investigation of the con-
vergence properties of the EVP model and their comparison with the ones of
a JFNK solver, an investigation of the differences in the approximate solu-
tions obtained with the EVP model and JFNK solver in the context of short
term simulations, and a new formulation for the EVP solver that leads to
exactly the same solution obtained with an implicit solver.

This paper is structured as follows. Section 2 describes the sea ice mo-
mentum equation with a VP formulation and the continuity equation. In
section 3, the discretization of the momentum and continuity equations and
the description of the solvers is presented. In section 4, we provide informa-
tion about the model and describe the forcing fields and the initial conditions
used for the simulations. A validation of our EVP model implementation is
presented in section 5. The experiments performed are outlined in section
6. A discussion is provided in section 7. Concluding remarks are found in
section 8.

2. Sea ice momentum and continuity equations

Because of the large ratio between the horizontal and the vertical scales
O(1000 km/10 m) = O(10°), sea ice dynamics is often considered to be a two-
dimensional problem [1]. The two-dimensional sea ice momentum equation
is given by

Du

phﬁ:—phfkxu+Ta—Tw+V'U—Ph9VHd; (1)
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where p is the density of the ice, h is the ice volume per unit area (or the
D

mean thickness and just referred to as thickness in this paper), +; 1s the
total derivative, f the Coriolis parameter, u = ui + vj the horizontal sea ice
velocity vector, i, j and k are unit vectors aligned with the x, y and z axis
of our Cartesian coordinates, 7, is the wind stress, 7, the water drag, o the
internal ice stress tensor (V- o is defined as the rheology term), g the gravity
and Hj, the sea surface height. We follow Tremblay and Mysak [22], and
express the sea surface tilt in terms of the geostrophic ocean current. With
a simple quadratic law and constant turning angles 8, and 6,,, 7, and 7, are

expressed as [23]

Ta = pPaCaalu?|(ud cos b, + k x ulsinb,), (2)

T = Cul(u = uf)) cosf, +k x (u— uf)sind, ], 3)

where C, = puCaw|u — ud|, p, and p,, are the air and water densities, Cy,
and Cy, are the air and water drag coefficients, and u? and uf are the
geostrophic wind and ocean current. Because u is much smaller than uf, u
is neglected in the expression for the wind stress.

With a VP formulation, the constitutive law, that relates the internal
stresses and the strain rates, can be written as [2]

where o;; are the components of the ice stress tensor, d;; is the Kronecker
delta, ¢; are the strain rates defined by é;; = %, €9 = g—; and €9 =

%(g—z + %)7 € = €11 + €99, C is the bulk viscosity and 7 is the shear vis-

cosity.

We use a simple two-thickness category model and express the ice strength
P as

P = P*hexp[—C(1— A)], (5)

where P* is the ice strength parameter, A is the sea ice concentration and C
is the ice concentration parameter, an empirical constant characterizing the
strong dependence of the compressive strength on sea ice concentration [2].
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The rheology term (V - o) depends on the yield curve and the flow rule,
through the formulation of the bulk and shear viscosities. In the following,
we use the elliptical yield curve with a normal flow rule [2]. In this case, the
bulk and shear viscosities are given by

P
n=ce?, (7)

where A = [(€2) + 3,)(1 + e72) + de 263, + 2€é11€20(1 — 6*2)]%, and e is the
ratio of the long axis and the short axis of the elliptical yield curve.

In the limit where A tends to zero, equations (6) and (7) become singular.
To avoid this problem, ¢ is capped using an hyperbolic tangent [8]

¢ = Cmaz tanh<2ACmaz). (8)

As in equation (7), n = (e~2. The maximum bulk viscous coefficient (4
is set to the value proposed by Hibler [2]: 2.5 x 10®P (which is equivalent
to capping A to a minimum value of 2 x 107%71). As opposed to the reg-
ularization introduced by Hibler [2], this formulation for ¢ is continuously
differentiable for numerical purposes.

The continuity equations for the thickness (volume per unit area) and the
concentration are given by

oh
o TV () =5, (9)
%—f + V- (Au) = Sy, (10)

where S}, and S, are thermodynamic source terms. These source terms are
set to zero in the simulations described in this paper (unless otherwise stated)
as we concentrate on matters related to the dynamics.
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3. Numerical approaches

3.1. Temporal and spatial discretizations

Following Zhang and Hibler [5] and Hunke [11], the advection of momen-
tum is neglected because this term is very small compared to the other ones
in the momentum equation. The momentum and continuity equations are
solved at time levels At, 2At, 3At,... where At is referred to as the ad-
vective time step and the index n = 1,2,3,... refers to these time levels.
As done in most sea ice models (e.g., [2, 10, 22]) a splitting in time is used
between the momentum and the continuity equations. This splitting implies
that h and A are considered to be known in the momentum equation as they
are held at the previous time level. Hence, the u and v momentum equations
at time level n are written as

ou" do1 " Odopp"

ph”fl—at = ph" 1 fo" — 1+ 8:;1 + 8; + 7, (11)
ou" 009" Oop™

ph”_l—at = —ph" L fu" — 1+ 6;2 + 8;2 + 7, (12)

where ', and r}, include the wind stress and the sea surface tilt for the v and
the v equations. Note that as h and A are held at time n-1, the ice strength
in the rheology term is also expressed with previous time level values. As the
water drag and the rheology term are written in terms of the velocity field,
the only unknowns in equations (11) and (12) are u™ and v™.

The components of the velocity (u and v) are positioned on the Arakawa
C-grid (the four corners and the middle of the cell are respectively referred to
as the nodes and the tracer point). A Dirichlet boundary condition is applied
at an ocean-land boundary (v = 0, v = 0) and a Neumann condition at an
open boundary (i.e., the spatial derivatives of the components of velocity in
the normal direction with the open boundary are chosen to be zero). For
stability, the ice strength P is set to zero at the open boundaries [24]. A
f-plane approximation is used with f = 1.46 x 10~*s~!. Spatial derivatives
(in the rheology term) are discretized using centered finite differences except
close to land boundaries where second order accurate Taylor series expan-
sions are used. Viscous coefficients are calculated directly from the velocity
field at the tracer point and at the grid node (as both of these locations are
needed to calculate the complete rheology term). The spatial discretization
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(with na tracer points in one direction and ny in the other one) leads to a
system of N = (ny(nz + 1) + nz(ny + 1)) nonlinear equations for the veloc-
ity components. Once these equations are solved for v and v™ everywhere
on the grid, the thickness and concentration fields are advanced in time by
solving:

oh™

. n—1..n —_
o V(e =0, (13)
0A" nel.my
o TV =o. (14)

A forward Euler approach is used for the first term of equations (13) and
(14) along with a simple upstream advection scheme (as done in [22]). We
now focus on solving the momentum equation, keeping in mind the splitting
in time of the momentum and continuity equations. We therefore drop the
superscript for h, A and P which are considered known quantities when solv-
ing the momentum equation.

3.2. The JFNK solver

We give a brief overview of the JFNK implementation. More details can
be found in Lemieux et al. [9] and Lemieux et al. [25].

Following Zhang and Hibler [5], the inertial term at time level n is ex-
pressed using a backward Euler differencing. Equations (11) and (12) can
therefore be written as

u™ _un—l a n a n
) gy -+ S SR )
" — ! o, 0ol
ol ——pnpu, — i+ R T )

where v,,4 is the average of the four v components of velocity surrounding
a u location on the C-grid (same idea for ug,) and the components of the
internal stress tensor are given by
ou"  ov" ou"  ov" P
o1 =C"(—+—)+1""(———) — =, 17

10



% ou™ o™ ou™ P

ou™  ov"
H=n"(=—+—). 19
012 n ( 8y + or ) ( )
o Expanding the water drag and rearranging the terms, equations (15) and
22 (16) can be written as
ph% — phfvg,, + Cp(u" cos 0, — vy, sinf,) — 8;;1 — (980; =
- (20)
ph At Cl(ud cos b, — vl sinb,) + 17,
phv— + phfug,, + Cy(v" cos O, + ug,, sin0,) — On T2

At ox dy

e (21)
ph A7 + C"(vd cos by, + ul sinb,,) + 17, .

273 Using equations (17), (18) and (19), the only unknowns in equations (20)
+ and (21) are v™ and v™. The spatial discretization of equations (20) and (21)
a5 leads to a system of N nonlinear equations with N unknowns that can be
a6 concisely written as

2

X

A(u")u” = b(u"), (22)

o7 where A is an N X N matrix. The vector u” is formed by stacking first the
s u components followed by the v components. Similarly, the vector b is a
29 function of the velocity vector u™ because of C'. We drop the superscript n
0 knowing that we wish to find the solution u = u”. We introduce the residual

21 vector F(u):

®

282

F(u) = A(u)u — b(u). (23)

283 The residual F(u) is useful as it allows one to assess the quality of the
+ approximate solution because for F(u) = 0 the solution is fully converged.
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The basic idea of implicit methods for solving a nonlinear system of equa-
tions is to solve a series of linear systems of equations until this series con-
verges to the solution u. The solutions of these linear systems of equations
are called iterates and are represented by u', u®...uf where the superscript
denotes the iterate number (not to be confused with the time level).

The Newton method for solving the nonlinear system of equations (22) is
based on a multivariate Taylor expansion around a previous iterate u*~!:

F(u"! + 6u*) = F(u*1) + F' (ub1)ou”. (24)

The higher order terms are neglected in the expression above. Setting
F(u*~! + 0u®) = 0, the correction su” = u* — u*~' can be obtained by

solving the linear system of N equations:

J(uFHou* = —F(u* 1), (25)

where the system matrix J = F' is the Jacobian, an N x N matrix whose
entries are J,, = OF,(u*™1)/0(uf") (where ¢ = 1, N and r = 1, N). For
k = 1, an initial iterate u’ needs to be provided. The initial iterate that
we use is the previous time step solution u”~!. Once the linear system of
equations (25) is solved, the next iterate is given by

ub = uf 4 su, (26)

Obtaining the Jacobian matrix in equation (25) is a very difficult de-
velopment task. However, because a Krylov method is used for the lin-
ear solver, it is possible to avoid forming the Jacobian. Krylov methods
approximate the solution in a subspace of the form (rg, Jrg, J%r...) where
ro = J(uF1)dul + F(u*~!) is the initial residual of the linear system of
equations. The vector (5u’g is the initial guess of the linear system of equa-
tions and is usually taken to be zero. This implies that ro = F(u*~!). When
creating the subspace, Krylov methods only require the product of the Jaco-
bian and a vector. This means that the Jacobian does not need to be formed
directly: only its action on a vector is required. This is fundamental for
implementing a Jacobian-free approach as J(u*~1) times a certain vector w
can be approximated by a first-order Taylor series expansion [26]

It w ~ F(u" '+ ev:) — F(u"~ )7 (27)

12
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where w is a vector needed to form the Krylov subspace (e.g., ry) and € is a
small number (107° in this implementation).

The Krylov method that we use for the linear solve is the Flexible Gener-
alized Minimum RESidual (FGMRES, [27]). A Krylov method for solving a
linear system of equations such as the one described in equation (25) is likely
to exhibit a very low convergence rate (and possibly robustness issues). To
accelerate the convergence rate of each linear solve, preconditioning is used.
Preconditioning transforms the system of equations in a form that is easier
to solve but that still has the same solution as the original system. The pre-
conditioning operator that we use is the same used for our Picard solver and
involves 10 iterations of a Line Successive Over Relaxation (LSOR) solver
similar to the one implemented by Zhang and Hibler [5] (they use it as a
solver however, not as a preconditioner). The transformed system of equa-
tions becomes

JHP Loz = —F(u* 1), (28)

where 6z = Péu® and P! is referred to as the preconditioning operator.

We use an inexact Newton method [28] to improve robustness and com-
putational efficiency. The idea is to solve the linear system of equations with
a loose tolerance in early Newton iterations and progressively tighten up the
tolerance as the nonlinear solution is approached. The preconditioned FGM-
RES method solves the linear system of equations until the residual is smaller
than (k) || F(u*!) || where || || is the L2-norm and (k) is the tolerance of
the linear solver at iteration k (a value smaller than 1). The tolerance of the
linear solver with this inexact Newton approach is given by

(k‘) Yinis if ||F(uk—1)’| > res;, (29)
Y == uk—1 . a
LEGE DL if [ (w )| < res.

The tolerance ~;,; for the initial stage is set to 0.99. Hence, the tolerance
is very loose in early Newton iterations (until the L2-norm reaches a value
of res;) and later is calculated from previous values of the L2-norm. The
parameter res; is the only value that changes with the spatial resolution; it
is set to 0.05 at 80-km resolution, 0.25 at 40 km, 0.625 at 20 km and 1.25
at 10 km. These values were chosen in order to get a compromise between
robustness and computational efficiency. The tolerance (k) is also forced to

13
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be larger than 0.1 to prevent excessive use of the linear solver which tends
to slow down the nonlinear solver.

Finally, a termination criterion (defined by ~,,;) for solving the nonlinear
system of equations also needs to be given. Hence, the JENK solver stops
iterating after a required drop in the nonlinear L2-norm: when the L2-norm
is 7, times smaller than the initial L2-norm ||F(u®)||. JFNK fails to con-
verge when the termination criterion is not reached in k,,,, = 200 iterations.
Compared to our first JENK version [9], our current JENK solver is more
robust for the following two reasons. First, the viscous coefficients are now
calculated independently at the tracer and at the node points. In our first
version, the viscous coefficients were calculated at the tracer points and then
averaged to obtain the value at the grid node (which is inconsistent because
of the nonlinear relation). Second, the robustness is improved by setting back
the linear tolerance to 7;,; when k& > 100 (this approach allows the nonlinear
residual to decrease again when it sometimes flattens out and oscillates in
the first 100 iterations). We will come back to robustness issues of the JENK
solver later in this paper.

Note that developing a JFNK solver from an existing implicit Picard
solver (e.g., [2] or [5]) is relatively straightforward as the linear solver can
be used as is for the preconditioning step and the residual vector can be
obtained from the same linear solver code with minor modifications. Krylov
solver routines (such as FGMRES) are available in many software libraries

(e.g, [29]).

3.3. The EVP solver

The EVP model also solves the momentum equations (11) and (12) at
time level n. The forcing 7., and r,, are again at level n and the same split-
ting in time approach between the momentum and continuity equations is
used such that A, h and the ice strength P are held at time level n-1.

The velocity field at time level n is obtained with the EVP by solving
explicitly the momentum equation from time n-1 to time n. This time inte-
gration is often referred to as a subcycling of the larger advective time step
At. We denote the subcycling here with the superscript s. At iteration s of
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s the subcycling loop, the solution is advanced from s-1 to s.

383

384 Hunke and Dukowicz [10] noticed that equation (4) can alternatively be
s expressed as

1 ¢
7, 51 z 30
27,’ ]+4<Ukk ]+4C E] ( )
386 Adding an artificial elastic strain with an elastic parameter E, we get
1 aO‘ij 1 C P
il — 0y 5; =€ 31
Eat+2ngﬁ+4<"’€’”+4gf i (31)
387 Introducing T = (/E [11], equation (31) can be written as
0o €? 1—e2 P C.
875] + ﬁO’ij + AT O-kkém + 4T5U = TEZ']'. (32)
388 Following equation (32), the component of the stress tensor are time
s stepped (using the velocity field at time s-1) according to
(O—f - 0—“19_1) + iig — Cs_l(éil_l + 6;2_1) o £ (33)
At, 2T T 2T
(03 — US_I) + 62(72 ¢ 1(511 - 6321) (34)
At, 2T T ’
(07, — 07y 1) n 620152 ¢ 1612 ’ (35)
At, 2T T
w0 where 0; = 011 + 092, 09 = 011 — 092, 571 is ¢ (u1,v*71) and for example
1 €17 = a%;. T is a tuning parameter and represents a damping timescale

s2  for the elastic waves. It is a fraction of the advective time step and is set to
33 0.36At (unless otherwise stated) following the documentation of the CICE
s« model [14]. The EVP subcycling time step is denoted by At.. In the stan-
ss  dard EVP model, Ny, x At, = At where Ny is the number of subcycles.
s The viscous coefficients are in our implementation also calculated following
7 equation (8).

o

3

o

398
309 With the newly calculated stresses, the velocity is then subcycled accord-
400 ing to
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h prm—
P A
phfv;:;gl + Co ((ud) — u®) cos b, — (vI — vZ;gl) sin 6,,) + ag; + 8(;;2 + 75,
(36)
(US _ vs—l) _
v

0osy 0oy
dy * ox

— phfus,l + O35 (v — v¥) cos By, + (ul, — us,}) sind,) +

avg avg

+ T
(37)

where C2 = p,,Cy,|ut™! — ud | (calculated at the u or v C-grid positions).

The spatial discretization also leads to a system of N equations with NV
unknowns. Contrary to the B-grid implementation of Hunke [11], the off-
diagonal terms (Coriolis and part of the water drag) are explicit (considered
at s-1 and not s).

The basic idea of the EVP solver is to approximate the VP solution by
damping the artificial elastic waves (with a T e-folding time scale) during
the subcycling. The goal is therefore to attenuate the elastic waves as much
as possible while maintaining numerical stability [11]. Hunke [11] performed
a stability analysis for the EVP solver. Neglecting the water drag term and
considering a linear problem (i.e. the rheology term is considered linear), this
stability analysis shows that the elastic waves damp out and the approximate
solution is stable if the following relation is respected

A, < A Py (38)
(1+e?)" ¢

This relation indicates that zones characterized by high viscosities set a
severe constraint on the value of At.. It further shows that reducing the
damping time scale implies a reduction of At, to maintain stability and that
the subcycling time step has to be decreased by a factor of two when doubling
the spatial resolution. A method proposed by Hunke [11] to mitigate this
stability issue is to limit the values of the viscous coefficients to enforce the
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inequality in equation (38). As this approach is not recommended (E. Hunke,
personal communication) and has never been used in actual applications of
CICE, we have chosen not to study it in this paper.

3.4. The modified EVP approach

We propose a modification to the Hunke [11] scheme inspired by the
work of a few groups in computational fluid dynamics (see for example [30]).
We call this new solver EVP*. The times-stepping of the internal stresses
is the same (see equations (33), (34) and (35)). However, we modify the
time-stepping of the velocities: an extra inertial term is added in order to
match the backward Euler of the implicit approach. Equations (36) and (37)
become

(us _ us—l) (us _ un—l) B
A
phfvi,) + Co((uf — u®) cos b, — (v —v5,)) sinb,) + ag; % + 1
(39)
(,Us _ ,Us—l) (,Us _ ,Un—l)
h —
AL A
— phfug,, +Co((v), — v°) cos Oy + (uf, — uf,, ) sinb,,) + 9oy + 9oty + e,

(40)

where [ is a tuning parameter that can change spatially and with time.

Notice the presence in equations (39) and (40) of two time steps: the
EVP subcycling time step and the advective time step At. These two equa-
tions are effectively subcycled with a time step of At. but the condition
Ny * At, = At does not need to be respected. The basic idea is that once
steady state is reached (within the same subcycling cycle of N, iterations),
the first term goes to zero and u® tends toward u™. Because of the extra in-
ertial term, once u® tends toward u", the representation of the inertial term
is exactly the same as for the implicit approach and one recovers exactly the
same solution. One can see this by replacing u® by u” (same idea for v) and
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dropping the first term in equations (39) and (40) and comparing these to
equations (15) and (16).

The term phu™'/At in equation (39) is like a forcing term (does not
change during the subcycling) and the term phu®/At acts as a linear drag.
Following Hunke [11] who neglected the drag term in the stability analysis,
the condition for stability of EVP* is given by:

deAx BT 1
()7 (41)
(I+e?)" ¢

Interestingly, if we set § = ph in equations (39) and (40), we get exactly
the same stability condition as the standard EVP solver. The parameter

is set to ph for the experiments described in this paper.

At, <

There are advantages with this modified EVP approach: it can used to
validate the implementation of the standard EVP solver, a residual can be
calculated and the approximate solution obtained with this solver should
tend toward the implicit solution if the residual tends toward zero.

4. Model information, forcing fields and initial conditions

Our regional model can be run at four possible spatial resolutions: 10, 20,
40 and 80 km (square grid cells). The domain includes the Arctic, the North
Atlantic and the Canadian Arctic Archipelago (CAA). There are open chan-
nels in the CAA only for the 10 and 20-km resolution versions. The model
uses two thickness categories and a zero-layer thermodynamics. A Neumann
condition for the thickness and the concentration fields is applied at an open
boundary by imposing spatial gradients equal to zero. The sea ice model is
coupled thermodynamically to a slab ocean model [22].

The wind stress is calculated using the geostrophic winds derived from
the National Centers for Environmental Prediction and National Center for
Atmospheric Research (NCEP/NCAR) six hour reanalysis of sea level pres-
sure [31]. The geostrophic winds at time level n are linearly interpolated
between the previous and subsequent six hour geostrophic wind fields. The
climatological ocean currents were obtained from the steady-state solution
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of the Navier-Stokes equation in which the advection of momentum was ne-
glected, a 2-D non-divergent field was assumed and a quadratic drag law was
used. The forcing used to get the ocean currents is a 30-year climatological
wind stress field. The thermodynamics is forced by NCEP/NCAR reanalysis
of monthly mean surface air temperature. All NCEP/NCAR reanalysis data
are found at www.esrl.noaa.gov.

Previous simulations with the Picard solver are used to obtain the initial
conditions for the experiments described in this study. These simulations
started with a uniform thickness of 1 m and a concentration of 100% and
ran for 10 years (at each spatial resolution) from 1 January 1992 to 1 Jan-
uary 2002 with a two-hour time step. Starting from the fields obtained on
1 January 2002, the model was then run with a 20-min time step from 1
January 2002 to 17 January 2002 00Z. We now turn off the thermodynamics
and compare the different solvers over the period 17 January 2002 00Z to
18 January 2002 00Z. The reason why we have chosen this specific 24-hour
period is that it is characterized by typical conditions with a high pressure
system close to the Beaufort Sea, convergence north of Greenland and ice
flowing south through Fram Strait.

For all the experiments, we use revision 291 of our model. All runs were
performed on a machine with 2 Intel E5520 quad-core CPU at 2.26 GHz with
8 MB of cache and 72 GB of RAM. The compiler is GNU fortran (GCC) 4.1.2
20080704 (Red Hat 4.1.2-51), 64 bits. The optimization option O3-ffast-math
was used for all the runs.

Tables (1) and (2) list respectively the values of the physical and numer-
ical parameters used for the core runs of the paper. Additional simulations
are also described for which modification(s) to these parameters are stated
clearly.

5. Validation of the EVP implementation

Experiments show that the EVP* solver sometimes does not converge
when using the standard value of P* (27.5x10° N m~2). When this oc-
curs, the residual initially decreases but then flattens out. It is possible that
improvements can be obtained by tuning the damping time scale T or the
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Symbol | Definition value

p sea ice density 900 kg m~*

Pa air density 1.3 kg m™3

Puw water density 1026 kg m~3

Coa air drag coefficient 1.2 x 1073

Cw water drag coefficient 5.5 x 1073

Oda air drag turning angle 25°

O o water drag turning angle 25°

f Coriolis parameter 1.46 x 1074571

p* ice strength parameter 27.5%10° N m—2

C ice concentration parameter || 20

e ellipse ratio 2

Table 1: Physical parameters for the runs

Symbol | Definition value(s)
Ax spatial resolution 10, 20, 40, 80 km
At advective time step 10, 20, 30 min
Ynl termination criterion 0.99 to 1072
Newp number of subcycling time steps || 30 to 1920
T elastic damping timescale 0.36At

Table 2: Numerical parameters for the runs
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parameter /3 in equations (39) and (40), but this is not explored in this paper.
Nevertheless, the EVP* solver represents a very useful validation tool for our
EVP solver implementation. We test that a solution obtained with the EVP*
solver is the same than the one obtained with the Picard solver when both
solvers are iterated to full convergence. Passing this test gives us confidence
that our implementation of EVP (from which the EVP* solver is derived with
small code changes) is consistent with the Picard solver approach. Both Pi-
card and JFNK implementations are very well tested softwares.

For this experiment, the spatial resolution is 40 km and the advective
time step is 20 min. The thickness is set to 1 m everywhere on the domain
and the concentration to 100%. To ensure numerical convergence, the ice
strength is set to 27.5x10> N m~2 (an order of magnitude smaller than the
standard value). We investigate the first time level on 17 January 2002. As
the condition Ny, * At, = At does not need to be respected for the EVP*
solver, Ny, and At, are specified independently. In this experiment, a large
number of subcycles are performed as we want to reach full-convergence.
The black line on Figure 1 shows the L2-norm of the nonlinear system of
equations when a subcycling time step of 30 s is used. Obviously, 30 s is a
too large At, as the approximate solution calculated by EVP* does not con-
verge. Consistent with equation (41), a smaller subcycling time step (At, =
10 s) leads to convergence (blue curve). The flattening out of the curve after
~4500 subcycles means that the solution has reached machine accuracy.

The velocity field for the same time level was also calculated using the
Picard solver (not shown). The differences between the velocity field calcu-
lated with the EVP* solver and the one obtained using the Picard solver are
O(107'%cm s71), i.e. both solvers give the same answer, the small differences
are due to the machine precision.

Figure 1: L2-norm for the EVP* solver with At. = 30s (in black) and At. = 10s (in
blue). The time is 17 January 2002 00Z 20 min, the spatial resolution is 40 km and the
advective time step is 20 min.
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6. Experiments

For comparing the robustness and computational efficiency of a solver
to the ones of another solver, it is important to define common metrics. It
was easy for Lemieux et al. [9] to compare in a consistent way robustness
and computational efficiency of the standard Picard solver and the newly
developed JFNK solver as both solvers allow a calculation of the nonlinear
residual. When decreasing the residual to zero (not exactly zero because of
machine precision), both solvers give exactly the same answer (the velocity
field at time level n).

In this work, we also have a residual for the EVP* solver. However, for
the standard EVP model, a different metric is needed. Assuming both solvers
(JENK and EVP) find their respective fully converged velocity solution, we
don’t expect the velocity fields to be exactly the same because of the differ-
ent treatment of the inertial term. Indeed, the error on the inertial term is
O(At,) for the EVP while the backward Euler approach for JENK exhibits
an error of O(At). In this sense, the EVP should be more accurate than
JFNK.

For comparing the JENK and EVP solvers, the Picard solver is used in
order to get an independent solution. Lemieux and Tremblay [8] showed
that the approximate solution obtained with the Picard solver converges to
the VP solution when the residual tends toward zero. At each spatial res-
olution, a 1-day simulation (on 17 January 2002) was performed with the
Picard solver with a very small advective time step (10 s) and a very tight
nonlinear convergence criterion (7,; = 107%). The ice starts from rest and the
wind is turned on on 17 January 2002 00Z. With such a small advective time
step and the low value of ~,,; used, the velocity, concentration and thickness
fields obtained on 18 January 2002 00Z form the reference solution. Note
that the standard value of P* is used (27.5x10* N m~2). The quality of the
reference solution was assessed using the 40-km grid. Keeping ~,; = 1079,
the advective time step was reduced to 1 s. Subtracting this highly accurate
solution (with A¢=1 s) from the reference solution (with At=10 s), the max-
imum thickness difference is 5x107° m and the maximum velocity difference
is 1.1x1073 ¢cm s~ L.

Starting again from rest on 17 January 2002 00Z, the approximate solu-
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tion is advanced in time in order to get the same fields on 18 January 2002
00Z with either the JENK or the EVP solvers with a set of advective time
steps and termination criteria (for JFNK) or number of subcycles (for the
EVP). The thickness, velocity and deformation fields simulated by the JFNK
solver and the EVP model are then compared with the reference solution.
These experiments are performed at 10, 20, 40 and 80-km resolutions with
advective time steps of 10, 20 and 30 minutes (typical time steps used in
current regional ice-ocean models [32]).

The differences between the JENK approximate solution and the refer-
ence solution are due to the O(At) error of the backward Euler approach, the
large advective time step and the residual errors associated with each solve
of the momentum equation. The fields on 18 January 2002 00Z simulated
by JENK should tend toward the reference solution as At and ~,,; are reduced.

Similarly, the differences between the EVP approximate solution and the
reference solution are due to the large advective time step and the residual
errors caused by undamped elastic waves. Note that the error of the inertial
term for the EVP is comparable to the error of the inertial term of the refer-
ence solution and is therefore negligible. We expect the fields on 18 January
2002 00Z simulated by the EVP model to approach the reference solution as
At is reduced and as the number of subcycles N, is increased.

These experiments with different advective time steps and ~,, (for JFNK)
or Ny (for EVP) will allow us to access the accuracy of the JENK and EVP
approximate solutions. The EVP solver is tested for the standard number of
subcycles (120) proposed in the CICE documentation [14] as well by using
the following values: 120/4, 120/2, 120x2, 120x4, 120x8 and 120x16. Simi-
larly, JENK is tested for values of v,; of 0.99, 0.75, 0.5, 0.25, 0.1, 0.01 and
0.001. As we will see, these values of Ny, and ~y,; cover the whole spectrum
of inaccurate solutions to the most accurate solution possible for a given Az
and a given At. Based on these results, we will define a metric in order to
compare the computational efficiency of the JENK solver to the one of the
EVP model. We focus on the 10-km resolution simulations but occasionally
refer to the results on the other grids.
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6.1. Accuracy of the JENK and EVP approzimate solutions

Figures 2a and 2b show the 10-km resolution thickness and velocity fields
on 18 January 2002 00Z as simulated by the Picard solver. We refer to these
fields as the reference solution.

Figure 2: Thickness (a) and velocity (b) fields at 10-km resolution on 18 January 2002
00Z obtained with the Picard solver with At = 10s and 7,; =%. These correspond to the
reference solution. For clarity, the thickness is capped to 4 m and one velocity vector out
of a hundred is plotted.

For comparing approximate solutions obtained with JENK or the EVP,
we calculated at first the Root Mean Square Difference (RMSD) between a
simulated thickness field on 18 January 2002 00Z and the reference thickness
field (Figure 2a). It is interesting to look at this field as thickness acts as
an integrator of the residual errors during the 1-day integration. The RMSD
results then provided guidance for the remaining experiments described in
this paper.

The RMSD are computed for regions where the ice concentration is larger
than 50%. As an indication, Figure 3 shows the 10-km resolution ice concen-
tration field on 18 January 2002 00Z as simulated by the Picard solver. The
RMSD for JFNK and EVP for different spatial resolutions, advective time
steps and 7,; (JENK) or Ny, (EVP) are shown in Figure 4. Consistent with
what is expected, the differences with the reference solution decrease as the
termination criterion ~,; for JFNK is reduced. Similarly, the differences for
the EVP model decrease when increasing N,,,. Also consistent with what
we expect, the RMSD decreases as the advective time step is diminished.
For both JFNK and the EVP, the RMSD curves flatten out. This means
that, at this point, the RMSD are then mostly a consequence of the large
advective time steps. For both solvers, the minimum RMSD level increases
with spatial resolution (for the same At). It is observed that for a given At
and a given Az, the minimum RMSD is always at a higher level with the
EVP model. In other words, the approximate solution obtained with JENK
is always more accurate than the one obtained with the EVP (when the
solvers iterate sufficiently to reach their respective saturated RMSD level).
Importantly, the difference between the EVP approximate solution and the
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JFNK approximate solution gets more pronounced as the grid is refined.

Figure 3: Ice concentration field at 10-km resolution on 18 January 2002 00Z obtained
with the Picard solver with At = 10s and 7,,; =6

To have an idea of the geographical distribution of these differences, Fig-
ure H5a and 5Hc show respectively the differences between the JENK approxi-
mate solution with 7,;=0.5 and 7,,; = 10~% and the reference solution. The
advective time step is 20 min and Az=10 km. Figure 5b and 5d are respec-
tively the differences between the EVP approximate solution with Ny, = 120
and Ny, = 1920 and the reference solution. Values of 7,,;=0.5 and N, = 120
are chosen to show inaccurate solutions while v,; = 1072 and Ny, = 1920
demonstrate the most accurate solutions that can be obtained by a solver for
a given At and Az. Note that decreasing 7,; for JFNK from 1072 to 1073
or increasing Ny, from 960 to 1920 have little impact on their respective
approximate solution (i.e, there is no need to further decrease ~,; or further
increase Ngyp).

Tightening up the convergence criterion from 7,,;=0.5 to ~,; = 1072 leads
to a clear benefit for the JFNK solver. Similarly, a larger number of sub-
cycles for the EVP provides a better approximate solution. However, the
errors do not decrease to the level of errors obtained with JENK. Even with
Ny = 1920, the EVP leads to differences as large as 75 cm compared to the
reference solution (for a reference solution of 2.32 m at that location). This
can be compared to a maximum difference of 5 cm with the JENK solver (for
a reference solution of 4.07 m at that location).

ab

Figure 4: RMSD between the approximate solution (thickness) obtained with JFNK and
the reference solution at 40 km (a), 20 km (c) and 10 km (e) and RMSD between the
approximate solution (thickness) obtained with the EVP and the reference solution at 40
km (b), 20 km (d) and 10 km (f).

We now turn to the velocity fields. Figures 6a and 6¢ show respectively
the difference between the velocity field simulated by JENK on 18 January
2002 00Z with ~,;,=0.5 and 7,; = 1072 and the reference solution. The time
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Figure 5: Difference between the thickness field obtained with JFNK with 7,,;=0.5 (a) or
Ani = 1073 (c) and the reference solution. Difference between the thickness field obtained
with the EVP with Ny, = 120 (b) or Ngyup = 1920 (d) and the reference solution. The
advective time step for the JENK and EVP solvers is 20 min. To see the details, the
thickness differences are capped to +2.5 cm.

step is 20 min. Similarly, the approximate solutions for the EVP with re-
spectively 120 and 1920 subcycles minus the reference solution are shown on
Figures 6b and 6d. The same reference vector (2 cm s™1) is used for Fig-
ures 6a, 6b, 6¢ and 6d. Even though the EVP approximate solution (not
shown) resembles the reference solution, some differences are present. With
120 subcycles, the EVP approximate solution has significant errors over all
the domain. Increasing the number of subcycles from 120 to 1920 improves
agreement with the reference solution but there are still some regions with
errors of O(1 em s71). Decreasing v,y from 0.5 to 1072 for JENK leads to
errors an order of magnitude smaller than the ones associated with the EVP
with Ny = 1920.

Figure 6: Difference between the velocity field obtained with JENK with 7,,;=0.5 (a) or
Ani = 1073 (c) and the reference solution. Difference between the velocity field obtained
with the EVP with Ngu, = 120 (b) or Ngyup» = 1920 (d) and the reference solution. The
advective time step for the JFNK and EVP solvers is 20 min.

Some of the differences between the EVP velocity field and the reference
solution are due to the different thickness and concentration fields after one
day of integration. To investigate this impact, a new 10 km resolution ref-
erence solution was produced keeping the thickness and concentration fields
constant (only the wind forcing varies) during the 1-day integration. First,
to quantify the quality of the JFNK and EVP approximate solutions on
18 January 2002 00Z, the RMS of the magnitude of the velocity difference
(RMSDv) between the JENK or the EVP approximate solution and the new
reference solution was calculated. The time step for the JFNK and EVP
runs is 20 min. The RMSDv for the JFNK (in blue) as a function of 7,
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and the RMSDv for the EVP (in black) as a function of N, are shown in
Figure 7a. Again, the JENK solver leads to smaller differences than the EVP
model when compared to the reference solution. A smaller ~,; appears to
be needed to reach the saturated RMSDv level as compared to the previous
RMSD thickness results. Figure 7b shows an example of the geographical
distribution of these differences for the EVP model. It shows the difference
between the EVP velocity field on 18 January 2002 00Z with N,;=1920 and
the new reference solution. Figure 7b can be compared with Figure 6d (case
with advection, Ng,;,=1920). Qualitatively speaking, the conclusions remain
the same. The differences are of the same order of magnitude (O(1 cm s71))
and the largest ones are located in the same regions.

ab

Figure 7: a) RMS of the magnitude of the velocity difference between the JENK (in blue)
or the EVP (in black) approximate solution and the reference solution. b) Difference
between the velocity field obtained with the EVP with Ny, = 1920 and the reference
solution. The time step for the JFNK and the EVP solvers is 20 min and the spatial
resolution is 10 km. For these experiments, the JFNK, EVP and reference solutions were
obtained with the advection turned off.

We now go back to the experiments with advection. One might argue
that these differences between the EVP velocity field and the reference solu-
tion are small. However, small errors on the ice drift do have a large impact
on the deformations. Figure 8 demonstrates this. Figures 8a and 8b show
respectively the shear strain rate (second strain rate invariant) and the diver-
gence simulated by the Picard solver (the reference solution) on the 10-km
grid. The same fields simulated with the EVP solver with N, = 120 are
shown on Figures 8c and 8d while Figures 8e and 8f are for N, = 1920. The
advective time step for the EVP is At=20 min. Similarly to what is shown
in Hunke [11], increasing Ny,; eliminates noise in the deformation fields. An
example of this can be clearly seen if we zoom on the area north of Greenland
(Figures 9a and 9b). In the southern part of this region, the noise disappears
in the divergence field and the ice becomes very rigid (as seen in the refer-
ence solution). However, in the region further north, the noise disappears
but is replaced by bands of convergence that are not seen in the reference
solution. By comparing Figures 8e and 8f to Figures 8a and 8b, it is obvious
that these additional deformations are seen at many places in the domain.
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These arch-like deformations in the EVP approximate solution are similar
to the ones obtained by Maslowski and Lipscomb [33] with their 9-km EVP
model. Hence, the EVP solver with Ny,, =1920 captures the general pat-
tern of deformations but leads to additional shear lines and zones of strong
divergence/convergence when compared to the reference solution. This is
consistent with the results of Losch and Danilov [13]: the EVP simulates a
weaker ice cover as it deforms more easily. The shear and divergence fields
simulated by JENK (v,; = 1073, At=20 min) are very similar to the refer-
ence solution deformation fields (not shown).

ab

Figure 8: Shear (a) and divergence (b) at 10-km resolution obtained with the Picard solver
with v,; = 107% and and advective time step of 10 s (the reference solution) on 18 January
2002 00Z. Shear (c) and divergence (d) obtained with the EVP with 120 subcycles. Shear
(e) and divergence (f) obtained with the EVP with Ny, = 1920 on 18 January 2002 00Z.
The advective time step for the EVP solver is 20 min. For clarity, the shear is capped to
0.2 day~! and the divergence to 40.05 day~*.

Figure 9: Divergence north of Greenland as simulated by the EVP with Ny, = 120 (a)

and with Ny, = 1920 (b) on 18 January 2002 00Z. The advective time step is 20 min. To

see the details, the divergence is capped to £0.025 day .

We also performed the following simulations to further investigate the
presence of extra deformations in the EVP approximate solution. The model
was run for 10 days (17-27 January 2002) with either the JENK or EVP
solver. The spatial resolution is 10 km and A¢=20 min. Because it is a longer
simulation, exceptionally this experiment includes thermodynamic processes.
Statistics of deformations were calculated over the whole period based on in-
stantaneous deformations analyzed every 12 hours. Similar to what is done
in Girard et al. [18], we calculated the Probability Density Function (PDF)
of the absolute divergence | D| over a subdomain located in the Arctic Ocean.
To avoid coastal effects, the size of the subdomain (1900 km x 1800 km ) was
chosen such that the grids cells are at least 100 km away from the land.
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Bins of constant size of 2 x 10~*day~! were used to produce the PDF.
The first bin includes the values of |D| between 0 and 2 x 10~*day~!, the
second one between 2 x 10~*day~! and 4 x 10~*day~! and so on. With
X; = {1,3,5,..} x 10~*day~! giving the midpoint value of each bin and Y;
representing the fraction of |D| values in each bin, Figure 10 shows log(Y;) as
a function of log(X;). The blue curve in Figure 10 shows the PDF for JFNK
with 7,; = 1073 while the red and the black curves are respectively for the
EVP solver with either 120 or 1920 subcycles.

Figure 10: PDF of the absolute divergence for JFNK with 7,,; = 1073 (in blue), EVP with
120 subcycles (in red) and EVP with 1920 subcycles (in black). For all three simulations,
the spatial resolution is 10 km and the advective time step is 20 min. The statistics of the
absolute divergence (with bins of 2 x 10~*day 1) were calculated over a 1900 km x 1800
km subdomain centered in the Arctic Ocean.

These results confirm what can be qualitatively observed on Figure 8:
the EVP simulates a weaker ice cover as it deforms more easily (both in con-
vergence and divergence, not shown). Interestingly, the PDF for the EVP
model changes significantly when increasing the number of subcycles from
120 to 1920 as it gets closer to a fat tailed distribution. Consistent with
the results of Lemieux and Tremblay [8] with a Picard solver, we find that
the PDF of deformations depends strongly on the level of numerical con-
vergence. It is beyond the scope of this paper to investigate the impact of
these extra deformations in the EVP approximate solution on ice growth, but
we speculate that the EVP solver leads to more ice production than an im-
plicit solver (because openings in the ice cover strongly affect the ice growth).

The conclusions given in this section are robust. The same RMSD calcula-
tion was repeated for two different dates (30 January 2002 and 15 September
2002). Again, results show that the RMSD for EVP is always higher than
the saturated level obtained with JENK (not shown). Note that because the
ice cover is less compact during the September test case, the EVP RMSD
saturated value is closer to the JFNK saturated value results than it is for
the winter test cases. We also verified that these conclusions do not depend
on the treatment of the off-diagonal terms (Coriolis and part of the water
drag term) for our C-grid implementation. To do so, the Coriolis parame-
ter and the water drag turning angle were set to zero (for the JFNK, EVP
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and reference solutions). Comparing again the JFNK and EVP approximate
solutions to this new reference solution, our conclusions remain the same:
JFNK is more accurate than the EVP (not shown). Finally, conclusions are
also unaffected when capping the viscous coefficients to the value proposed
by Hunke [11], i.e, by setting the lower limit of /A in equation (8) to 1071!s™!.

6.2. Computational efficiency

As this work involves serial algorithms, we only briefly comment on the
computational efficiencies of the JFNK and EVP solvers. We used the RMSD
of the thickness field to investigate the computational efficiency (with At=20
min). Our tests show that, for the four spatial resolutions tested, the EVP
and JFNK solvers require roughly the same CPU time to reach their respec-
tive saturated level (not shown, in fact we calculated the time required for
the RMSD to be within 5% of the saturated level). As the spatial resolution
is increased, N, needs to be increased for the EVP solver to reach the min-
imum RMSD. Even though the required ~,; for JFNK is roughly constant
with resolution (~ 0.2), the number of Krylov iterations increases (this ex-
plains why the computational efficiencies are comparable for the four spatial
resolutions). Hence, for a given At and a given Az, the EVP and JFNK
solvers take the same CPU time to reach their respective most accurate so-
lution, but the solution obtained with JFNK always exhibits a lower RMSD
value.

7. Discussion

Because of residual elastic waves, the approximate solution calculated
with the EVP solver has notable differences with the reference solution. In
the experiments described in section 6, the damping time scale was set to the
value proposed in the CICE documentation (T=0.36At). Following the no-
tion that the EVP approximate solution converges to the VP solution in the
limit of vanishing elastic waves, a better approximation should be obtained
with the EVP model by decreasing the damping time scale. We investigate
this idea with two additional sets of experiments with the EVP model, in
which the damping time scale is reduced to a third and a tenth of the stan-
dard value. For these experiments, the 10-km grid is used with an advective
time step of 20 min. The black, blue and red curves in Figure 11 respectively
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show the RMSD between the EVP with T, T/3 and T/10 and the reference
solution. As a reference, the RMSD saturated level for the JENK solver on
the 10-km grid with At=20 min is shown as the dashed line.

Figure 11: RMSD between the approximate solution obtained with the EVP and the
reference solution for three different damping time scales. The spatial resolution is 10 km
and the advective time step is 20 min. The dashed line shows the saturated RMSD level
of the JFNK solver.

With decreasing damping time scale, the RMSD saturated level approaches
the one obtained with the JFNK solver (represented by the dashed line).
However, to resolve the smaller damping time scale, the subcycling time step
has to be reduced [11]. Reducing the damping time scale significantly is un-
practical and the way the EVP solver is used is therefore a tradeoff between
computational efficiency (and a very good parallel scaling) and the presence
of residual elastic waves. Our conclusions are in agreement with the results
of Losch and Danilov [13]: the EVP approximate solution converges slowly
to the VP solution.

For a given At and a given Ax, the EVP and JFNK solvers take the
same CPU time to reach their respective most accurate solution (note that
the JFNK approximate solution is closer to the reference solution than the
EVP one for all the spatial resolutions tested). It is important, however,
to point out that all efficiency statements are based on serial code. At this
point, we expect that the EVP solver scales better with the number of pro-
cessors because our preconditioner involves an LSOR [7]. Current work is
focusing on implementing a multi-grid [34] based preconditioner, and even-
tually using a parallel multilevel preconditioner such as ML available in the
Trilinos library [29]. A similar numerical framework (JEFNK + the Trilinos
library) has been developed for ice sheet modeling and preliminary results
show very good scaling with the number of processors [35].

As mentioned earlier, the VP formulation with an elliptical yield curve
and a normal flow rule (the standard VP rheology) is contentious. Recent
work questions its ability to properly simulate the sea ice deformations (e.g.,
[16, 17, 18]). Some authors argue that a VP formulation requires a different
yield curve and a different flow rule to improve its representation of sea ice
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deformations [17]. We argue that a JFNK solver should be preferred over
the EVP model for testing this idea. Indeed, testing different VP rheologies
would be hampered by the residual elastic waves in the EVP approximate
solution as one would be unable to differentiate between effects of a specific
rheology (yield curve and flow rule) and effects of numerical noise.

The implicit framework of the JFNK solver represents another advantage.
Lipscomb et al. [36] demonstrated analytically that the splitting in time be-
tween the momentum and the continuity equations can lead to unphysical
solutions when the advective time step is too large: a solution exists but it is
inconsistent with the forcing conditions. Numerical experiments showed that
sea ice models run into this fundamentally numerical problem as the grid is
refined, so that the approximate solution can even blow up [36]. This prob-
lem is caused by the explicit treatment of the ice strength in the momentum
equation (as done in almost all the sea ice models). We have not observed
such instability in our model, probably because we use a very diffusive up-
stream advection scheme and a two-thickness category model (as opposed to
more sophisticated thickness distribution approach).

The instability issue related to the splitting in time approach clearly needs
attention as models are run at increasingly higher spatial resolution. Even
though Lipscomb et al. [36] proposed a way to mitigate this problem by mod-
ifying the ridging scheme, we think a different numerical treatment could
further improve the stability and offer more versatility for formulating the
ridging scheme. As the JFNK solver is based on an implicit approach, it
is naturally suited for resolving this issue within a fully-implicit treatment
(similar to the strength implicit model of Hutchings et al. [37]) or using im-
plicit/explicit time integration techniques [38].

In Lemieux et al. [9], we have shown that both the Picard and JFNK
solvers can have failures (i.e., a solver does not reach the termination cri-
terion before the maximum allowed number of iterations). For the same
advective time step, the number of failures increases as the grid is refined.
The JFNK solver seems to be particularly sensitive at high resolution. We
erroneously speculated that the increased number of failures with resolution
was related to the small-scale sea ice deformations. Here, we report to the
contrary that in a thorough analysis of failures, we found that most of them
are located near a coast in regions where the thickness and concentration
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fields vary significantly from one grid cell to the next. Hence, these failures
relate to the issue described by Lipscomb et al. [36] and further motivate the
implementation of a fully-implicit solver or the use of an implicit/explicit
time integration.

8. Conclusion

We have compared the convergence properties (accuracy of the solution
and computational efficiency) of a recently developed Jacobian-free Newton-
Krylov (JFENK) serial algorithm to the ones of the widely used Elastic-
Viscous-Plastic (EVP) model for solving the sea ice momentum equation
with a VP formulation. To do so, a reference VP solution was calculated by
using a very small advective time step (10 s) and a tight nonlinear conver-
gence criterion. A Picard scheme was used as an independent solver in order
to obtain this reference solution. Tests were then performed with JENK and
the EVP solver at 10, 20, 40 and 80-km spatial resolutions and using advec-
tive time steps of 10, 20 and 30 min.

For both solvers, the Root Mean Square Difference (RMSD) between a
solver’s simulated thickness field and the reference solution decreases when
the convergence criterion (for JENK) is tightened up or when more subcycles
(for EVP) are used. The RMSD eventually flattens out because the errors
are then a consequence of the large advective time step, but the RMSD for
the EVP flattens out at a higher level than for the JFNK solver. This is the
case for all advective time steps, when both solvers use the same advective
time step. The differences between the EVP and JFNK approximate solu-
tions increase as the grid is refined.

Using the RMSD to investigate the computational efficiency, results show
that the JENK and EVP solvers require about the same CPU time to reach
their respective RMSD saturated level, but the JENK most accurate solu-
tion is always closer to the reference solution than is the EVP one. For a
given advective time step, it is possible to improve the accuracy of the EVP
approximate solution by decreasing the damping time scale. Unfortunately,
a smaller damping time scale needs to be resolved by a shorter subcycling
time step, so that overall the computational efficiency of the EVP solver is
decreased. Consistent with the results of Losch and Danilov [13], we conclude
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that the EVP converges slowly to the VP solution. It is however known that
the EVP model scales very well with the number of processors [7]. While
some existing JENK parallel codes show very good scaling (e.g., [35]), it re-
mains to be seen how our JFNK implementation will behave in a parallel
environment.

Because of residual elastic waves, the velocity field calculated with the
EVP solver has notable differences with the reference solution. These resid-
ual errors are clearly noticeable in the deformation fields. As opposed to
the JFNK solver, the deformations simulated on a 10-km grid with the EVP
solver exhibit extra shear lines and zones of large divergence/convergence
when compared to the reference solution. Results also show that the Prob-
ability Density Function (PDF) of the absolute divergence changes signifi-
cantly between the standard number of subcycles (120) and the more accu-
rate solution obtained with 1920 subcycles. The distribution is then more
fat tailed, and gets closer to the PDF obtained with the JFNK solver.

Because it is an implicit method, the JFNK solver opens up new per-
spectives of solving numerical issues related to time stepping algorithms (as
shown in [36]) and quickly changing ice conditions in high resolution models
by a fully implicit approach or implicit/explicit time integration techniques
[38]. Such approaches are excluded with the EVP solver by construction.
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