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APPENDIXES 

APPENDIX A 

NUMERICAL EXAMPLES 

The numerical examples which follow should aid in the use of the many formu­
las in this st1'dy of map projections. Single examples are given for equations for 
forward and inverse functions of the projections, both spherical and ellipsoidal, 
when both are given. They are given in the order the projections are given. The 
order of equations used is based on the order of calculation, even though the 
equations may be originally listed in a somewhat different order. In some cases, 
the last digit may vary from check calculations, due to rounding off, or the lack of 
it. 

AUXILIARY LATITUDES (SEE P. 15-18) 

For all examples under this heading, the Clarke 1866 ellipsoid is used: a is not 
needed here, e2 = 0.00676866, ore= 0.0822719. Auxiliary latitudes will be calculated 
for geodetic latitude <? = 40°: 

Conformal latitude, using closed equation (3-1): 

x = 2 arctan \tan (45° + 40°/2) [(1-0.0822719 sin 40°)/(1 + 0.0822719 
sin 40°)]o.os22719/2)- 9oo 

= 2 arctan \2.1445069 [0.8995456]0·041136o)-90° 
= 2 arctan (2.1351882)-90° 
= 2x64.9042961°-90° 
= 39.8085922° = 39°48'30. 9" 

Using series equation (3-2), obtaining x first in radians, and omitting terms 
with e8 for simplicity: 

X = 40°X 7T/180°-(0.00676866/2 + 5 X0.006768662/24 + 3 X0.006768663
/ 

32)xsin (2x40°) + (5x0.006768662/48 + 7x0.006768663/80)xsin 
(4X40°)-(13x0.006768663/480) sin (6x40°) 

= 0.6981317-(0.0033939)X0.9848078 + (0.0000048)X0.3420201 
-(.0000000) X( -0.8660254) 

= 0.6947910 radian 
= 0.6947910X 180°/7T = 39.8085923° 

For inverse calculations, using closed equation (3-4) with iteration and given 
x = 39.8085922°, find <j>: 

First trial: 

<? = 2 arctan \tan (45° + 39.8085922°/2) [(1 + 0.0822719 sin 39.8085922°)/ 
(1-0.0822719 sin 39.8085922°)]0.os2z719i2)-90° 

= 2 arctan \2.1351882 [1.1112023]0·041136o)-90° 
= 129.9992366°-90° 
= 39.9992366° 

263 



264 MAP PROJECTIONS-A WORKING MANUAL 

Second trial: 

<!> = 2 arctan (2.1351882 [(1 + 0.0822719 sin 39.9992366°)/(1-0.0822719 
sin 39.9992366°)]0·0411360)-90° 

= 2 arctan (2.1445068)-90° 
= 39.9999970° 

The third trial gives <!> = 40.0000000°, also given by the fourth trial. 
Using series equation (3-5): 

<j> = 39.8085922° X 'lT/180° + (0.00676866/2 + 5X0.006768662/24 
+ 0.006768663/12) sin (2x39.8085922°) + (7x0.006768662/48 + 29 
X0.006768663/240) sin (4X39.8085922°) + (7X0.006768663/120) 
sin (6x39.8085922°) 

= 0.6947910+ (0.0033939)x0.9836256 + (0.0000067)x0.3545461 
+ (O.OOOOOOO)x( -0.8558300) 

= 0.6981317 radian 
= 0.6981317X 180°/'lT = 40.0000000° 

Isometric latitude, using equation (3-7): 

tJi =In (tan (45°+40°/2) [(1-0.0822719 sin 40°)/(1+0.0822719 
sin 40o)]o.osz2719t2) 

= In (2.1351882) 
= 0.7585548 

Using equation (3-8) with the value of x resulting from the above examples: 

tJ! =In tan (45°+39.8085923°/2) 
= In tan 64.9042962° 
= 0.7585548 

For inverse calculations, using equation (3-9) with tJ! = 0. 7585548: 

X = 2 arctan eo. 7585548- goo 
= 2 arctan (2.1351882)-90° 
= 39.8085922° 

From this value of x, <!>may be found from (3-4) or (3-5) as shown above. 
Using iterative equation (3-10), with tjl=0.7585548, to find <f>: 

First trial: 

<!> = 2 arctan e0·7585548-90° 
= 39.8085922°, as just above. 

Second trial: 

<!> = 2 arctan (eo·758554s [(1 + 0.0822719 sin 39.8085922°)/(1-0.0822719 
sin 39. 8085922°) ]0· 082271912)-90° 

= 2 arctan (2.1351882xl.0043469)-90° 
= 39.9992365° 

Third trial: 

<!> = 2 arctan [eo.758554s [(1 + 0.0822719 sin 39.9992365°)/(1-0.0822719 
sin 39.9992365°)]0·082271912)-90° 

= 39.9999970° 
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Fourth trial, substituting 39.9999970° in place of 39.9992365°: 

<P = 40.0000000°, also given by fifth trial. 

Authalic latitude, using equations (3-11) and (3-12): 

q = (1-0.00676866) \sin 40°/(1-0.00676866 sin2 40°)­
[11(2x0.0822719)] ln [(1-0.0822719 sin 40°)/(1 + 0.0822719 sin 
40°)]] 

= 0.9932313 (0.6445903-6.0774117 ln 0.8995456) 
= 1.2792602 

qp = (1-0.00676866) \sin 90°/(1-0.00676866 sin2 90°)-[11 
(2x0.0822719)] ln [(1-0.0822719 sin 90°)/(1+0.0822719 sin 90°)]] 

= 1.9954814 
13 =arcsin (1.2792602/1.9954814) 

=arcsin 0.6410785 
= 39.8722878° = 39°52'20.2" 

Determining 13 from series equation (3-14) involves the same pattern as the 
example for equation (3-5) given above. 

For inverse calculations, using equation (3-17) with iterative equation (3-16), 
given 13=39.8722878°, and qp=1.9954814 as determined above: 

q = 1.9954814 sin 39.8722878° 
= 1.2792602 

First trial: 

<P = arcsin (1.2792602/2) 
= 39.762435° 

Second trial: 

<P = 39.7642435° + (180°/'IT) \[(1-0.00676866 sin2 39. 7642435°)2/(2 cos 
39. 7642435°)] [1.2792602/(1-0.00676866)-sin 39.7642435°/ 
(1-0.00676866 sin2 39. 7642435°) 
+ [11(2x0.0822719)] ln [(1-0.0822719 sin 39.7642435°)/ 
(1 + 0.0822719 sin 39. 7642435°)]]] 

= 39.9996014° 

Third trial, substituting 39.9996014° in place of 39.7642435°, 

<l> = 39.9999992° 

Fourth trial gives the same result. 
Finding <P from 13 by series equation (3-18) involves the same pattern as the 

example for equation (3-5) given above. 
Rectifying latitude, using equations (3-20) and (3-21): 

M = a[(1-0.00676866/4-3X0.006768662/64-5x0.006768663/256)x40° 
X1T/180°-(3X0.00676866/8 + 3X0.006768662/32 + 45 X0.006768663

/ 

1024) sin (2 X 40°) + (15 X 0. 006768662/256 + 45 X 0. 006768663 /1024) 
sin (4X40°)-(35x0.006768663/3072) sin (6x40°)] 

= a[0.9983057x0.6981317-0.0025426 sin 80°+0.0000027 sin 160° 
-0.0000000 sin 240°] 

= 0.6944458a 
MP = 1.5681349a, using 90° in place of 40° in the above example. 
fL = 90°X0.6944458a/1.5681349a 

' ~ 39.8563451°=39°51'22.8" 
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Calculation of I.L from series (3-23), and the inverse<!> from (3-26), is similar to 
the example for equation (3-2) except that e1 is used rather than e. From equa­
tion (3-24), 

e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866) 112] 

= 0.001697916 

Geocentric latitude, using equation (3-28), 

<l>g =arctan [(1-0.00676866) tan 40°] 
= 39.8085032° = 39°48'30.6" 

Reduced latitude, using equation (3-31), 

11 =arctan [(1-0.00676866)112 tan 40°] 
= 39.9042229°=39°54'15.2" 

Series examples for <l>g and 11 follow the pattern of (3-2) and (3-23). 

DISTORTION FOR PROJECTIONS OF THE ELLIPSOID (SEE P. 24-25) 

Radius of curvature and length of degrees, using the Clarke 1866 ellipsoid at 
lat. 40° N.: 
From equation (4-18), 

R' = 6378206.4 (1-0.00676866)/(1-0.00676866 sin2 40°)312 

= 6,361,703.0 m 

From equation (4-19), using the figure just calculated, 

L.p = 6361703.0 x '!T/180° = Ill, 032.7 m, the length of 1 o of latitude at lat. 40° N. 

From equation (4-20), 

N = 6378206.4/(1-0.00676866 sin2 40°)112 

= 6,387,143.9 m 

From equation (4-21), 

Lx = [6378206.4 cos 40°/(1-0.00676866 sin2 40°)112] 11"1180° 
= 85,396.1 m, the length of 1 o of longitude at lat. 40° N. 

MERCATOR PROJECTION (SPHERE)-FORWARD EQUATIONS (SEEP. 41, 44) 

Given: Radius of sphere: 
Central meridian: 

Point: 

Find: x, y, k 

R = 1.0 unit 
A-0 = 180° W. long. 

<J> = 35° N. lat. 
A. = 75° W. long. 

Using equations (7-1), (7-2), and (7-3), 

x = 1TX1.0x[(-75°)-(-180°)]!180°= 1.8325957 units 
y = I.Oxln tan (45°+35°/2) = I.Oxln tan (62.5°) 

=In 1.9209821 =0.6528366 unit 
h = k =sec 35° = 1/cos 35° = 1/0.8191520 = 1.2207746 
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MERCATOR PROJECTION (SPHERE)- INVERSE EQUATIONS (SEEP. 44) 

Inversing forward example: 
Given: R, Ao for forward example 

Find: <j>, A 

x = 1.8325957 units 
y = 0.6528366 unit 

Using equations (7-4) and (7-5), 

<l> = 90o-2 arctan (e-0.6528366/LO) 
= 90°-2 arctan (0.5205670) = 90°-2X27.5°= 35° 
= 35° N. lat., since the sign is " + " 

A= (1.8325957/l.O)x 180°/11' + ( -180°) 
= 105°-180°= -75°=75° W. long., since the sign is"-" 

The scale factor may then be determined as in equation (7 -3) using the newly 
calculated <j>. 

MERCATOR PROJECTION (ELLIPSOID)- FORWARD EQUATIONS (SEEP. 44) 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Central meridian: Ao = 180° W. long. 

Point: <t> = 35° N. lat. 
A = 75° W. long. 

Find: x, y, k 

Using equations (7-6), (7-7), and (7-8), 

X = 6378206.4 X ((-75°)-(-180°)] X 11'/180° = 11688673.7 m 

y = 6378206.4ln [tan (45o + 35o/2)(1- 0.0822719sin35o )0.082271912] 

1 + 0.0822719sin35° 
= 6378206.4 ln [1.9209821 x 0.9961223] 
= 6378206.4 ln 1.9135331 = 4,139,145.6 m 

k = (1-0.00676866 sin2 35°)112/cos 35° 
= 1.2194146 

MERCATOR PROJECTION (ELLIPSOID)- INVERSE EQUATIONS (SEE P. 44-45) 

Inversing forward example: 

Given: a, e, Ao for forward example 
x = 11688673.7 m 
y = 4139145.6 m 

Find: <j>, A 

Using equation (7- 10), 

t = e-4139145.616378206.4 = 0.5225935 
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From equation (7 -11), the fir-.?t trial <1> = goo - 2 arctan 0.5225935 = 34.8174484°. 
Using this value on the right side of equation (7-g), 

<j> o= goo -2 arctan (0.5225g35[(1-0.0822719 sin 34.8174484°)/ 
(1 + 0.082271g sin 34.8174484°)]0.0822719/z] 

= 34.g991687° 

Replacing 34.8174484° with 34.9991687° for the second trial, recalculation using 
(7-9) gives <1> = 34.9999969°. The third trial gives <1> = 35.0000006°, which does not 
change (to seven places) with recalculation. If it were not for rounding-off errors 
in the values of x andy, <j> would be 35o N. lat. 

For '11., using equation (7 -12), 

A = (11688673. 7/6378206.4) X 180°/7T + ( -180°) 
= -75.0000001° = 75.0000001° W. long. 

Using equations (7-13) and (3-5) instead, to find <j>, 

x = 90° -2 arctan 0.5225g35 
=goo -55.1825516° 
= 34.8174484° 

using t as calculated above from (7-10). Using (3-5), xis inserted as in the 
example given above for inverse auxiliary latitude x: 

<1> = 35.0000006° 

TRANSVERSE MERCATOR (SPHERE)- FORWARD EQUATIONS (SEEP. 58) 

Given: Radius of sphere: 
Origin: 

Central scale factor: 
Point: 

Find: x, y, k 

R = 1.0 unit 
<Po = 0 
'11.0 = 75° W. long. 
ko = 1.0 
<j> = 40°30' N. lat. 
A = 73°30' W. long. 

Using equations (8-5), (8-1), (8-3), and (8-4) in order 

B =cos 40.5° sin [( -73.5°)-( -75°)] 
=cos 40.5° sin 1.5° = 0.0199051 

X =% X 1.0 X 1.0 ln [(1 + 0.019g051)/(1-0.019g051)] 
= 0.01ggo77 unit 

y = 1.0 X 1.0 (arctan [tan 40.5°/cos 1.5°]-0] 
= 40.50g6g8oo 7T/180° = 0. 7070276 unit 

k = l.0/(1-0.o1ggo512
) 112 = 1.0001g82 

TRANSVERSE MERCATOR (SPHERE)-INVERSE EQUATIONS (SEE P.60) 

lnversing forward example: 

Given: R, <j>0 , Ao, k0 for forward example 



Find:<\>, >.. 
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x = 0.0199077 unit 
y = 0. 7070276 unit 

Using equation (8-8), 

D = 0.7070276/(l.Oxl.O)+O = 0.7070276 radian 

For the hyperbolic functions of (x!Rk0 ), the relationships 

sinh x = (ex-e-x)f2 

and 

are recalled if the function is not directly available on a given computer or calcu­
lator. In this case, 

sinh (x!Rk0 ) =sinh [0.0199077/(l.Ox 1.0)] 
= ( eo.o199077 _ e -o.o199077)f2 

= 0.0199090 
cosh (x!Rko) = (eo.o199077 + e-o.o199077)f2 

= 1.0001982 

From equation (8-6), with D in radians, not degrees, 

<!> = arcsin (sin 0.7070276/1.0001982) = arcsin (0.6495767/1.0001982) 
= 40.4999995° N. lat. 

From equation (8-7), 

A = -75° + arctan [0.0199090/ cos 0.7070276] 
= -75° + arctan 0.0261859 = -75° + 1.4999961 = -73.5000039° 
= 73.5000039° W. long. 

If more decimals were supplied with the x and y calculated from the forward 
equations, the <!> and A here would agree more exactly with the original values. 

TRANSVERSE MERCATOR (ELLIPSOID)- FORWARD EQUATIONS (SEEP. 60-61, 63) 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

Origin (UTM Zone 18): <\>0 = 0 

Central scale factor: 
Point 

Find: x, y, k 

Ao = 75° W. long. 
k0 = 0.9996 

<!> = 40° 30' N. lat. 
A = 73° 30' W. long. 

Using equations (8-12) through (8-15) in order, 
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e'2 == 0.00676866/(1-0.00676866) == 0.0068148 
N == 6378206.4/(1-0.00676866 sin2 40.5°)112 = 6387330.5 m 
T == tan2 40.5° = 0. 7294538 
C = 0.0068148 cos2 40.5° = 0.0039404 
A =(cos 40.5°) x [( -73.5°) - ( -75°)] 'IT/180° = 0.0199074 

Instead of equation (3-21), we may use (3-22) for the Clarke 1866: 

M = 111132.0894 x (40.5°) - 16216.94 sin (2x40.5°) + 17.21 sin (4x40.5°) 
- 0.02 sin (6X40.5°) 

= 4,484,837.67 m 
M 0 = 111132.0894 x oo- 16216.94 sin (2X0°) + 17.21 sin (4X0°)- 0.02 sin (6X0°) 

= 0.00 m 

Equations (8-9) and (8-10) may now be used: 

X = 0.9996 X 6387330.5 X [0.0199074 + (1-0.7294538+0.0039404) 
X 0.01990743/6 + (5-18X0.7294538+0.72945382 +72X0.0039404 
- 58 X 0.0068148) X 0.01990745/120] 

= 127,106.5 m 
y = 0.9996 X (4484837.7-0+6387330.5X0.8540807X(0.01990742/2 

+ (5-0.7294538+9X0.0039404+4X0.00394042
) X 0.01990744/24 

+ (61-58 X 0. 7294538 + 0. 72945382 + 600 X 0. 0039404-330 
X 0.0068148) X 0.01990746/720]) 

= 4,484,124.4 m 

These values agree exactly with the UTM tabular values, except that 500,000.0 
m must be added to x for "false eastings." To calculate k, using equation (8-11), 

k = 0.9996 X [1 +(1 +0.0039404)X0.01990742/2+(5-4X0.7294538+42 
X 0.0039404 + 13 X 0.00394042 

- 28 X 0.0068148) X 0.01990744/24 
+ (61-148X0. 7294538 + 16X0. 72945382

) X 0.01990746/720] 
= 0.9997989 

Using equation (8-16) instead, 

k = 0.9996 x [1 + (1 + 0.0068148 cos2 40.5°) x 127106.52
/ 

(2x0.99962 x 6387330.52
)] 

= 0.9997989 

TRANSVERSE MERCATOR (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 63-64) 

Inversing forward example: 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

Origin (UTM Zone 18): <Po = 0 
'11.0 = 75° W. long. 

Central scale factor: k 0 = 0. 9996 

Find: <j>, 'A. 

Point: x = 127106.5 m 
y = 4484124.4 m 

Calculating M 0 from equation (3-22), 
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M 0 = 111132.089X0°-16216.9 sin (2X0°) + 17.2 sin (4X0°) - 0.02 sin 
(6X0°) 

= 0 

From equations (8-12), (8-20), (3-24), and (7 -19) in order, 

e'2 = 0.00676866/(1-0.00676866) = 0.0068148 
M = 0 + 4484124.4/0.9996 = 4485918.8 m 
e1 = [1-(1-0.00676866)112)/[1 + (1-0.00676866)112) 

= 0.001697916 
f.l = 4485918.8/(6378206.4X(1-0.00676866/4-3X0.006768662/64 

-5 X 0.006768663/256)) 
= 0. 7045135 radian 

From equation (3-26), using f.l in radians, omitting the last term, 

<\>1 = 0. 7045135 + (3x0.001697916/2-27x0.0016979163/32) sin 
(2 X 0. 7045135) + (21 X 0.0016979162/16-55 X 0. 0016979164/32) 
sin (4x0.7045135)+(151X0.0016979163/96) sin (6x0.7045135) 

= 0. 7070283 radian 
= 0. 7070283 X 180°/1T 
= 40.5097362° 

Now equations (8-21) through (8-25) may be used: 

cl = 0.0068148 cos2 40.5097362° = 0.0039393 
T1 = tan2 40.5097362° = 0. 7299560 

N 1 = 6378206.4/(1-0.00676866 sin2 40.5097362°)112 
= 6387334.2 m 

R 1 = 6378206.4X(1-0.00676866)/(1-0.00676866 sin2 40.5097362°)312 
= 6,362,271.4 m 

D = 127106.5/(6387334.2x0.9996) = 0.0199077 

Returning to equation (8-17), 

<\> = 40.5097362°-(6387334.2 X0.8543746/6362271.4) X (0.01990772/2 
-(5 + 3X0. 7299560 + 10X0.0039393-4X0.00393932-9 
X0.0068148) x0.01990774/24 + (61 + 90X0. 7299560 + 298 
X 0. 0039393 + 45 X 0. 72995602-252 X 0. 0068148-3 
X 0. 00393932 ) X 0. 01990776/720] X 180°/ 1T 

= 40.5000000° = 40°30' N. lat. 

From equation (8-18), 

X. = -75° + ([0.0199077-(1+2X0.7299560+0.0039393)X0.01990773/6 
+ (5-2X0.0039393 + 28X0.7299560-3X0.00393932 +8 
x0.0068148 + 24 x 0. 72995602

) x0.019907751120]/cos 
40.5097362°) X 180°/1'1" 

= -75° + 1.5000000° = -73.5° = 73°30' W. long. 

271 



272 MAP PROJECTIONS--A WORKING MANUAL 

OBLIQUE MERCATOR (SPHERE)-FORWARD EQUATIONS (SEEP. 69-70) 

Given: Radius of sphere: R = 1.0 unit 
Central scale factor: k 0 = 1. 0 

Central line through: <j>1 = 45° N. lat. 
<!>2 = oo lat. 
A1 = oo long. 
A.2 = 90° W. long. 

Point: <!> = 30° S. lat. 
A = 120° E. long. 

Find: x, y, k 

Using equation (9-1), 

Ap = arctan ([cos 45° sin 0° cos oo - sin 45° cos oo cos ( -90°)]/ 
[sin 45° cos 0° sin ( -90°) - cos 45° sin 0° sin 0°] 

= arctan ([0-0]/[ -0. 7071068-0]) = oo 

Since the denominator is negative, add or subtract 180° (the numerator has neither 
sign, but it doesn't matter). Thus, 

From equation (9-2), 

<l>p =arctan [-cos (180°-0°)/tan 45°] 
= arctan [ + 1/0. 7071068] = 45° 

The other pole is then at<!> = -45°, A = 0°. From equation (9-6a), 

From equation (9-6), 

A =sin 45° sin ( -30°) - cos 45° cos ( -30°) sin [120° - ( -90°)] 
= 0. 7071068X( -0.5)-0. 7071068X0.8660254X( -0.5) 
= -0.0473672 

From equation (9-3), 

x = -LOx 1.0 arctan [tan ( -30°) cos 45°/cos (120° + 90°) + sin 45° tan (120° + 90°)] 
= 0.7214592 

Since cos (120° + 90°) is negative, subtract 7T, or x = -2.4201335 units 

From equation (9-4), 

y = (112)x l.Ox 1.0 ln [(1-0.0473672)/(1 + 0.0473672)] 
= -0.0474026 unit 

From equation (9-5), 

k = 1.0/[1-( -0.0473672)2
]112 = 1.0011237 

If the parameters are given in terms of a central point (for equations (9-7) 
and (9-8)), we shall assume certain artificial parameters (calculated with different 
formulas) which give the same pole as above: 
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Given: Radius of sphere: R = 1.0 unit 
Central scale factor: k 0 = 1.0 

Azimuth of central line: f3 = 48.8062990° east of north 
Center: <l>c = 20° N. lat. 

Ac = 68.6557771°W. long. 

Using equations (9-7) and (9-8), 

<l>p = arcsin (cos 20° sin 48.8062990°) 
= 45.0°N. lat. 

Ap = arctan [-cos 48.8062990°/( -sin 20° sin 48.8062990°)] 
-68.6557771° 

Since the denominator of the argument of arctan is negative, add -180° to Ap, 
using"-" since the numerator is"-": 

OBLIQUE MERCATOR (SPHERE)- INVERSE EQUATIONS (SEEP. 70) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Central scale factor: k 0 = 1.0 

Central line through: <!>1 = 45° N. lat. 
<1>2 = oo lat. 

Find: <!>, A 

At = 0° long. 
A2 = 90° W. long. 

Point: x = -2.4201335 units 
y = -0.0474026 unit 

First, <l>p and Ap are determined, exactly as for the forward example, so that Ao 
again is -90°, and <l>p = 45°. Determining hyperbolic functions, if not readily 
available, 

y/Rk0 = -0.0747026/(l.Oxl.O) = -0.0474026 
e-o.o474026 = 0.9537034 

sinh (y!Rk0) = (0.9537034-110.9537034)/2 
= -0.0474203 

cosh (y/Rk0) = (0. 9537034 + 110. 9537034)/2 
= 1.0011237 

tanh (y!Rk0 ) = (0.9537034 - 1/0.9537034)/(0.9537034 + 110.9537034) 
= -0.0473671 

From equation (9-9), 

<1> = arcsin (sin 45° x ( -0.0473671) + cos 45° sin 
[( -2.4201335/(1. 0 X 1.0)) X 180°/'TT ]/1.0011237 

= arcsin ( -0.5000000) 
= -30° = 30°8. lat. 
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From equation (9-10), 

A. = -90° + arctan ([sin 45° sin [ -2.4201335 x 180°/( 'TT x 1.0 x 1.0)] 
-cos 45° x (-0.0474203)]/cos[-2.4201335x180°/ 
('TTX1.0Xl.0)]j 
-90° + 30.0000041° 

= - 59.9999959° 

but the main denominator is -0.7508428, which is negative, while the numerator 
is also negative. Therefore, add (-180°) to A., so A. = -59.9999959°- 180° = 
-239.9999959° = 240° W. long. = 120° E. long. 

OBLIQUE MERCATOR (HOTINE ELLIPSOID)- FORWARD EQUATIONS 
(SEE P. 71-74 ) 

For alternate A: 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Central scale factor: k 0 = 0. 9996 

Center: <Po = 40° N. lat. 
Central line through: <f>1 = 47°30' N. lat. 

A. 1 = 122° 18' W. long. (Seattle, Wash.) 
<f>2 = 25°42' N. lat. 
A.2 80°12' W. long. (Miami, Fla.) 

False coordinates: x0 4,000,000.0 m 
Yo 500,000.0 m 

Point: <P 40°48' N. lat. 
A. = 74°00' W. long. (New York City) 

Find: x, y, k 

Following equations (9-11) through (9-24) in order: 

B = [1 + 0.00676866 cos4 40°/(1-0.00676866)]112 

= 1.0011727 
A = 6378206.4X1.0011727X0.9996X(l-0.00676866)112/ 

(1-0.00676866 sin2 40°) 
= 6,379,333.2 m 

t0 = tan (45°-40°/2)/[(1-0.0822719 sin 40°)/ 
(1 + 0.0822719 sin 40°)]0·082271912 

= 0.4683428 
t1 = tan (45°-47.S0/2)/[(1-0.0822719 sin 47.5°)/ 

(1+0.0822719 sin 47.5°)]0·082271912 

= 0.3908266 
t2 = tan (45°-25. 7°/2)/[(1-0.0822719 sin 25. 7°)/ 

(1 + 0.0822719 sin 25. 7°)]0·082271912 

0.6303639 
D 1.0011727 x (1-0.00676866)112/[cos 40° x 

(1-0.00676866 sin2 40°)112] 
1.3043327 

E [1.3043327 + (1.30433272 -1)112] X0.4683428LOOI1727 

1.0021857 

using the "+" sign, since <Po is north or positive. 
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H = 0.39082661.0011727 = 0.3903963 
L 
F 
G 
J 

= 0.63036391.0011727 = 0.6300229 
1.0021857/0.3903963 = 2.5670986 
(2.5670986-112.5670986)/2 = 1.0887769 

= (1.00218572 -0.6300229X0.3903963)/(1.00218572 + 0.6300229 
x0.3903963) = 0.6065716 

p = (0.6300229-0.3903963)/(0.6300229 + 0.3903963) 
= 0.2348315 

¥2[( -122.3°) + ( -80.2°)] - arctan \0.6065716 tan [1.0011727 
X ( -122.3° + 80.2°)/2)/0.2348315)/1.0011727 

-101.25°- arctan (-0.9953887)/1.0011727 
- 56.4349628° 

'Yo = arctan \sin [1.0011727x(-122.3°+56.4349628°)]/1.0887769) 
= -39.9858829° 

<Xc = arcsin [1.3043327 sin ( -39. 9858829°)] 
= -56.9466070° 

These are constants for the map. For the given <P and X., following equations 
(9-25) through (9-34) in order: 

t = tan (45°-40.8°/2)/[(1-0.0822719 sin 40.8°)/(1 + 0.0822719 sin 
40. so) )0.0822719/2 

= 0.4598671 
Q = 1.0021857/0.45986711.0011727 = 2.1812805 
s = (2.1812805-1/2.1812805)/2 = 0.8614171 
T = (2.1812805 + 1/2.1812805)/2 = 1.3198634 
V = sin [1.0011727x(-74°+56.4349628°)] 

= -0.3021309 
U = [0.3021309 cos (-39.9858829°) + 0.8614171 sin (-39.9858829°)]/ 

1.3198634 
= -0.2440041 

v = 6379333.2 ln [(1 + 0.2440041)1(1-0.2440041)]/(2x 1.0011727) 
= 1,586, 767.3 m 

u = [[6379333.2 arctan \[0.8614171 cos ( -39.9858829°) 
+ (-0.3021309) sin (-39.9858829°)]/cos [1.0011727x(-74° 
+ 56.4349628°)])/1. 0011727)] X 'iT/180° 

= 4,655,443. 7 m 

Note: Since cos [1.0011727 x ( -74°+56.4349628°)] = 0.9532664, which is positive, 
no correction is needed to the arctan in the equation for u. The ( 'iT/180°) is inserted, 
if arctan is calculated in degrees. 

k = 6379333.2 COS (1.0011727X4655443.7X180°/('iTX6379333.2)) 
x (1-0.00676866 sin2 40.8°)1121\6378206.4 cos 40.8° cos 
[1.0011727X ( -74° + 56.4349628°))) 

1.0307554 
x = 1586767.3 cos ( -56.9466070°) + 4655443.7 sin ( -56.9466070°) 

+4000000 
= 963,436.1 m 

y = 4655443.7 cos (-56.9466070°)- 1586767.3 sin (-56.9466070°) 
+500000 

= 4,369,142.8 m 
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For alternate B (forward): 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Central scale factor: k 0 = 1. 0 

Center: <Po = 36° N. lat. 
A.c = 77.7610558° W. long. 

Azimuth of central line: etc = 14.3394883° east of north 
Point: <!> = 38°48'33.166" N. lat. 

38.8092128° 
A. = 76°52'14.863" W. long. 

= -76.8707953° 

Find: u, v (example uses center of Zone 2, Path 16, Landsat mapping, with Hotine 
Oblique Mercator). 

Using equations (9-11) through (9-39) in order, 

B [1 + 0.00676866 cos4 36°/(1-0.00676866)]112 

1.0014586 
A 63780206.4 X 1.0014586 X 1.0 X (1-0.00676866) 112/(1-0.00676866 

sin2 36°) = 6,380,777.0 m 
t0 tan (45°-36°/2)/[(1-0.0822719 sin 36°)/(1 + 0.0822719 sin 

360) ]0.0822719/2 

0.5115582 
D 1.0014586 x (1-0.00676866)112/[cos 36° 

x (1-0.00676866 sin2 36°)112] 
1.2351194 

F 1.2351194 + (1.23511942 -1)112 = 1.9600471 

using the "+" sign since <Po is north or positive. 

E = 1.9600471x0.5115582L0014586 = 1.0016984 
G = (1. 96004 71-111.96004 71)/2 = 0. 7249276 
'Yo = arcsin [(sin 14.3394883°)/1.2351194] 

11.5673996° 
A.0 = -77.7610558° - [arcsin (0. 7249276 tan 11.5673996°)]/1.0014586 

= -86.2814800° 
U<36", _ 77_76 ... "J = + (6380777.0/1.0014586) arctan [(1.23511942 -1)112/ 

cos 14.3394883°]X TI/180° 
= 4,092,868.9 m 

Note: The TI/180° is inserted, if arctan is calculated in degrees. These are con­
stants for the map. The calculations of u, v, x, and y for (<!>, A.) follow the same 
steps as the numerical example for equations (9-25) through (9-34) for alternate 
A. For<!> = 38.8092128° and A. = -76.8707953°, it is found that 

u = 4,414,439.0 m 
v = -2,356.3 m 

OBLIQUE MERCATOR (HOTINE ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 74-75) 

The above example for alternate A will be inverted, first using equations (9-11) 
through (9-24), then using equations (9-40) through (9-48). Since no new equa-
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tions are involved for inverse alternate B, an example of the latter will be omitted. 
As stated with the inverse equations, the constants for the map are chosen as in 
the forward examples. 

Inversing forward example for alternate A: 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Central scale factor: k 0 = 0.9996 

Center: <l>o = 40° N. lat. 
Center line through: <1> 1 = 47° 30' N. lat. 

X.1 = 122° 18' W. long. 
<1>2 = 25° 42' N. lat. 
X.2 = 80° 12' W. long. 

False coordinates: x0 = 4,000,000.0 m 
Yo = 500,000.0 m 

Point: x = 963,436.1 m 
y = 4,369,142.8 m 

Find: <!>, X. 

Using equations (9-11) through (9-24) in order, again gives the following 
constants: 

B = 1.0011727 
A = 6,379,333.2 m 
E = 1.0021857 
X.0 = -56.4349628° 
'Yo= -39.9858829° 
ac = -56.9466070° 

Following equations (9-40) through (9-48) in order: 

v (963436.1-4000000.0) cos (-56.9466070°)- (4369142.8 
-500000.0) sin ( -56.9466070°) 

1,586,767.3 m 
u = (4369142.8-500000.0) cos ( -56.9466070°) + (963436.1 

-4000000.0) sin ( -56.9466070°) 
4,655,443. 7 m 

Q' e-<Loou727xJ586767.316379333.2J 

e -0.2490273 

= 0.7795587 
s I (0. 7795587-110. 7795587)/2 = -0.2516092 
T' (0. 7795587 + 110. 7795587)/2 = 1.0311679 
V' sin [(1.0011727x4655443.7/6379333.2)X180°/'1T] 

sin 41.8617535° = 0.6673356 
U' [0.6673356 cos (-39.9858829°)- 0.2516092 sin (-39.9858829°)]/ 

1.0311679 
0.6526562 

t ( 1.0021857/[(1 + 0.6526562)/(1-0.6526562)]1i2)11l.0011727 
0.4598671 

The first trial <1> for equation (7- 9) is 

<1> = 90° -2 arctan (0.4598671) = 40.6077096° 
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Calculating a new trial <j>: 

<!> goo - 2 arctan j0.45g8671 x [(1-0.082271g sin 40.60770g6°)/ 
(1 + 0.082271g sin 40.60770g6°)]0.0822719t2) 

40. 7gg25ogo 

Substituting 40. 7gg25ogo in place of 40.60770g6o and recalculating, <!> = 
40. 7gggg71o. Using this<!> for the third trial,<!> = 40.8000000°. The next trial gives 
the same value of <j>. Thus, 

<!> = 40.8° = 40°48' N. lat. 
A -56.434g628° - arctan j[ -0.25160g2 cos ( -3g. g85882go) 

- 0.6673356 sin (-3g.g85882g0 )]/cos [(1.0011727 
X 4655443.7/637g333.2) X 180°/71'])/1.0011727 

- 74.0000000° = 74°00' W. long. 

Using series equation (3-5) with (7 -13), to avoid iteration of (7-g), and begin­
ning with equation (7 -13), 

x =goo -2 arctan 0.45g8671 
= 40.6077og6o 

Since equation (3-5) is used in an example under Auxiliary latitudes, the calcula­
tion will not be shown here. 

CYLINDRICAL EQUAL-AREA (SPHERE)- FORWARD EQUATIONS 
(SEE P. 77, 80 ) 

Normal aspect: 
Given: Radius of sphere: 

Central meridian: 
Standard parallel: 

Point: 

Find: x, y 

R = 1.0 unit 
Ao = 75° W. long. 
<!>s = 30° N. & S. lat. 

<!> = 35° N. lat. 
A= 80° E. long. 

Using equations (10-1) and (10-2), 

x = 7TX 1.0 x [80°-(-75°)] x (cos 30°)1180°=2.3428242 units 
y = 1.0 x sin 35°/cos 30°=0.6623ogo unit 

Transverse aspect: 

Given: Radius of sphere: R = 1.0 unit 
<!>o = 20° S. lat. Origin: 

Central scale factor: 
Ao = 75° W. long. 
h0 = o.g8 

Point: 

Find: x, y 

<!> = 25° N. Lat. 
A= goo W. long. 

Using equations (10-3) and (8-3), 

x = (1.0/0.g8) x cos 25° sin [(-goo)-( -75°)] 
= (1.0/0.g8) x cos 25° sin ( -15°) 
= -0.23g356g unit 
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y = 1.0 x 0.98 x (arctan [tan 25°/cos ( -15°)] - ( -20°)) x 'IT/180° 
= 0.98 x 45.7692621° x 'IT/180°=0.7828478 unit 

Oblique aspect: 
Given: Radius of sphere: 

Central scale factor: 
Central line through: 

Point: 

Find: x, y 

Using equation (9-1), 

R = 1.0 unit 
h0 = 0.98 

<1> 1 = 30° N. lat. 
<1>2 = 60° N. lat. 
A1 = 75° W. long. 
A2 = 50° W. long. 

<1> = 30° S. lat. 
A= 100° W. long. 

AP =arctan \[cos 30° sin 60° cos ( -75°)-sin 30° cos 60° cos ( -50°)]/ 
[sin 30° cos 60° sin ( -50°)-cos 30° sin 60° sin ( -75°)]] 

=arctan \[0.1941143-0.1606969]/[ -0.1915111-( -0. 7244444)]) 
=arctan (0.0334174/0.5329333) 
= 3.5880129°=3.5880129° E. long. 

Since the denominator is positive, 180° is not added to the result. 
From equation (9-6a), 

From equation (9-2), 

Ao = 3.5880129° + 90° = 93.5880129° 

<l>p =arctan \-cos [3.5880129°-(-75°)]/tan 30°) 
= -18.9169858° = 18.9169858° S. lat. 

The other pole is then at 18.9169858° N. lat. and 176.4119871° W. long. From 
equations (10-4) and (10-5), calculating the arctan in radians: 

x = l.Ox0.98 arctan \[tan ( -30°) cos ( -18.9169858°) 
+sin ( -18.9169858°) sin ( -100°-93.5880129°))1 
cos ( -100°-93.5880129°)) 

= 0.98xarctan [ -0.6223338/( -0.9720102)] 
= 0. 98 x (0. 5694937 +'IT), adding 'IT since denominator is negative. 
= 3.6368646 units 

y = (1.0/0.98) [sin ( -18.9169858°) sin ( -30°)-
cos ( -18.9169858°) cos ( -30°) sin ( -100°-93.5880129°)] 

= -0.0309947 unit 

To locate a pole given a central point using equations (9-7) and (9-8), refer to 
the numerical example given under the forward spherical equations for the Oblique 
Mercator projection (p. 000). 

CYLINDRICAL EQUAL-AREA (SPHERE)- INVERSE EQUATIONS 
(SEEP. 80) 

Inversing forward examples: 
Normal aspect: 
Given: R, A0 , <l>s for forward example 
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x = 2.3428242 units 
y = 0.6623090 unit 

Find: <!>, A 

Using equations (10-6) and (10-7), 

<!>=arcsin [(0.6623090/l.O)xcos 30°] 
= 34.9999988° = 35° N. lat, if there were no round-off errors. 

A= [2.3428242/(l.Oxcos 30°)]x180°/1T+(-75°) 
= 80° E. long., ignoring round-off errors. 

Transverse aspect: 
Given: R, <!>0 , A0, h0 , for forward example 

Find<!>, A 

x = -0.2393569 unit 
y = 0. 7828478 unit 

Using equation (10-10), (10-8), and (10-9) in order, 

D = 0. 78284 78/(1. 0 X 0. 98) + (-20°) X 11'1180° 
= 0.4497584 

<!> =arcsin ([1-(0.98x(-0.2393569)/l.Oi]112 

Xsin (0.4497584 radians)/ 
= 25° N. lat., ignoring round-off errors. 

A = -75°+arctan ([0.98x(-0.2393569)/1.0]/ 
[[1- (0. 98 x ( -0.2393569)/1.0)2

] 112 cos (0.4497584 radians)]/ 
= -90°= 90° W. long. 

Oblique aspect: 
Given: R, h0 , and central line through same points as forward example, 

Find<!>, A 

x = 3. 6368646 units 
y = -0.0309947 unit 

First, <!>p and AP are determined exactly as for the forward example, so that Ao 
again is 93.5880129°, and <!>pis -18.9169858°. Using equations (10-11) and (10-12), 

yhofR = -0.0309947 X 0.98/1.0 
= -0.0303748 

xi(Rh0 ) = 3. 6368646/(1. 0 x 0. 98) 
= 3. 7110863 

<!> =arcsin (-0.0303748xsin (-18.9169858°) 
+ [1-( -0.0303748l]112 

X COS (-18.9169858°) 
x sin (3. 7110863 radians)/ 

=arcsin (-0.5)= -30°=30° S. lat. 
A = 93.5880129° +arctan ([[1-( -0.0303748)2

] 112 

x sin (-18.9169858°) 
x sin (3. 7110863 radians) 
- ( -0.0303748) X COS ( -18.9169858°)]/ 
[[1-(-0.0303748lJ112 x cos (3.7110863 radians)]/ 

= 260° or -100° = 100° W. long. 
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CYLINDRICAL EQUAL-AREA (ELLIPSOID)- FORWARD EQUATIONS 
(SEE P. 81-82) 

Normal aspect.· 
Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 

e2 = 0.00676866 
or 

Standard parallel: 
Central meridian: 

Point: 

e = 0.0822719 
<)>8 =5° N. & S. lat. 
~0 = 75° W. long. 
<)> = 100 
~ = 78° W. long. 

Using equations (10-13), (3-12), (10-14), and (10-15) in order, 

ko =cos 5°/[1-0.00676866xsin2 5°]112 

= 0.9962203 
q = (1-0.00676866) x !sin 5°/(1-0.00676866xsin2 5°) 

-[1!(2x0.0822719)] x ln [(1-0.0822719Xsin 5°)/ 
(1+0.0822719Xsin 5°)]) 

= 0.1731376 
X = 6,378,206.4 X 0.9962203 X [ -78°-( -75°)] X "TT/180° 

= -332,699.8 m 
y = 6,378,206.4 x 0.1731376/(2x0.9962203) 

= 554,248.5 m 

Transverse aspect: 
Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 

e2 = 0.00676866 

Find: x, y 

or 
Central meridian: 

Latitude of origin: 
Scale factor at ~0: 

Point: 

e = 0.0822719 
~0 = 75o W. long. 

<)>0 = 30° N. lat. 
h0 = 0.99 

<)> = 40° N. lat. 
~ = 83° W. long. 

Using equations (3-12) and (3-11), 

q = (1-0.00676866) x !sin 40°/(1-0.00676866xsin2 40°) 
-[11(2x0.0822719)] x ln [(1-0.0822719xsin 5°)/ 
(1 +0.0822719Xsin 5°)]) 

= 1.2792602 

Inserting 90° in place of 40° in the same equation, 

qp = 1. 9954814 
13 =arcsin (1.2792602/1.9954814) 

= 39.8722878° 

, Using equations (10-16) and (10-17), 

13c =arctan [tan 39.8722878°/cos [ -83°-( -75°)] 
= 40.1482125° 

qc = 1.9954814 X sin 40.1482125° 
= 1.2866207 
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For the first trial <l>c in equation (3-16), 

<l>c =arcsin (1.2866207/2) 
= 40.0391089° 

Substituting into equation (3-16), 

<Pc = 40.0391089° + [(1-0.00676866 sin2 40.0391089°)2
/ 

(2 COS 40.0391089°)] X (1.2866207/(1-0.00676866) 
-sin 40.0391089°/(1-0.00676866 sin2 40.0391089°) 
+ (1!(2x0.0822719)] In [(1-0.0822719 
sin 40.0391089°)/(1 +0.0822719 sin 40.0391089°)]) x 180°/1T 

= 40.2757321° 

Substituting 40.2757321 o in place of 40.0391089° in the same equation, the new trial 
<Pc is found to be 40.2761382°. The next iteration results in no change to seven 
decimal places. Thus, 

<!>c = 40.2761382° 

Using equation (10-18), 

X = 6,378,206.4 X COS 39.8722878° X COS 40.2761382° 
x sin [-83°-(-75°)]/[0.99xcos 40.1482125° 
x (1-0.00676866Xsin2 40.2761382°)112] 

= -687,825.8 m 

Using equation (3-21), 

Me = 6,378,206.4 X [(1-0.00676866/4-3X0.006768662/64 
-5 X 0.006768663/256) X 40.2761382° X 1T/180° 
- (3X 0.00676866/8+3X0.006768662/32 
+ 45 X 0.006768663/1024) X sin (2X40.2761382°) 
+ (15 X 0. 006768662/256 + 45 X 0. 006768663/1024) 
x sin (4x40.2761382°) - (35x0.006768663

/ 

3072) x sin (6x40.2761382°)] 
= 4,459,980.0 m 

Substituting <!>o = 30° in the same equation in place of 40.2761382°, 

M 0 =3,319,933.3 m 

Using equation (10-19), 

y = 0.99 X (4,459,980.0-3,319,933.3) 
= 1,128,646.2 m 

Oblique aspect: 
Given: Clarke 1866 ellipsoid: 

or 
Central scale factor: · 

Central line through: 

a = 6,378,206.4 m 
e2 = 0.00676866 
e = 0.0822719 

h0 == 1.0 
<!> 1 = 30° N. lat. 
<!>2 = 40° N. lat. 
A1 = 75° W. long. 
A2 = 80° W. long. 



APPENDIX A: NUMERICAL EXAMPLES 

Point: <!> = 42° N. lat. 
A.= 77° W. long. 

Find: x, y 

To find the position of the pole, equations (3-12) and (3-11) are used as in the 
examples for the normal and transverse aspects just above, to determine ~ 1 from 
<!> 1 and ~2 from <)>2 . The results are 

~1 = 29.8877623° 
~2 = 39.8722878° 

Inserting these values in place of <!> 1 and <!>2 in equations (9-1) and (9-2), listed 
under spherical formulas for the projection, 

Ap =arctan [(cos 29.8877623° sin 39.8722878°-
sin 29.8877623° cos 39.8722878° cos ( -80°))/ 
(sin 29.8877623° cos 39.8722878° sin (-80°) 
- cos 29.8877623° sin 39.8722878° sin ( -75°))] 

= arctan (0.4894080/0.1602532) 
= 71.8693268°, not adding 180° since denominator is positive. 

f3p =arctan [-cos (71.8693268°-( -75°))/tan 29.8877623°] 
= 55.5374608° 

Using equations (10-17) and (3-16), with subscript p instead of c, <l>p is found by 
iteration as in the example for <l>c under the transverse aspect. Finally, 

<l>p = 55.6583959° 

Using equations (10-20) and (10-21), and table 13 for the Clarke 1866 ellipsoid, 
the specific Fourier coefficients are calculated: 

B = 0.9991507126 + (-0.0008471537) cos (2 X 55.6583959°) 
+ (0.0000021283) COS (4 X 55.6583959°) 
+ ( -0.0000000054) COS (6 X 55.6583959°) 

= 0.9994571 
A2 = -0.0001412090 + ( -0.0001411258) cos (2 X 55.6583959°) 

+ (0.0000000839) COS (4 X 55.6583959°) 
+ (0.0000000006) COS (6 X 55.6583959°) 

= -0.0000900 
A 4 = -0.0000000435 + ( -0.0000000579) cos (2 X 55.6583959°) 

+ ( -0.0000000144) COS (4 X 55.6583959°) 
+ (0) COS (6X55.6583959°) 

= -0.0000000 

Equations (3-12) and (3-11) are again used to determine (3 from <!>, giving 

(3 = 41.8710109° 
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From equation (10-22), 

A.' =arctan ([cos 55.5374608° sin 41.8710109° 
- sin 55.5374608° cos 41.8710109° cos ( -77° 
-71.8693268°)]/cos 41.8710109° sin ( -77°-71.8693268°)]) 

= arctan [0. 9032359/( -0.3849775)] 
= -66.9153117° + 180° = 113.0846883° 

adding 180° because the denominator is negative. 

Using equations (10-23) through (10-25), using qp as computed above for the 
transverse aspect, 

X = 6,378,206.4 X 1.0X[0.9994571X113.0846883°X7r/180° 
+ (-0.0000900) x sin (2x113.0846883°) 
+ (-0.0000000) x sin (4xl13.0846883°) 

= 12,582,246.4 m 
F = 0.9994571 + 2 X (-0.0000900) X cos (2X113.0846883°) 

+ 4 X (-0.0000000) X COS (4Xll3.0846883°) 
= 0.9995817 

y = (6,378,206.4xl.9954814/2) x [sin 55.5374608° 
x sin 41.8710109° + cos 55.5374608° x cos 41.8710109° 
X COS ( -77°-71.8693268°))/(1.0X0.9995817) 

= 1,207,233.0 m 

CYLINDRICAL EQUAL-AREA (ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 82-84 ) 

Inversing forward examples: 
Normal aspect: 
Given: a, e2

, c:j>8 , and 11.0 as in forward ellipsoid examples 

Find: c:j>, 11. 

x = -332,699.8 m 
y = 554,248.5 m 

After k0 and qp are determined from (10-13) and (3-12) as in the forward normal 
and transverse examples, 

then, from (10-26), 

k 0 = 0.9962203 
qp = 1.9954814 

f3 =arcsin [2x554,248.5x0.9962203/(6,378,206.4Xl.9954814)] 
= 4.9775164° 

Using equations (10-17) and (3-16), with subscript c omitted, c:!> is found from f3 
bY, iteration as in the example for c:!>c under the forward transverse ellipsoid exam­
ple. Finally, 

c:!> = 5° N. lat. 
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From (10-27), 

A.= -75° + [ -332,699.8/(6,378,206.4x0.9962203)] x 180°/11' 
= -78° = 78° W. long. 

Transverse aspect: 
Given: a, e2

, A-0 , <f>0, h0 as in forward ellipsoid example: 

Find: <f>, A. 

x = -687,825.8 m 
y = 1,128,646.2 m 

After M 0 is calculated from (3-21), using cf>o = 30° in place of <f>c, as in the forward 
ellipsoid example, 

From (10-28), 

M 0 = 3,319,933.3 m 

Me= 3,319,933.3 + 1,128,646.2/0.99 
=4,459,980.0 m 

From (7-19), (3-24) and (3-26), 

f.Lc = 4,459,980.0/[6,378,206.4 X (1-0.00676866/4 
-3 X 0.006768662/64 - 5 X 0.006768663/256)) 

= 0. 7004398 radians = 40.1322426° 
e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866)112] 

= 0.0016979 
<f>c = [0.7004398 + (3x0.0016979/2-27x0.00169793/32) 

sin (2x40.1322426°) + (21x0.00169792/16 
-55 x 0.0016979/32) sin (4x40.1322426°) 
+ (151x0.00169793/96) sin (6x40.1322426°) 
+ (1097X0.00169794/512) sin (8x40.1322426°)] x 180°/11' 

= 40.2761378° 

Using (3-12) and (3-11), with qp calculated as in the forward example, 

qc = (1-0.00676866) x (sin 40.2761378°/(1 
-0.00676866 x sin2 40.2761378°) - [1!(2 
x 0.0822719)] ln [(1-0.0822719 x sin 40.2761378°)/ 
(1 + 0.0822719 x sin 40.2761378°)]] 
1.2866207 

13c =arcsin (1.2866207/1.9954814) 
= 40.1482122° 

From equations (10-29) through (10-31), 

13' =-arcsin [0.99 x (-687,825.8) x cos (40.1482122°) 
x (1-0.00676866 x sin2 40.2761378°)112/ 

(6,378,206.4 X COS 40.2761378°)] 
= 6.1315692° 
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13 = arcsin (cos 6.1315692° sin 40.1482122°) 
= 39.8722875° 

A = -75°-arctan (tan 6.1315692°/cos 40.1482122°) 
= -75°-8°= -83°=83° W. long. 

Using (10-17) and (3-16), with subscript c omitted, <Pis found from 13 by iteration 
as in the example for <Pc under the forward transverse ellipsoid example. Finally, 

<1> = 40° N. lat. 

Oblique aspect: 
Given: a, e2

, h0 , calculated pole location (<l>p, Ap), calculated Fourier coefficients 
B, A2 , and A4 as in the forward oblique ellipsoid example, and Rq as calculated 
for the forward normal ellipsoid example, 

Find<!>, A. 

x = 12,582,246.4 m 
y = 1,207,233.0 m 

First qP = 1.9954814, as found from (3-12) in the forward transverse example. 

To solve for A.' from (10-32), the first trial A.' is found as described: 

A.' [12,582,246.4/(6,378,206.4 X LOX 0. 9994571)] X 180°/1T 
113.0884082° 

Using equation (10-32), 

A.' = [12,582,246.4/(6,378,206.4X LO)x 180°/1T 
-( -0.0000900) x sin (2x 113.0884082°) 
-( -0.0000000) x sin (4x 113.0884082°)]/ 
0.9994571 

113.0846878° 

Substituting 113.0846878° in place of 113.0884082° in this equation, A.' is calculated 
to be 113.0846883°. The next iteration yields no change to seven decimal places, so 
that 

A' = 113.0846883° 

Equation (10-24) is used to calculate F just as it was in the forward oblique 
example, so F is again 

F = 0.9995817 

From equations (10-33) through (10-35), 

13' =arcsin [2X0.9995817x LOx 1,207,233.0/ 
(6,378,206.4 XL 9954814)] 

= 10.93083763° 

13 =arcsin (sin 55.5374608° sin 10.93083763° 
+ cos 55.5374608° cos 10.93083763° 
sin 113. 0846883°) 

= 4L8710109° 
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A = 71.8693268° + arctan [cos 10.93083763° 
cos 113.0846883°/(cos 55.5374608° 
sin 10.93083763° - sin 55.5374608° 
cos 10.93083763° sin 113.0846883°)] 

= 71.8693268° + arctan [ -0.3849775/( -0.6374127)] 
= 71.8693268° + 31.1306732° + 180°, adding 180° 

because of the negative denominator. Thus, 

Using (10-17) and (3-16), ~is found from [3 as previously, dropping subscript c 
and with iteration, to produce 

~ = 42° N. lat. 

The computation of Fourier coefficients is not shown here, since it is lengthy and 
is not needed unless a different ellipsoid is desired. An example of computation of 
Fourier coefficients is given under the Space Oblique Mercator projection. 

MILLER CYLINDRICAL (SPHERE)- FORWARD EQUATIONS (SEEP. 88) 

Given: Radius of sphere: R = 1.0 unit 
Ao = oo long. Central meridian: 

Point: ~ = 50° N. lat. 
A = 75° W. long. 

Find x, y, h, k 

Using equations (11-1) through (11-5) in order, 

or 

X = l.Ox[ -75°-0°]X1T/180° 
= -1.3089969 units 

y = l.Ox[lntan(45°+0.4X50°)]/0.8 
= (ln tan 65°)/0.8 
= 0. 9536371 unit 

y = l.Ox(arcsinh [tan (0.8x50°)])/0.8 
= arcsinh 0.8390996/0.8 
= 0. 9536371 unit 

h = sec(0.8X50°) = 1/cos40° = 1.3054073 
k =sec 50° = 1/cos 50° = 1.5557238 

sin 1/2w = (cos 40°- cos 50°)/( cos 40° + cos 50°) 
= 0.0874887 

w = 10.0382962° 

MILLER CYLINDRICAL (SPHERE)- INVERSE EQUATIONS (SEE P. 88) 

Inversing forward example: 

Given: R, Ao for forward example 

Find:~. A 

x = - 1.3089969 units 
y = 0.9536371 unit 
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Using equations (11-6) and (11-7), 

or 

<!> = 2.5 arctan e(O.sxo.9536371/LOJ - (571"/8) X 180°hr 
= 2.5 arctan e0.7629096-l. 9634954 x 180°/71" 
= 2.5 arctan (2.1445069)- 1.9634954 x 180°/'lT 
= 2.5 X 65.0000006° - 112.5000000° 
= 50.0000015°=50° N. lat. 

~ =arctan [sinh (0.8x0.9536371/l.0)]/0.8 
= (arctan 0.8390997)/0.8 
= 50.0000015°=50° N. lat. 

A = 0° - (1.3089969/1.0) X 180°/'lT 
= oo - 74.9999978° = 75° W. long. 

CASSIN! (SPHERE)-FORWARD EQUATIONS (SEEP. 94) 

Given: Radius of sphere: R = 1.0 unit 

Origin: ~0 = 20° S. lat . 
.\0 = 75° W. long. 

Point: ~ = 25° N. lat. 
A. = 90° W. long. 

Find: x, y, h' 

Using equations (8-5), and (13-1) through (13-3) in order, 

B =cos 25° sin [ -90°-( -75°)] 
= -0.2345697 

x = 1.0 x arcsin ( -0.2345697) x 'lT/180° 
= -0.2367759 unit 

y = 1.0 x (arctan [tan 25°/cos [-90°-(-75°)]]-(-20°)fx'lT/180° 
= 1. 0 x 45.7692621 o x 'lT/180° = 0. 7988243 unit 

h' = 11[1-( -0.2345697)2
]112 

= 1.0287015 

CASSIN! (SPHERE)- INVERSE EQUATIONS (SEEP. 94-95) 

Inversing forward example: 

Given: R, ~0 , A.0 for forward example 

Find: <!>, A. 

x = -0.2367759 unit 
y = 0. 7988243 unit 

Using equations (13-6), (13-4), and (13-5) in order, 

D = (0. 7988243/l.O)x 180°171" + ( -20°) 
= 25.7692610° 
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4> = arcsin (sin 25.7692610° cos [(-0.2367759/1.0) x 180°/TI]j 
= arcsin 0.4226182 
= 25° N. lat. 

A -75° + arctan(tan[( -0.2367759/l.O)x 180°hr]/cos25. 7692610°] 
-75° + arctan ( -0.2679492) 
-75°+(-15°)= -90°=90° W. long. 

CASSIN! (ELLIPSOID)-FORWARD EQUATIONS (SEEP. 95) 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Origin: <Po = 40° N. lat. 
Ao = 75° W. long. 

Point: 4> = 43° N. lat. 
A = 73° W. long. 

Find: x, y, 8 at Az = 30° east of north 

Using equations (4-20), (8-13), (8-15), (8-14), and (3-21) in order, 

N = 6,378,206.4/(1-0.006768662 x sin2 43°)112 

= 6,388,270.3 m 
T = tan2 43° = 0.8695844 
A = [-73°- (-75°)]X(TI/180°)X COS 43° 

= 0.02552906 
C = 0.00676866 x cos2 43°/(1-0.00676866) 

= 0.003645081 
M = 6,378,206.4 X [(1-0.00676866/4-3X0.006768662/64 

-5 X 0.006768663/256) X43°X TI/180°-(3 X 0.00676866/ 
8 + 3x0.006768662/32 + 45x0.006768663/1024) 
sin (2x43°) + (15x0.006768662/256 + 45 
x0.006768663/1024) sin (4x43°)-(35x0.006768663

/ 

3072) sin (6X43°)] 
= 4, 762,504.8 m 

Substituting 40° for 43° in equation (3-21), 

M 0 = 4,429,318.9 m 

Using equations (13-7) through (13-9) in order, 

X = 6,388,270.3 X [0.02552906-0.8695844X0.025529063
/ 

6-(8-0.8695844 + 8X0.003645081) X0.8695844 
X 0.025529065/120] 

163,071.1 m 

y = 4,762,504.8 - 4,429,318.9 + 6,388,270.3 x tan 43o 
X (0.025529062/2 + (5-0.8695844+6X0.003645081) 
X 0.025529064/24] 

= 335,127.6 m 

8 1 + 163,071.12 cos2 30° x (1-0.00676866 X sin2 43°)2/ 

[2 X 6,378,206.42 X (1-0.00676866)] 
1.0002452 
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CASSIN! (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 95) 

Inversing forward example: 

Given: a, e2, 4>0, Ao as in forward example 

Find: 4>, A 

x = 163,071.1 m 
y = 335,127.6 m 

Calculating M 0 from equation (3-21) as in the forward example for 4>0 = 40°, 

M 0 = 4,429,318.9 m 

Using equations (13-12), (7-19), and (3-24) in order, 

M1 = 4,429,318.9 + 335,127.6 
= 4, 764,446.5 m 

f-ll = 4, 764,446.5/(6,378,206.4 X (1-0.00676866/4 
- 3 X 0.006768662/64 - 5 X 0.006768663/256)] 

= 0. 7482562 radians = 42.8719240° 
e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866)112] 

= 0.001697916 

Using equations (3-26), (8-22), (8-23), (8-24), and (13-13) in order, 

4>1 = 42.8719240° + ((3X0.001697916/2-27X0.0016979163/ 
32) sin (2X42.8719240°) + (21X0.0016979162/16 
- 55 x 0.0016979164/32) sin (4x42.8719240°) 
+ (151x0.0016979163/96) sin (6x42.8719240°) 
+ (1097x0.0016979164/512) sin (8x42.8719240°)] x 180°/'l'T 

= 43.0174782° 
T1 = tan2 43.0174782° 

= 0.8706487 
N 1 = 6,378,206.4/(1-0.00676866 sin2 43.0174782°)112 

= 6,388,276. 9 m 
R 1 = 6,378,206.4 X (1-0.00676866)/(1-0.00676866 

x sin2 43.0174782o)atz 
= 6,365,088.8 m 

D = 163,071.1/6,388,276.9 
= 0.0255266 

Using equations (13-10) and (13-11) in order, 

q, = 43.0174782°- (6,388,276.9xtan 43.0174782°/ 
6,365,088.8) x [0.02552662/2- (1 +3x0.8706487) 
X 0.02552664/24] X 180°/'l'T 

= 43° N. lat. 
A = -75° + ([0.0255266-0.8706487x0.02552663/3 

+ (1 + 3 X0.8706487) X 0.8706487 X 0.02552665/15]/ 
COS 43.0174782°) X 180°/'l'T 

= -73° = 73° W. long. 
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ALBERS CONICAL EQUAL-AREA (SPHERE)- FORWARD EQUATIONS (SEE P.lOO) 

Given: Radius of sphere: R = 1.0 unit 
Standard parallels: 

Origin: 

Point: 

<!> 1 = 29° 30' N. lat. 
<!>2 = 45° 30' N. lat. 
<l>o = 23° N. lat. 
Ao = 96° W. long. 
<!> = 35° N. lat. 
A = 75° W. long. 

Find: p, e, x, y, k, h, w 

From equations (14-6), (14-5), (14-3), (14-3a), and (14-4) in order, 

n =(sin 29.5° + sin 45.5°)/2 
= 0.6028370 

C = cos2 29.5° + 2 x 0.6028370 sin 29.5° 
= 1.3512213 

p = 1.0 x (1.3512213-2x0.6028370 sin 35°)112/0.6028370 
= 1.3473026 units 

p0 = 1.0 x (1.3512213-2X0.6028370 sin 23°)112/0.6028370 
= 1. 5562263 units 

e = o.6028370x[(-75°)-(-96°)] 
= 12.6595771° 

From equations (14-1), (14-2), and (14-7) in order, 

and 

x = 1.3473026 sin 12.6595771 o 

= 0.2952720 unit 
y = 1.5562263 - 1.3473026 cos 12.6595771° 

= 0.2416774 unit 
h =cos 35°/(1.3512213-2x0.6028370 sin 35°)112 

= 1.0085547 

k = 111.0085547 = 0.9915178 

From equation (4-9), 

sin V2w = 11.0085547 -0.99151781/(1.0085547 + 0.9915178) 
(1) = 0.9761189° 

ALBERS CONICAL EQUAL-AREA (SPHERE)- INVERSE EQUATIONS (SEEP. 101) 

Inversing forward example: 

Given: R, <l>I> <!>2 , <!>0 , A.0 for forward example 

Find: p, e, <J>, A 

x = 0.2952720 unit 
y = 0.2416774 unit 
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As in the forward example, from equations (14-6), (14-5), and (14-3a) in order, 

n = (sin29.5°+sin45.5°)/2 
= 0.6028370 

C = cos2 29.5° + 2 >< 0.6028370 sin 29.5° 
= 1.3512213 

Po = 1.0 X (1.3512213-2><0.6028370 
sin 23°)112/0.6028370 

= 1. 5562263 units 

From equations (14-10), (14-11), (14-8), and (14-9) in order, 

Given: 

p = [0.29527202 + (1.5562263-0.2416774?]112 
= 1.3473026 units 

{I =arctan [0.2952720/(1.5562263-0.2416774)] 
= 12.6595766°. Since the denominator is positive, 

there is no adjustment to e. 
<!> =arcsin [[1.3512213-(1.3473026><0.6028370/l.Ol]l 

(2><0.6028370)) 
= arcsin 0.5735764 
= 35.0000007° = 35° N. lat. 

A. = 12.6595766°/0.6028370 + ( -96°) 
= 20.9999992-96° 
= -75.0000008° = 75° W. long. 

ALBERS CONICAL EQUAL-AREA (ELLIPSOID)-FORWARD EQUATIONS (SEE P.l01) 

Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Standard parallels: <l>l = 29° 30' N. lat. 

<1>2 = 45° 30' N. lat. 
Origin: <l>o = 23° N. lat. 

A.o = 96° W. long. 
Point: <!> = 35° N. lat. 

X. = 75° W. long. 

Find: p, e, x, y, k, h, w 

From equation (14-15), 

m 1 =cos 29.5°/(1-0.00676866 sin2 29.5°)It2 
= 0.8710708 

m2 =cos 45.5°/(1-0.00676866 sin2 45.5°)112 
= 0.7021191 

From equation (3-12), 

q1 = (1-0.00676866) [sin 29.5°/(1-0.00676866 sin2 29.5°) 
-(11(2><0.0822719)] In [(1-0.0822719 sin 29.5°)/ 
(1 + 0.0822719 sin 29.5°)]) 

= 0.9792529 

Using the same formula for q2 (with <!>2 instead of <!> 1), 

Q2 = 1.4201080 
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Using the same formula for q0 (with <l>o instead of <!> 1), 

q0 = 0. 7767080 

From equations (14-14), (14-13), and (14-12a) in order, 

n = (0.87107082 -0. 70211912)/(1.4201080-0. 9792529) 
= 0.6029035 

C = 0.87107082 + 0.6029035 X 0.9792529 
= 1.3491594 

Po = 6378206.4 X (1.3491594-0.6029035X0. 7767080)112/0.6029035 
= 9,929,079.6 m 

These are the constants for the map. For<!> = 35° N. lat. and A. = 75° W. long.: 
Using equation (3-12), but with <!> in place of <!>1, 

q = 1.1410831 

From equations (14-12), (14-4), (14-1), and (14-2) in order, 

p = 6378206.4 X (1.3491594-0.6029035 X 1.1410831)112/0.6029035 
= 8,602,328.2 m 

6 = 0.6029035 X ( -75°-(-96°)] = 12.6609735° 
x = 8602328.2 sin 12.6609735° = 1,885,472. 7 m 
y = 9929079.6 - 8602328.2 cos 12.6609735° 

= 1,535,925.0 m 

From equations (14-15), (14-16), (14-18), and (4-9) in order, 

m =cos 35°/(1-0.00676866 sin2 35°)112 
= 0.8200656 

k = 8602328.2X0.6029035/(6378206.4X0.8200656) 
= 0.9915546 

h = 110.9915546 = 1.0085173 
sin 1/zw = 11.0085173-0.99155461/(1.0085173+0.9915546) 

w = 0. 9718678° 

ALBERS CONICAL EQUAL-AREA (ELLIPSOID)- INVERSE EQUATIONS 

(SEEP. 102) 

Inversing forward example: 

Given: Clarke 1866 ellipsoid: a = 6378206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Standard parallels: <1> 1 = 29° 30' N. lat. 

<!>2 = 45° 30' N. lat. 
Origin: <l>o = 23° N. lat. 

A.0 = 96° W. long. 
Point: x = 1,885,472. 7 m 

y = 1,535,925.0 m 
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Find: p, e, <!>, A. 

The same constants n, C, p0 are calculated with the same equations as those 
used for the forward example. For the particular point: 

From equation (14-10), 

p = [1885472. 72 + (9929079.6-1535925.0lJ112 
= 8,602,328.3 m 

From equation (14-11), 

e =arctan [1885472. 7/(9929079.6-1535925.0)] 
=arctan 0.2246441 
= 12.6609733°. The denominator is positive; therefore e is not 

adjusted. From equation (14-19), 
q = [1.3491594-(8602328.3x0.6029035/6378206.4)2]/0.6029035 

= 1.1410831 

Using for the first trial<!> the arcsin of (1.141083112), or 34.7879983°, calculate a 
new <!> from equation (3-16), 

<!> = 34.7879983° + [(1-0.00676866 sin2 34. 7879983°)2/(2 cos 
34.7879983°)] x [1.14108311(1-0.00676866) - sin 34.7879983°/ 
(1-0.00676866 sin2 34. 7879983°) + [11(2 x 0.0822719)] In 
[(1-0.0822719 sin 34. 7879983°)/(1 + 0.0822719 sin 
34. 7879983°))) X 180°/'lT 

= 34.9997335° 

Note that 180°/'lT is included to convert to degrees. Replacing 34.7879983° by 
34.9997335° for the second trial, the calculation using equation (14-19) now pro­
vides a third<!> of 35.0000015°. A recalculation with this value results in no change 
to seven decimal places. (This does not give exactly 35o due to rounding-off errors 
in x and y.) Thus, 

<!> = 35.0000015° N. lat. 

For the longitude use equation (14-9), 

h = (-96°) + 12.6609733°/0.6029035 
= -75.0000003° or 75.0000003° W. long. 

For scale factors, we revert to the forward example, since <!>and A are now known. 
Series equation (3-18) may be used to avoid the iteration above. Beginning 

with equation (14-21), 

13 =arcsin [1.14108311[1-[(1-0.00676866)/(2x0.0822719)] In 
[(1-0.0822719)/(1 + 0.0822719)])] 

= 34.8781793° 

An example is not shown for equation (3-18), since it is similar to the example 
for (3-5). 
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LAMBERT CONFORMAL CONIC (SPHERE)- FORWARD EQUATIONS 
(SEE P. 106-107 ) 

Given: Radius of sphere: 
Standard parallels: 

Origin: 

Point: 

Find: p, 6, x, y, k 

R=l.O unit 
4>1 = 33° N. lat. 
4>2 = 45° N. lat. 
<f>o = 23° N. lat. 
1\.0 =96° W. long. 
<f> = 35° N. lat. 
1\.=75° W. long. 

From equations (15-3), (15-2), and (15-1a) in order, 

n = ln (cos 33°/cos 45°)/ln [tan (45° + 45°/2)/tan (45° + 33°/2)] 
= 0.6304777 

F = [cos 33° tan°·6304777 (45° + 33°/2)]/0.6304777 
= 1. 9550002 units 

Po = 1.0 x 1.9550002/tan°·6304777 (45° + 23°/2) 
= 1.5071429 units 

The above constants apply to the map generally. For the specific <f> and I\, using 
equations (15-1), (14-4), (14-1), and (14-2) in order, 

p = 1.0 x 1.9550002/tan°·6304777 (45° + 35°/2) 
= 1.2953636 units 

e ::: 0.6304777 x r< -75°)-< -96°)] 
= 13.2400316° 

x = 1.2953636 sin 13.2400316° 
= 0.2966785 unit 

y = 1.5071429 - 1.2953636 cos 13.2400316° 
= 0.2462112 unit 

From equation (15-4), 

k =cos 33° tan°·6304777 (45° + 33°/2)/[cos 35° tan°·6304777 

(45° + 35°/2)] 
::: 0.9970040 

or from equation (4-5), 

k = 0.6304777 X 1.2953636/(1.0 COS 35°) 
= 0.9970040 

LAMBERT CONFORMAL CONIC (SPHERE)- INVERSE EQUATIONS 
(SEEP. 107) 

Inversing forward example: 

Given: R, <f>I> 4>2 , 4>0 , 1\0 for forward example 
x = 0.2966785 unit 
y = 0.2462112 unit 
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Find: p~ 8, <J>, A 

After calculating n, F, and Po as in the forward example, obtaining the same 
values, equation (14-10) is used: 

p = [0.29667852 + (1.5071429-0.2462112)2
] 112 

= 1.2953636 units 

From equation (14-11), 

8 = arctan [0.2966785/(1.5071429-0.2462112)] 
= 13.2400329°. Since the denominator is positive, 8 is not 

adjusted. 

From equation (14-9), 

A = 13.2400329°/0.6304777 + ( -96°) 
= -74.9999981° = 74.9999981° W. long. 

From equation (15-5), 

<l> = 2 arctan (1.0 x 1.9550002/1.2953636)110· 6304777 -90° 
= 34.9999974° N. lat. 

LAMBERT CONFORMAL CONIC (ELLIPSOID)-,. FORWARD EQUATIONS 
(SEEP. 107-108) 

Given: Clarke 1866 ellipsoid: 

or 
Standard parallels: 

Origin: 

Point: 

Find: p, 8, x, y, k 

From equation (14-15), 

a = 6,378,206.4 m 
e2 = 0.00676866 
e = 0.0822719 
<l>1 = 33° N. lat. 
<j>2 = 45° N. lat. 
<l>o = 23° N. lat . 
.\0 = 96° W. long. 
<J> = 35° N. lat. 
A = 75° W. long. 

m 1 =cos 33°/(1-0.00676866 sin2 33°)112 

= 0.8395138 
m2 =cos 45°/(1-0.00676866 sin2 45°)112 

= 0.7083064 

From equation (15-9), 

t 1 =tan (45°-33°/2)/[(1-0.0822719 sin 33°)/(1 + 0.0822719 sin 33°)]0082271912 

= 0.5449623 
t2 = 0.4162031, using above with 45° in place of 33°. 
t0 = 0.6636390, using above with 23° in place of 33°. 

From equations (15-8), (15-10), and (15-7a) in order, 

n =In (0.8395138/0. 7083064)/ln (0.5449623/0.4162031) 
= 0.6304965 
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F = 0.8395138/(0.6304965 X 0.54496230.6304965) 
= 1.9523837 

Po = 6378206.4 X 1.9523837 X 0.66363900.6304965 
= 9,615,955.2 m 

The above are constants for the map. For the specific <!>, A., using equation 
(15-9), 

t = 0.5225935, using above calculation with 35° in place of 33°. 

From equations (15-7), (14-4), (14-1), and (14-2) in order, 

p = 6378206.4 X 1.9523837 X 0.52259350·6304965 
= 8,271,173.9 m 

e = 0.6304965 x [ -75°-( -96°)] = 13.2404256° 
x = 8271173.9 sin 13.2404256° 

= 1,894,410.9 m 
y = 9615955.2-8271173.9 cos 13.2404256° 

= 1,564,649.5 m 

From equations (14-15) and (14-16), 

m =cos 35°/(1-0.00676866 sin2 35°)112 

= 0.8200656 
k = 8271173.9 X 0.6304965/(6378206.4 X 0.8200656) 

= 0.9970171 

LAMBERT CONFORMAL CONIC (ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 109 ) 

Inversing forward example: 

Given: Clarke 1866 ellipsoid: 

or 
Standard parallels: 

Origin: 

Point: 

a = 6,378,206.4 m 
e2 = 0.00676866 
e = 0.0822719 

<1> 1 = 33o N. lat. 
<1>2 = 45o N. lat. 
<l>o = 23o N. lat. 
A.0 = 96° W. long. 
x = 1,894,410.9 m 
y = 1,564,649.5 m 

The map constants n, F, and p0 are calculated as in the forward example, obtain­
ing the same values. Then, from equation (14-10), 

p = [1894410.92 + (9615955.2 - 1564649.5)2
] 112 

= 8,271,173.8 m 

From equation (14-11), 

e =arctan [1894410.9/(9615955.2 - 1564649.5)] 
= 13.2404257°. The denominator is positive; therefore e is not adjusted. 

From equation (15-11), 

t = [8271173.8/(6378206.4 X 1.9523837))110.6304965 
= 0.5225935 
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To use equation (7-9), an initial trial <1> is found as follows: 

<1> = 90° - 2 arctan 0.5225935 
= 34.8174484° 

Inserting this into the right side of equation (7-9), 

<1> = 90° - 2 arctan (0.5225935 x [(1-0.0822719 sin 34.8174484°)/ 
(1 + 0.0822719 sin 34.8174484°)]o.os22719/2 

= 34.9991687° 

Replacing 34.8174484° with 34.9991687° for the second trial, a <1> of 34.9999969° is 
obtained. Recalculation with the new <1> results in <1> = 35.0000006°, which does not 
change to seven decimals with a fourth trial. (This is not exactly 35°, due to 
rounding-off errors.) Therefore, 

<1> = 35.0000006° N. lat. 

From equation (14-9), 

A = 13.2404257°/0.6304965 + ( -96°) 
= -75.0000013° = 75.0000013° W. long. 

Examples using equations (3-5) and (7-13) are omitted here, since compara­
ble examples for these equations have been given above. 

EQUIDISTANT CONIC (SPHERE)- FORWARD EQUATIONS (SEE P.113) 

Given: Radius of sphere: R = 1.0 unit 
Standard parallels: <1> 1 = 29° 30' N. lat. 

<1>2 = 45° 30' N. lat. 
<l>o = 23° N. lat. Origin: 
Ao = 96° W. long. 

Point: <1> = 35° N. lat. 
A = 75° W. long. 

Find: p, e, x, y, k 

From equations (16-4), (16-3), (16-2), (16-1), and (14-4) in order, 

n = (cos 29.5°-cos 45.5°)/[(45.5°-29.5°) x 111180°] 
0.6067853 

G (cos 29.5°)/0.6067853 + 29.5° x 11/180° 
= 1.9492438 

Po 1.0 X (1.9492438 - 23° X 11/180°) 
= 1.5478181 units 

p 1.0 X (1.9492438-35° X 11/180°) 
1.3383786 units 

e = 0.6067853 X ( -75°-(-96°)] 
12.7 424921° 

Using equations (14-1), (14-2), and (16-5) in order, 

x 1.3383786 sin 12.7424921° 
0.2952057 unit 

y 1.5478181 - 1.3383786 cos 12.7424921° 
0.2424021 unit 
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k (1.9492438 - 35° x 11"1180°) x 0.6067853/cos 35° 
0.99140 

EQUIDISTANT CONIC (SPHERE)-INVERSE EQUATIONS (SEE P.l13) 

Inversing forward example: 

Given: R, <j:l 11 <j:l2 , <!>0 , ~0 for forward example 

Find: p, e, <j:l, ~ 

x = 0.2952057 unit 
y = 0.2424021 unit 

Calculating n, G, and p0 as in the forward example, 

n = 0.6067853 
G = 1.9492438 
Po = 1.5478181 units 

Using equations (14-10) and (14-11) in order, 

p = + [0.29520572 + (1.5478181-0.2424021)2
] 112 

= 1.3383786 units, positive because n is positive 
e =arctan [0.2952057/(1.5478181-0.2424021)] 

= 12.7 424933°, not adding 180° since denominator is positive 

Using equations (16-6) and (14-9) in order, 

<!> = [1.9492438 - 1.3383786/1.0) X 180°/11" 
= 35° N. lat. 

A = -96° + 12.7424933°/0.6067853 
= -75° = 75° W. long. 

EQUIDISTANT CONIC (ELLIPSOID)- FORWARD EQUATIONS (SEE P.l14) 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Standard parallels: <j:l1 = 29° 30' N. lat. 
<j:l2 = 45° 30' N. lat. 

Origin: <Po = 23° N. lat. 
Ao = 96° W. long. 

Point: <j:l = 35° N. lat. 
A = 75° W. long. 

Find: p, e, X, y, k 

From equations (14-15) and (3-21), 

m =cos 35°/(1-0.00676866 sin2 35°)112 

= 0.8200656 
M = 6,378,206.4 X [(1-0.00676866/4-3X0.006768662/64 

- 5 X 0.006768663/256) X 35° X 11"/180° - (3X0.00676866/ 
8 + 3 X 0.006768662/32 + 45 X 0.006768663/1024) 
sin (2x35°) + (15x0.006768662/256 + 45 x 0.006768663/ 

1024) sin (4X35°) - (35x0.006768663/3072) 
sin (6x35°)] 

= 3,874,395.2 m 
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Using the same equations, but with <1>1 = 29.5° in place of 35°, 

m 1 = 0.8710708 
M 1 = 3,264,511.2 m 

Similarly, with <1>2 = 45.5° in place of 35°, 

m2 = 0. 7021191 
M2 = 5,040,295.0 m 

and with <l>o = 23° in place of 35°, 

M0 = 2,544,389.8 m 

Using equations (16-10), (16-11), (16-9), (16-8), and (14-4) in order, 

n = 6,378,206.4 x (0.8710708-0. 7021191)/(5,040,295.0-3,264,511.2) 
= 0.6068355 

G = 0.8710708/0.6068355 + 3,264,511.2/6,378,206.4 
= 1.9472543 

Po= 6,378,206.4 X 1.9472543 - 2,544,389.8 
= 9,875,599.9 m 

p = 6,378,206.4 X 1.9472543 - 3,874,395.2 
= 8,545,594.4 m 

e = 0.6068355 x [ -75°-( -96°)] 
= 12.7 435458° 

Constants n, G, and p0 apply to the entire map. 
Using equations (14-1), (14-2), and (16-7) in order, 

x = 8,545,594.4 x sin 12.7435458° 
= 1,885,051.9 m 

y = 9,875,599.9 - 8,545,594.4 X COS 12.7435458° 
= 1,540,507.6 m 

k = (1.9472543-3,874,395.2/6,378,206.4) 
X 0.6068355/0.8200656 

= 0.99144 

EQUIDISTANT CONIC (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 114) 

Inversing forward example: 
Given: a, e2

, <1> 11 <1>2 , <1>0 , A.0 for forward example 

x = 1,885,051.9 m 
y = 1,540,507.6 m 

Calculating n, G, and p0 as in the forward example, 

n = 0.6068355 
G = 1.9472543 
Po= 9,875,599.9 m 
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Using equations (14-10), (14-11), (16-12), (7-19), (3-24), and (3-26) in order, 

p = + [1,885,051.92 + (9,875,599.9-1,540,507.6)2
] 112 

= 8,545,594.4 m 
e =arctan [1,885,051.9/(9,875,5gg_g-1,540,507.6)] 

= 12.7435461 o, not adding 180° since denominator is positive. 
M = 6,378,206.4 X 1.9472543 - 8,545,594.4 

= 3,874,395.4 m 
J.L = 3,874,395.4/[6,378,206.4 X (1-0.00676866/4 

- 3 x 0.006768662/64-5x0.006768663/256)] 
= 0.6084737 radians = 34.8629767° 

e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866)112] 

= 0.001697916 
<1> = 34.8629767° + [(3x0.001697916/2-27x0.0016979163

/ 

32) sin (2x34.8629767°) + (21x0.0016979162/16 
- 55 x 0.0016g7g164/32) sin (4x34.862g767°) 
+ (151x0.0016979163/96) sin (6x34.862g767°) 
+ (1097X0.0016979164/512) sin (8x34.8629767°)] 
X 180°/"TT 

= 35° N. lat. 

Using equation (14-g), 

X. = -g6o + 12.7435461°/0.6068355 
= -75° = 75° W. long. 

BIPOLAR OBLIQUE CONIC CONFORMAL (SPHERE)- FORWARD EQUATIONS 
(SEEP. 118-120 ) 

This example will illustrate equations (17 -14) through (17 -23), assuming prior 
calculation of the constants from equations (17 -1) through (17 -13). 

Given: Radius of sphere: R = 6,370,997 m 
Point: <1> = 40° N. lat. 

X. = goo W. long. 

Find: x, y, k 

From equations (17-14) and (17-15), 

z8 =arccos \sin 45° sin 40° + cos 45° cos 40° cos [( -19o5g'36") 
-(-goo)]) 

= 50.22875° 
Az8 =arctan \sin ( -1go59'36" + 90°)/[cos 45° tan 40° - sin 45° cos 

( -19o5g'36" + goon) 
= 6g.48856° 

Since 6g.48856° is less than 104.42834°, proceed to equation (17 -16). 
From equations (17-16) through (17-22), 

p8 = 1.89725 x 637ogg7 tan°·63056 (1/zx50.22875°) 
= 7,496,100 m 

k = 7,496,100 x 0.63056/(6370gg7 sin 50.22875°) 
= o.g6527 
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a= arccosj[tan°·63056 (VzX50.22875°) + tan°·63056 %(104° 
-50.22875°)]/1.27247) 

= 1.88279° 
n(Az8 A -Az8 ) = 0.63056 X (104.42834°- 69.48856°) = 22.03163° 

This is greater than a, so p8 ' = p8 • 

x' = 7,496,100 sin [0.63056 (104.42834°-69.48855°)] 
= 2,811,900 m 

y' = 7,496,100 cos [0.63056 (104.42834°-69.48855°)] 
-1.20709 X 6,370,997 

= -741,670 m 

From equations (17 -32) and (17 -33), 

x = -2,811,900cos45.81997° + 741670sin45.81997° 
= -1,427,800 m 

y = 741,670 cos 45.81997° + 2811900 sin 45.81997° 
= 2,533,500 m 

BIPOLAR OBLIQUE CONIC CONFORMAL (SPHERE)- INVERSE EQUATIONS 
(SEEP. 120-121) 

Inversing the forward example: 

Given: Radius of sphere: R = 6,370,997 m 
Point: 

Find: <j>, A. 

x = -1,427,800 m 
y = 2,533,500 m 

From equations (17-34) and (17-35), 

x' = -( -1,427,800) cos 45.81997° + 2,533,500 sin 45.81997° 
= 2,811,900 m 

y' = -( -1,427,800) sin 45.81997° - 2,533,500 cos 45.81997° 
= -741,670 m 

Since x' 'is positive, go to equations (17-36) through (17-44) in order: 

p'8 = [2,811,9002 + (1.20709x6,370,997- 741,670)2
] 112 

= 7,496,100 m 
Az' 8 =arctan [2,811,900/(1.20709 x 6,370,997 - 741,670)] 

= 22.03150° (The denominator is positive, so there is no 
quadrant correction.) 

p8 = 7,496,100 m 
z8 = 2 arctan [7,496,100/(1.89725x6,370,997)]110·63056 

= 50.22873° 
a= arccos j[tan°·63056 (V2X50.22873°) 

+ tan°·63056 112(104°-50.22873°)]/ 1.27247) 
= 1.88279° 

Since Az'8 is greater than a, go to equation (17-42). 

Az8 = 104.42834° - 22.03150°/0.63056 
= 69.48876° 
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tj> =arcsin (sin 45° cos 50.22873° + cos 45° sin 50.22873° cos 
69.48876°) 

= 39.99987° or 40° N. lat., if rounding off had not 
accumulated errors. 

X.= ( -19°59'36")-arctan (sin 69.48876°/[cos 45°/tan 50.22873° 
- sin 45° cos 69.48876°]) 

= -89.99987° or 90° W. long., if rounding off had not 
accumulated errors. 

POLYCONIC (SPHERE)- FORWARD EQUATIONS (SEEP. 128-129) 

Given: Radius of sphere: R = 1.0 unit 
Origin: 

Point: 

Find: x, y, h 

tj>0 = 30° N. lat. 
A.0 = 96° W. long. 
tj> = 40° N. lat. 
X.= 75° W. long. 

From equations (18-2) through (18-4), 

E = ( -75° + 96°) sin 40° 
= 13.4985398° 

x = 1. 0 cot 40° sin 13.4985398° 
= 0.2781798 unit 

y = 1.0 x [40° x 'IT/180°- 30° x 'IT/180° + cot 40° (1-cos 13.4985398°)] 
= 0.2074541 unit 

From equations (18-6) and (18-5), 

D = arctan ((13.4985398° x 'IT/180° - sin 13.4985398°)/(sec2 40° -
cos 13.4985398°)) 

= 0.17018327° 
h = (1-cos2 40° cos 13.4985398°)/sin2 40° cos 0.17018327° 

= 1.0392385 

POLYCONIC (SPHERE)- INVERSE EQUATIONS (SEEP. 129) 

Inversing the forward example: 

Given: Radius of sphere: 
Origin: 

Point: 

Find: tj>, X. 

R = 1.0 unit 
tj>0 = 30° N. lat. 
'11.0 = 96° W. long. 
x = 0.2781798 unit 
y = 0.2074541 unit 

Since y 4:. -1.0 x 30° x 'IT/180°, use equations (18-7) and (18-8): 

A= 30° X 'IT/180° + 0.2074541/1.0 
= 0.7310529 

B = 0.27817982/1.02 + 0. 73105292 

= 0.6118223 

Assuming an initial <1>n = A = 0. 7310529 radians, it is simplest to work with 
equation (18-9) in radians: 
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<l>n+ 1 = 0. 7310529 - [0. 7310529 X (0. 7310529 tan 0. 7310529 + 1) 
-0. 7310529-lfz(O. 73105292 + 0.6118223) tan 0. 7310529]/ 
[(0. 7310529 - 0. 7310529)/tan 0. 7310529-1] 

= 0.6963533 radian 

Using 0.6963533 in place of 0. 7310529 (except that the boldface retains the value 
of A) a new <Pn+l of 0.6981266 radian is obtained. Again substituting this value, 
0. 6981317 radian is obtained. The fourth iteration results in the same answer to 
seven decimal places. Therefore, 

<1> = 0.6981317 x 180°/'lT = 40.0000004° or 40° N. lat. 

From equation (18-10), 

h.= [arcsin (0.2781798 tan 40°/1.0)]/sin 40° + ( -96°) 
= -75.0000014° = 75° W. long. 

POLYCONIC (ELLIPSOID)- FORWARD EQUATIONS (SEEP. 129-130) 

Given: Clarke 1866 ellipsoid: a= 6,378,206.4 m 

Find: x, y, h 

From equation (3-21), 

e2 = 0.00676866 
Origin: <l>o = 30° N. lat. 

1\.0 = 96° W. long. 
Point: <1> = 40° N. lat. 

'A = 75° W. long. 

M = 6,378,206.4 X [(1-0.00676866/4 - 3 X 0.006768662/64 
-5X0.006768663/256) X 40° X '!T/180° - (3X0.00676866/8 
+3X0.006768662/32 + 45 X 0.006768663/1024) 
sin (2x40°) + (15x0.006768662/256 + 45 x 0.006768663/1024) 
sin (4x40°) - (35x0.006768663/3072) sin (6x40°)] 

= 4,429,318.9 m 

Using 30° in place of 40°, 

From equation (4-20), 

M0 = 3,319,933.3 m 

N = 6,378,206.4/(1-0.00676866 sin2 40°)112 

= 6,378,143.9 m 

From equations (18-2), (18-12), and (18-13), 

E = ( -75° + 96°) sin 40° 
= 13.4985398° 

x = 6,387,143.9 cot 400 sin 13.4985398° 
= 1,776,774.5 m, 

y = 4,429,318.9 - 3,319,933.3 + 6,387,143.9 cot 40° 
(1-cos 13.4985398°) 

= 1,319,657.8 m 
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To calculate scale factor h, from equations (18-16) and (18-15), 

D = arctan \(13.4985398° x 11'1180° - sin 13.4985398°)/[sec2 40° 
- cos 13.4985398° - 0.00676866 sin2 40°/(1-0.00676866 
sin2 40°)]j 

= 0.1708380522° 
h = [1-0.00676866 + 2(1-0.00676866 sin2 40°) sin2 

V2(13.4985398°)/tan2 40°]/(1-0.00676866) cos 0.1708380522° 
= 1.0393954 

POLYCONIC (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 130-131) 

Inversing the forward example: 

Given: Clarke 1866 ellipsoid: a= 6,378,206.4 m 

Find: <f>, A. 

e2 = 0.00676866 
Origin: <f>o = 30° N. lat. 

A.0 = 96° W. long. 
Point: x = 1,776,774.5 m 

y = 1,319,657.8 m 

First calculating M 0 from equation (3-21), as in the forward example, 

M 0 = 3,319,933.3 m 

Since y 9= M 0 , from equations (18-18) and (18-19), 

A = (3,319,933.3 + 1,319,657.8)/6,378,206.4 
= 0.7274131 

B = 1,776,774.52/6,378,206.42 + 0.72741312 

= 0.6067309 

Assuming an initial value of <f>n = 0. 7274131 radian, the following calculations are 
made in radians from equations (18-20), (3-21), (18-17), and (18-21): 

C = (1-0.00676866 sin2 0. 7274131)112 tan 0. 7274131 
= 0.8889365 

Mn = 4,615,626.1 m 
M'n = 1- 0.00676866/4- 3X0.006768662/64- 5 X 0.006768663/256 

- 2 X (3X0.00676866/8 + 3 X 0.006768662/32 + 45 
X 0.006768663/1024) COS (2X0.7274131) + 4 X (15 
X 0.006768662/256 + 45 X 0.006768663/1024) COS (4 
X 0.7274131) - 6 X (35X0.006768663/3072) COS (6 
X 0. 7274131) 

= 0.9977068 
Ma = 4,615,626.1/6,378,206.4 = 0.7236558 

<f>n+l = 0. 7274131 - [0. 7274131 X (0.8889365 X 0. 7236558 + 1) 
- 0. 7236558 - lfz(O. 72365582 + 0.6067309) X 0.8889365]/ 
[0.00676866 sin (2x0.7274131) x (0.72365582 + 0.6067309 
- 2 X 0.7274131 X 0.7236558)/(4X0.8889365) 
+ (0.7274131 - 0.7236558) X (0.8889365 X 0.9977068 
- 2/sin (2x0.7274131))- 0.9977068] 

= 0.6967280 radian 
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Substitution of 0.6967280 in place of 0. 7274131 in equations (18-20), (3-21), 
(18-17), and (18-21), except for boldface values, which are A, not <l>n, a new 
<l>n + 1 of 0. 6981286 is obtained. Using this in place of the previous value results in a 
third <l>n+ 1 of 0.6981317, which is unchanged by recalculation to seven decimals. 
Thus, 

<1> = 0.6981317 x 180°/'lT = 40.0000005° = 40° N. lat. 

From equation (18-22), using the finally calculated C of 0.8379255, 

A= [arcsin (1, 776,774.5 x 0.8379255/6,378,206.4)]/sin 40° + ( -96°) 
= -75° = 75° W. long. 

MODIFIED POLYCONIC (IMW)-FORWARD EQUATIONS (SEEP. 131, 134-135) 

Given: International ellipsoid: a= 6,378,388.0 m 
e2 = 0.00672267 

Northernmost lat. of quad: 
Southernmost lat. of quad: 

Central meridian: 
Meridian true to scale: 

Point: 

<1>2 = 40° N. lat. 
<1> 1 = 36° N. lat. 
Ao = 75° W. long. 
A1 = 73o W. long. 

<1> = 39° N. lat. 
A = 76° W. long. 

For constants applying to entire map, using equations (18-26) and (18-27) for 
n = 1, 

R 1 = 6,378,388.0 x cot 36°/(1-0.00672267 x sin2 36°)112 

= 8,789,311.0 m 
F 1 = [ -73°-( -75°)] sin 36° 

= 1.1755705° 

Using <1>2 = 40° for n = 2 in the same equations, 

R 2 = 7,612,045.9 m 
F 2 = 1.2855752° 

Using equations (18-23) through (18-25) for n = 1 and 2, 

x1 = 8, 789,311.0 x sin 1.1755705° 
= 180,322.7 m 

x2 = 7,612,045.9 x sin 1.2855752° 
= 170,781.1 m 

y1 =8,789,311.0 x (1-cos 1.1755705°) 
= 1,849.957 m 

T2 = 7,612,045.9 x (1-cos 1.2855752°) 
= 1,916.033 m 

Using equation (3-21) for n = 1, 

M1 = 6,378,388 X [(1-0.00672267/4- 3 X 0.006722672/4 
- 5 X 0.006722673/256) X 36° X 'lT/180° - (3 X 0.00672267/ 
8 + 3 X 0.006722672/32 + 45 X 0.006722673/1024) 
sin (2x36°) + (15X0.006722672/256 + 45 
x 0.006722673/1024) sin (4x36°) - (35x0.006722673

/ 

3072) sin (6X36°)] 
= 3,985,606.6 m 
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Repeating the calculation for n = 2 and 4>2 = 40°, 

M2 = 4,429,605.0 m 

Using equations (18-28) through (18-33) in order, 

Y2 = [(4,429,605.0-3,985,.606.6)2 
- (170,781.1 - 180,322.7)2

] 112 

+ 1,849.957 
= 445,745.8 m 

C2 = 445,745.8- 1,916.033 
= 443,829.8 m 

p = (4,429,605.0 X 1,849.957- 3,985,606.6 X 445,745.8)/ 
(4,429,605.0 - 3,985,606.6) 

= -3,982,836.2 m 
Q = (445,745.8 - 1,849.957)/(4,429,605.0 - 3,985,606.6) 

= 0.9997691 
P' = (4,429,605.0 X 180,322.7 - 3,985,606.6 X 170, 781.1)/ 

(4,429,605.0 - 3,985,606.6) 
= 265,974.0 m 

Q' = (170,781.1- 180,322.7)/(4,429,605.0- 3,985,606.6) 
= -0.02149016 

The above constants apply to the entire quadrangle. The following values are for 
the specific point. Using equations (3-21) and (18-26) without subscripts, for 
<f> = 39°, 

M = 4,318,576.8 m 
R = 7,887,159.9 m 

Using equations (18-34) through (18-40) in order, 

Xa = 265,974.0 + (-0.02149016) X 4,318,576.8 
= 173,167.1 m 

Ya = -3,982,836.2 + 0.9997691 X 4,318,576.8 
= 334,743.2 m 

c = 334,743.2- 7,887,159.9 + (7,887,159.92 -173,167.12)112 

= 332,842.0 m 
Xb = 7,612,045.9 sin [( -76°-( -75°)) sin 40°] 

= -85,395.9 m 
Yb = 443,829.8 + 7,612,045.9 x (1-cos [( -76°-( -75°)) sin 40°]) 

= 444,308.8 m 
Xc = 8,789,311.0 sin [(-76°-(-75°)) sin 36°] 

= -90,166.1 m 
Yc =8,789,311.0 X (1- cos [(-76°-(-75°)) sin 36°]) 

== 462.5 m 

Using equations (18-41) through (18-44), 

D = [ -85,395.9-( -90,166.1)]/[444,308.8-462.5] 
== 0.01074735 

B == -90,166.1 + 0.01074735 X (332,842.0+7,887,159.9-462.5) 
== -1,827.9 m 

X = (-1,827.9-0.01074735 X [7,887,159.92 X (1 +0.010747352)­

( -1,827.9)2]112}/(1 + 0.010747352) 

= -86,588.8 m 
y = 332,842.0 + 7,887,159.9- [7,887,159.92 - (-86,588.8)2]112 

= 333,317.3 m 
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MODIFIED POLYCONIC (IMW)-INVERSE EQUATIONS (SEE P.135) 

Inversing forward example: 

Given: a, e2
, <h, <j> 1 , A.0 , .\1 for forward example 

x = -86,588.8 m 
y = 333,317.3 m 

These constants are calculated exactly as in the forward case, and have the same 
values for this example: x~> x2 , YI> M 1, M2 , y2 , C2 , P, Q, P', Q'. The first trial 
<j> and A., or <l>ti and Ati, are found from equations (18-47) and (18-48): 

<l>ti = 40° 
Afl = [ -86,588.8/(6,378,388.0 X cos 40°)) X 180°/7T + ( -75°) 

= -76.0153586° 

Calculating x, y for these trial values of <j>, A., exactly as in the forward case, 
results in the following test values: 

Yc = 476.8 m 
xn = -86,707.4 m 
Ytl = 444,323.6 m 

The new trial <j> and A. are found from equations (18-49) and (18-50): 

<l>t2 = [(40°-36°) X (333,317.3-476.8)/(444,323.6-476.8)) +36° 
= 38.999598° 

Atz = [(-76.0153586°-( -75°)) X ( -86,588.8)/(-86, 707.4)] + ( -75°) 
= -76.0139694° 

Calculating x, y from tt -'se trial values, and then recalculating <j>, A.: 

Yc = 475.5 m 
Xtz = -87,798.8 m 
Ytz = 333,286.1 m 
<l>t3 = 38.9998792° 
At3 = -75.9999952° 

The next iteration produces the following: 

Then 

Yc = 462.5 m 
Xt3 = -86,588.5 m 
Yt3 = 333,303.9 m 
<l>t4 = 38.9999997° 
At4 = -75.9999984° 

Yc = 462.5 m 
Xt4 = -86,588.7 m 
Yt4 = 333,317.3 m 
<l>t5 = 38.9999996° 
Ats = -76.0000001 o 
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And finally, since there is no significant change, 

Yc = 462.5 m 
Xts = -86,588.8 m 
Yt5 = 333,317.3 m 
<l>t6 = 38.9999996° 
At6 = -76.0000001° 

Thus, <!> = 39° N. lat. and A = 76° W. long. 

BONNE (SPHERE)- FORWARD EQUATIONS (SEEP. 139-140) 

Given: Radius of sphere: R 
Standard parallel: <!> 1 

Central meridian: Ao 
Point: <!> 

A 

1.0 unit 
40° N. lat. 
75° W. long. 
30° N. lat. 
85° W. long. 

Find: x, y 

Using equations (19-1) through (19-4) in order, 

p = 1.0 x [cot 40° + (40°-30°) x ,./180°] 
= 1.3662865 units 

E = 1.0 X [ -85° - ( -75°)] cos 30°/1.3662865 
= -6.3385344° 

x = 1.3662865 sin ( -6.3385344°) 
= -0.1508418 unit 

y = 1.0 cot 40° - 1.3662865 cos ( -6.3385344°) 
= -0.1661807 unit 

BONNE (SPHERE)- INVERSE EQUATIONS (SEE P.140) 

Inversing forward example: 

Given: R, <j>1 , A.0 for forward example 

Find:<!>, A. 

x = -0.1508418 unit 
y -0.1661807 unit 

Using equations (19-5) through (19-7) in order, 

p = [(-0.1508418)2 + (l.Ocot40°-(-0.1661807))2]1'.! 
= 1.3662865 units 

<!> = (cot 40°) x 180°/'lT + 40°-(1.3662865/1.0) x 180°/,. 
= 30° N. lat. 

A = -75° + 1.3662865 x (arctan [ -0.1508418/(1.0 cot 40° 
- ( -0.1661807))])/(1.0 cos 30°) 

= -75° + 1.3662865 x (arctan [ -0.1508418/1.3579343])/ 
cos 30° 

= -85° = 85° W. long., not adding 180° to the arctan because 
the denominator is positive. 
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BONNE (ELLIPSOID)- FORWARD EQUATIONS (SEE P.140) 

Clarke 1866 ellipsoid: a 
e2 

Standard parallel: cj>1 

Central meridian: Ao 
Point: cJ> 

A 

= 6,378,206.4 m 
= 0.00676866 
= 40° N. lat. 
= 75° W. long. 
= 30° N. lat. 
= 85° W. long. 

Find: x, y 

Using equations (14-15) and (3-21), 

m = cos 30°/(1-0.00676866 sin2 30°)1-2 
= 0.8667591 

M = 6,378,206.4 X [(1-0.00676866/4-3X0.006768662/64 
-5X0.006768663/256) X 30° X 7r/180°- (3X0.00676866/8 
+ 3 X 0.006768662/32 + 45 X 0.006768663/1024) 
sin (2x30°) + (15x0.006768662/256 + 45 x 0.006768663

/ 

1024) sin (4x30°) - (35X0.006768663/3072) sin (6x30°)] 
= 3,319,933.3 m 

Using the same equations, but with cj>1 = 40° in place of 30°, 

m 1 = 0. 7671179 
M1 = 4,429,318.9 m 

Using equations (19-8) through (19-11) in order, 

p = 6,378,206.4 x 0. 7671179/sin 40° + 4,429,318.9 - 3319933.3 
= 8,721,287.6 m 

E = 6,378,206.4 X 0.8667591 X [ -85° - ( -75°)]/8, 721,287.6 
= -6.3389360° 

x = 8, 721,287.6 sin ( -6.3389360°) 
= -962,915.1 m 

y = 6,378,206.4 x 0.7671179/sin 40°-8,721,287.6 cos (-6.3389360°) 
= -1,056,065.0 m 

BONNE (ELLIPSOID)- INVERSE EQUATIONS (SEE P.l40) 

Inversing forward example: 

Given: a, e2
, cl>b A0 for forward example 

x = -962,915.1 m 
y -1,056,065.0 m 

Find: cj>, A 

Using equations (14-15) and (3-21), m 1 and M 1 are calculated as in the forward 
example: 

m 1 = 0. 7671179 
M 1 = 4,429,318.9 m 

Using equations (19-12), (19-13), (7-19), (3-24), and (3-26) in order, 
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p == [( -962,915.1)2 + (6,378,206.4 x 0. 7671179/sin 40°- ( -1,056,065.0))2)1'2 
= 8,721,287.6 m 

M = 6,378,206.4 x 0.7671179/sin 40° + 4,429,318.9-8,721,287.6 
= 3,319,933.3 m 

f.l. = (3,319,933.3/[6,378,206.4 X (1-0.00676866/4 
- 3 X 0.006768662/64 - 5 X 0.006768663/256))) X 180°/'TT 

= 29.8737595° 
e1 = [1-(1-0.00676866)~'>]/[1 + (1-0.00676866)1'2] 

= 0.001697916 
<!> = 29.8737595° + [(3 X 0.001697916/2-27 X 0.0016979163/32) 

sin (2 x 29.8737595°) + (21 x 0.0016979162/16 
- 55 x 0.0016979164/32) sin (4 x 29.8737595°) 
+ (151 x 0.0016979163/96) sin (6 x 29.8737595°) 
+ (1097 X 0.0016979164/512) sin (8 X 29.8737595°)] X 180°hr 

= 30° N. lat. 

Using equation (14-15), 

m cos 30°/(1-0.00676866 x sin2 30°)1'2 
0.8667591 

Using equation (19-14), 

A = -75° + 8721287.6 x (arctan [ -962,915.11 
(6,378,206.4 x 0. 7671179/sin 40° - ( -1,056,065.0))]]/ 
(6,378,206.4 X 0.8667591) 

= -85° = 85° W. long. 

ORTHOGRAPHIC (SPHERE)- FORWARD EQUATIONS (SEEP. 148-149) 

Given: Radius of sphere: R = 1.0 unit 
Center: 

Point: 

Find: x, y 

<1>1 = 40° N. lat. 
A0 = 100° W. long 

<1> = 30° N. lat. 
A= 110° W. long. 

In general calculations, to d~termine whether this point is beyond viewing, using 
equation (5-3), 

cos c = sin 40° sin 30° + cos 40° cos 30° cos (- 11 oo + 100°) 
= 0.9747290 

Since this is positive, the point is within view. 
Using equations (20-3) and (20-4), 

x = 1.0 cos 30° sin ( -110° + 100°) 
= -0.1503837 

y = 1. 0 [cos 40° sin 30° - sin 40° cos 30° cos (- 11 oo + 100°)) 
= -0.1651911 

Examples of other forward equations are omitted, since the formulas for the 
oblique aspect apply generally. 
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ORTHOGRAPHIC (SPHERE)- INVERSE EQUATIONS (SEEP. 150) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Center: 

Point: 

Find: <j>, A 

<1> 1 = 40° N. lat. 
Ao =woo W. long. 
x = -0.1503837 unit 
y = -0.1651911 unit 

Using equations (20-18) and (20-19), 

p = [( -0.1503837)2 + ( -0.1651911)2]112 

= 0.2233906 
c = arcsin (0.2233906/1.0) 

= 12.9082572° 

Using equations (20-14) and (20-15), 

<1> =arcsin [cos 12.9082572° sin 40° + (-0.1651911 sin 
12.9082572° cos 40°/0.2233906)] 

= 30.0000007°, or 30° N. lat. if rounding off did not occur. 
A= -woo + arctan [ -0.1503837 sin 12.9082572°/(0.2233906 

cos 40° cos 12.9082572° + 0.1651911 sin 40° sin 
12. 9082572°)] 

=-woo + arctan [ -0.0335943/0.1905228] 
= -100° + (-9.9999964°) 
= -109.9999964°, or 110° W. long. if rounding off did not 

occur 

Since the denominator of the argument of arctan is positive, no adjustment for 
quadrant is necessary. 

STEREOGRAPHIC (SPHERE)-FORWARD EQUATIONS (SEEP. 157-158) 

Given: Radius of sphere: R = 1.0 unit 
Center: 

Central scale factor: 

<1> 1 = 40° N. lat. 
Ao = 100 W. long. 
ko = 1.0 

Point: <1> = 30° N. lat. 
A = 75° W. long. 

Find: x, y, k 

Using equations (21-4), (21-2), and (21-3) in order, 

k = 2 x 1.0/[1 + sin 40° sin 30° + cos 40° cos 30° cos ( -75° + 100°)] 
= 1.0402304 

x = 1. 0 x 1. 0402304 cos 30° sin ( -75° + W0°) 
= 0.3807224 unit 

y = 1. 0 x 1. 0402304 [cos 40° sin 30° - sin 40° cos 30° cos ( -75° + W0°)] 
= -0.1263802 unit 

Examples of other forward equations are omitted, since the above equations are 
general. 
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STEREOGRAPHIC (SPHERE)- INVERSE EQUATIONS (SEEP. 158-159) 

Inversing forward example: 

Given: Radius of sphere: 
Center: 

Central scale factor: 
Point: 

Find: <!>, X. 

R = 1.0 unit 
<1> 1 = 40° N. lat . 
.\0 = 100 W. long. 
k0 = 1.0 
x = 0.3807224 unit 
y = -0.1263802 unit 

Using equations (20-18) and (21-15), 

p = [0.38072242 + ( -0.1263802)2
] 112 = 0.4011502 units 

c = 2 arctan [0.4011502/(2Xl.Oxl.O)] 
= 22.6832261° 

Using equations (20-14) and (20-15), 

<!> =arcsin [cos 22.6832261° sin 40° + (-0.1263802) 
sin 22.6832261 o cos 40°/0.4011502] 

= arcsin 0.5000000 = 30° = 30° N. lat. 
X. = -100° + arctan [0.3807224 sin 22.6832261 °/(0.4011502 

cos 40° cos 22. 6832261 o + 0.1263802 sin 40° sin 22. 6832261 °)] 
= -100° + arctan (0.1468202/0.3148570) 
= -100° + 25.0000013° 
= -74.9999987° = 75° W. long. 

except for effect of rounding-off input data. Since the denominator of the argu­
ment of arctan is positive, no quadrant adjustment is necessary. If it were negative, 
180° should be added. 

STEREOGRAPHIC (ELLIPSOID)- FORWARD EQUATIONS (SEEP. 160-161) 

Oblique aspect: 

Given: Clarke 1866 ellipsoid: 

or 
Center: 

Central scale factor: 
Point: 

Find: x, y, k 

From equation (3-1), 

a = 6,378,206.4 m 
e2 = 0.00676866 
e = 0.0822719 

<1>1 = 40° N. lat. 
.\0 = 100° W. long. 
k 0 = 0.9999 

<1> = 30° N. lat. 
X.= 90° W. long. 

x1 = 2 arctan (tan (45°+40°/2) [(1-0.0822719 sin 40°)/ 
(1 +0.0822719 sin 40°)]0.0822719t2) -90° 

= 2 arctan 2.1351882 - 90° 
== 39.8085922° 

x = 2 arctan (tan (45°+30°/2) [(1-0.0822719 sin 30°)/ 
(1 + 0.0822719 sin 30°)]0.0822719t2] _ goo 
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= 2 arctan 1. 7261g56 - goo 
= 29.831833go 

From equation (14-15), 

From equation (21-27), 

m1 =cos 40°/(1-0.00676866 sin2 40°)112 
= 0.7671179 

m =cos 30°/(1-0.00676866 sin2 30°)112 

= 0.86675g1 

A = 2 X 6,378,206.4 X 0. 9g99 X 0. 767117g/(cos 39.8085922° 
[1Xsin 39.8085922° sin 29.8318339° + cos 39.8085922° 
cos 2g.8318339° cos ( -90° + 100°)]) 

= 6,450,107.7 m 

From equations (21-24), (21-25), and (21-26), 

x = 6,450,107. 7 cos 29.8318339° sin ( -90° + 100°) 
= 971,630.8 m 

y = 6,450,107.7 [cos 39.8085922° sin 29.8318339° 
- sin 39.8085922° cos 29.8318339° cos ( -90° + 100°)] 

= -1,063,049.3 m 
k = 6,450,107. 7 COS 29.8318339°/(6,378,206.4 X 0.8667591] 

= 1.0121248 

Polar aspect with known k0 : 

Given: International ellipsoid: a= 6,378,388.0 m 
e2 = 0.00672267 

or e = 0.0819919 
Center: South Pole c!> 1 = goo S. lat. 

Ao = 100° W. long. (meridian 
along pos. Y axis) 

Central scale factor: k 0 = 0. 994 

Find: x, y, k 

Point: c!> = 75° S. lat. 
'A= 150° E. long. 

Since this is the south polar aspect, for calculations change signs of x, y, c!>, A, 
and Ao (<f.>cis not used): Ao = 100° E. long., c!> = 75° N.lat., A= 150°W.long. Using 
equations (15-9) and (21-33), 

= tan(45° - 75°/2)/[(1-0.0819919 sin 75°)/(1 + 0.0819919 sin 75°)]0·081991912 
= 0.1325120 

p = 2 X 6,378,388.0 X 0.994 X 0.1325120/[(1 +0.0819919)[1+0.08199191 
X (1-0.0819919)[1-0.08199191)112 

= 1,674,638.5 m 

Using equations (21-30) and (21-31), changing signs of x and y for the south 
polar aspect, 

x = -1,674,638.5 sin ( -150° -100°) 
= -1,573,645.4 m 
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y = + 1,674,638.5 cos (- 150° - 100°) 
= -572,760.1 m 

From equation (14-15), 

m =cos 75°/(1-0.00672267 sin2 75°)112 

= 0.2596346 

From equation (21-32), 

k = 1,674,638.5/(6,378,388 X 0.2596346) 
= 1.0112245 

Polar aspect with known <l>c not at the pole: 

Given: International ellipsoid: a= 6,378,388.0 m 
e2 = 0.00672267 

Find: x, y, k 

or 
Standard parallel: 

Point: 

e = 0.0819919 
<l>c = 71° S. lat. 
Ao = 100 W. long. (meridian 

along pos. Y axis) 
<l> = 75° S. lat. 
A = 150° E. long. 

Since <l>c is southern, for calculations change signs of x, y, <l>c, <l>, A, and A0: <l>c = 
71 o N. lat., <l> = 75° N. lat., A = 150° W. long., Ao = 100° E. long. Using equation 
(15-9), t for 75° has been calculated in the preceding example, or 

t = 0.1325120 

For tc, substitute 71° in place of 75° in (15-9), and 

tc = 0.1684118 

From equations (14-15) and (21-34), 

me= cos 71°/(1-0.00672267 sin2 71°)112 

= 0.3265509 
p = 6,378,388.0 X 0.3265509 X 0.1325120/0.1684118 

= 1,638,869.6 m 

Equations (21-30), (21-31), and (21-32) are used as in the preceding south polar 
example, changing signs of x andy. 

x = -1,638,869.6 sin (- 150° - 100°) 
= -1,540,033.6 m 

y = + 1,638,869.6 cos (- 150° - 100°) 
= -560,526.4 m 

k = 1,638,869.6/(6,378,388.0 X 0.2596346) 
= 0.9896255 

where m is calculated in the preceding example. 

315 



316 MAP PROJECTIONS-A WORKING MANUAL 

STEREOGRAPHIC (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 161-162) 

Oblique aspect (inversing forward example): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

or e = 0.0822719 
Central: <!>1 = 40° N. lat. 

Ao = 100° W. long. 
Central scale factor: k0 = 0. 9999 

Find:<!>, A 

From equation (14-15), 

Point: x = 971,630.8 m 
y = -1,063,049.3 m 

m1 =cos 40°/(1-0.00676866 sin2 40°)112 

= 0.7671179 

From equation (3-1), as in the forward oblique example, 

X1 = 39.8085922° 

From equations (20-18) and (21-38), 

p = [971,630.82 + ( -1,063,049.3)2] 112 
= 1,440,187.6 m 

ce = 2 arctan [1,440,187.6 cos 39.8085922°/(2x6,378,206.4 
X 0.9999 X 0.7671179)] 

= 12.9018251° 

From equation (21-37), 

x =arcsin [cos 12.9018251° sin 39.8085922° 
+ (-1,063,049.3 sin 12.9018251° cos 39.8085922°/1,440,187.6)] 

= 29.8318337° 

Using x as the first trial <P in equation (3-4), 

<P = 2 arctan (tan (45° + 29.8318337°/2) x [(1 + 0.0822719 
sin 29.8318337°)/(1-0. 0822719 sin 29.8318337o)]o.o822719/z] 
-90° 

= 29.9991438° 

Using this new trial value in the same equation for <!>, not for x, 

<j> = 2 arctan !tan (45° + 29.8318337°/2) x [(1 + 0.0822719 
sin 29. 9991438°)/( 1-0. 0822719 sin 29. 9991438°) ]0·082271912) 
-90° 

= 29.9999953° 

Repeating with 29.9999953° in place of 29.9991438°, the next trial <!> is 

<!> = 29.9999997° 
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The next trial calculation produces the same <!> to seven decimals. Therefore, 
this is <j>. 

Using equation (21-36), 

A = -100° + arctan [g71,630.8 sin 12. go18251 °/ 
(1,440,187.6 cos 3g.8085g22° cos 12.g018251° 
+ 1,063,04g.3 sin 3g.8085g22o sin 12. gQ18251 °)] 

= -100° + arctan (216,g46.g/1,230,366.8) 
= -100° + 10.0000000° 
= -go.oooooooo = goo W. long. 

Since the denominator of the arctan argument is positive, no quadrant adjust­
ment is necessary. If it were negative, it would be necessary to add or subtract 
180°, whichever would place the final A between + 180° and -180°. 

Instead of the iterative equation (3-4), series equation (3-5) may be used 
(omitting terms with e8 here for simplicity): 

<j> = 2g.8318337° X 'IT/180° + (0.00676866/2 + 5 X 0.006768662/24 
+ 0.006768663/12) sin (2 x 2g.8318337°) + (7 x 0.006768662/48 
+ 2g x 0.006768663/240) sin (4 x 2g.8318337°) + (7 
x 0.0067686631120) sin (6 x 2g.8318337°) 

= 0.5235g88 radian 
= 2g. gggggg7o 

Polar aspect with known k0 (inversing forward example): 

Given: International ellipsoid: a = 6,378,388.0 m 
e2 = 0.00672267 

Find:<!>, A 

or 
Center: South Pole 

Central scale factor: 
Point: 

e = 0.081gg1g 
<!>1 = 90° S. lat. 
Ao = 100° W. long. (meridian along pos. Y axis) 
k0 = o.gg4 
x = -1,573,645.4 m 
y = -572,760.1 m 

Since this is the south polar aspect, change signs as stated in text: For cal­
culation, use <!>c = goo, Ao = 100° E. long., x = 1,573,645.4 m, y = 572,760.1 m. 
From equations (20-18) and (21-3g), 

p = (1,573,645.42 + 572, 760.12
) 112 

= 1,674,638.5 m 
t = 1,674,638.5 X [(1 + 0.081gg1g)ll+0.0819919l 

(1-0.0819g1g)ll-0.08l9919l]112/(2 X 6,378,388.0 X 0.g94) 
= 0.1325120 

To iterate with equation (7-g), use as the first trial<!>, 

<!> = 90° - 2 arctan 0.1325120 
= 74.9031975° 

Substituting in (7 -9), 

<!> = 90° - 2 arctan \0.1325120 x [(1-0.0819919 sin 74.9031g75°)/ 
(1 + 0.0819919 sin 74.9031975°)]o.osl9919t2) 

= 74.9gg9546° 
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Using this second trial <1> in the same equation instead of 74.9031975°, 

The third trial gives the same value to seven places, so, since the sign of 4> must 
be reversed for the south polar aspect, 

4> "" - 74.9999986°, "" 75° S. lat., disregarding effects of rounding off. 

If the series equation (3-5) is used instead of (7 -9), xis first found from (7 -13): 

x = 90° - 2 arctan 0.1325120 
= 74.9031975° 

Substituting this into (3-5), after converting x to radians for the first term, 4> is 
found in radians and is converted to degrees, then given a reversal of sign for the 
south polar aspect, giving the same result as the iteration. 

From equation (20-16), 

A == + 100° + arctan [1,573,645.4/( -572, 760.1)] 
== 100° + ( -69.9999995°) 
== 30.0000005° 

However, since the denominator of the argument of arctan is negative, 180° must 
be added to A (added, not subtracted, since the numerator is positive), then 
the sign of A must be changed for the south polar aspect: 

A == - (30. 0000005° + 180°) 
= -210.0000005° 

To place this between + 180° and -180°, add 360°, so 

A == + 149.9999995° or 150° E. long., disregarding effects of rounding off. 

Polar aspect with known <l>c not at the pole (inversing forward example): 

Given: International ellipsoid: a = 6,378,388.0 m 
e2 == 0.00672267 

Find: <!>, A 

or e = 0.0819919 
Standard parallel: <l>c = 71 o S. lat. 

Ao = 100° W. long. (meridian along pos. Y axis) 
Point: x == -1,540,033.6 m 

y :;;= -560,526.4 m 

Since this is south polar, change signs as stated in text: For calculation, <l>c == 
71° N. lat., Ao == 100° E. long., x = 1,540,033.6, y = 560,526.4. From equations 
(15-9) and (14-15), as calculated in the corresponding forward example, 

tc = tan(45°-71°/2)/[(1-0.0819919sin71°)/ 
(1 + 0.0819919 sin 71 °)]0·081991912 

= 0.1684118 
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me = cos 71°/(1-0.00672267 sin2 71°)112 

= 0.32655og 

From equations (20-18) and (21-40), 

p = (1,540,033.62 + 560,526.42)112 

= 1,638,86g.5 m 
t = 1,638,86g.5 X 0.1684118/(6,378,388.0 X 0.326550g) 

= 0.1325120 

For the first trial <1> in equation (7-9), 

<j> goo- 2 arctan 0.1325120 
74.g03197° 

Substituting in (7 -g), 

<j> = goo- 2 arctan (0.1325120 [(1 - 0.0819919 sin 74.903197°)/ 
(1 + 0.0819919 sin 74.903197°)]0-081991912] 

= 74.9999586° 

Replacing 74.9031g7o with 74_g99g586°, the next trial <1> is 

<I> = 75.0000026° 

The next iteration results in the same <1> to seven places, so changing signs, 

<j> = -75.0000026° = 75° S. lat., disregarding effects of rounding off. 

The use of series equation (3- 5) with (7 -13) to avoid iteration follows the same 
procedure as the preceding example. For A., equation (20-16) is used, calculating 
with reversed signs: 

A. = + 100° + arctan[1,540,033.6/( -560,526.4)] 
= 100° + (-69. 9999997°) 
= 30.0000003° 

Since the denominator in the argument for arctan is negative, add 180°: 

A. = 210.0000003° 

Now subtract 360° to place A. between + 180° and -180°: 

A. = -14g.9999997° 

Finally, reverse the sign to account for the south polar aspect: 

A. = + 149.999g997° = 150° E. long., disregarding rounding off in the input. 

GNOMONIC (SPHERE)-FORWARD EQUATIONS (SEEP. 165, 167) 

Given: Radius of sphere: R = 1.0 unit 
Center: <!>t = 40° N. lat. 

Ao = 100° W. long. 
Point: <I> = 30° N. lat. 

A. = uoo W. long. 
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Find: x, y 

Using equation (5-3), 

cos c = sin 40° sin 30° + cos 40° cos 30° cos [- 11 oo-(- 100°)] 
= 0.9747290 

Since cos c is positive (not zero or negative), the point is in view and may be 
plotted. Using equations (22-3) through (22-5) in order, 

k' == 1/0.9747290 
= 1.0259262 

x = 1. 0 x 1. 0259262 cos 30° sin [- 11 oo - (- 100°)] 
== -0.1542826 unit 

y = 1. 0 x 1. 0259262 x (cos 40° sin 30° - sin 40° 
cos 30° cos [ -110° - ( -100°)]) 

= -0.1694739 unit 

Examples of other forward equations are omitted, since the above equations are 
general. 

GNOMONIC (SPHERE)- INVERSE EQUATIONS (SEE P.167) 

Inversing forward example: 

Given: R, <j> 11 A.0 for forward example 

x -0.1542826 unit 
y = -0.1694739 unit 

Find: <j>, A. 

Using equations (20-18) and (22-16), 

p = [(-0.1542826l + (-0.1694739?]112 
= 0.2291823 unit 

c = arctan (0.2291823/1.0) 
= 12.9082593° 

Using equations (20-14) and (20-15), 

<j> =arcsin [cos 12.9082593° sin 40° + (-0.1694739 
sin 12.9082593° cos 40°/0.2291823)] 

= 30° N. lat. 
A = -100° + arctan[-0.1542826sin12.9082593°/ 

(0.2291823 cos 40° cos 12.9082593°- (-0.1694739) 
sin 40° sin 12.9082593°)] 

= -100° + arctan (-0. 03446529/0.1954624) 
= -110° = 110° w. long.' not adding 180° to the arctan, because the denomi­

nator is positive. 

Given: 

VERTICAL PERSPECTIVE (SPHERE)-FORWARD EQUATIONS (SEEP. 173) 

Radius of sphere: 
Height of perspective point: 

Center of projection: 

R = 6,371 km 
H =500km 
<!>1 = 39° N. lat. 
A0 = 77° W. long. 
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Point: <!> = 41 o N. lat. 
>-.. = 74° W. long. 

Find: x, y 

First H is converted to P as described after equation (23-3): 

p = 500/6,371 + 1 
= 1.0784806 

Using equation (5-3), 

cos c =sin 39° sin 41° + cos 39° cos 41° cos [-74°-(-77°)] 
= 0.99858702 

Since cos cis greater than liP, the point is within range and may be plotted. Using 
equations (23-3), (22-4), and (22-5) in order, 

k' = (1.0784806-1)/(1.0784806-0.99858702) 
= 0.98231426 

x = 6,371 x 0.98231426 cos 41° sin [-74°-(-77°)] 
= 247.19409 km 

y = 6,371 x 0.98231426 x \cos 39° sin 41 °-sin 39° cos 41 o cos[ -74°-( -77°)]) 
= 222.48596 km 

VERTICAL PERSPECTIVE (SPHERE)- INVERSE EQUATIONS (SEEP. 175) 

Inversing forward example: 

Given: R, H, <l>I> >-..0 for forward example 
x = 247.19409 km 
y = 222.48596 km 

Find: <!>, >-.. 

The conversion of H to P is made as in the forward example, so that 

p = 1. 0784806 

Using equations (20-18), (23-4), (20-14), and (20-15) in order, 

p = [247.194092 + 222.485962
]112 

= 332.57318 km 
c = arcsin \[1.0784806 - (1-332.573182 x (1.0784806 + 1)/ 

(63712 X (1.0784806-1)))112)/[6,371 X (1.0784806-1)/ 
332.57318 + 332.57318/(6,371 X (1.0784806-1))]) 

= 3.0461860° 
<!> =arcsin [cos 3.0461860° sin 39° + (222.48596 sin 3.0461860° 

cos 39°/332.57318)] 
=41° N. lat. 

>-.. = -77° + arctan [247.19409 sin 3.0461860°/(332.57318 
cos 39° cos 3.0461860° - 222.48596 sin 39° sin 3.0461860°)] 

= -77° + arctan (13.1361245/250.652184) 
= -74° = 74°W.long., not adding 180°tothe arctan because the denominator is 

positive. 
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TILTED PERSPECTIVE (SPHERE)-FORWARD EQUATIONS (SEEP. 175-176) 

Using forward example for Vertical Perspective (sphere), but applying tilt: 

Given: Radius of sphere: 
Height of perspective point: 

Center of projection: 

Tilt of plane: 
Azimuth of upward tilt: 

Point: 

R = 6,371 km 
H = 500 km 
~1 = 39° N. lat. 
Ao = 77° W. long. 
w =30° 
'Y = 50° east of north 
~ = 41° N. lat. 
A = 74° W. long. 

Find: Xt, Yt 

First, x,y is calculated exactly as in the forward Vertical Perspective (sphere) 
example, so that 

x = 247.19409 km 
y = 222.48596 km 

Using equations (23-7), (23-5), and (23-6) in order, 

A = ((222.48596 cos 50° + 247.19409 sin 50°) sin 30°/500] + cos 30° 
= 1.1983983 

Xt = (247.19409 cos 50° - 222.48596 sin 50°) cos 30°/1.1983983 
= - 8.3400123 km 

Yt = (222.48596 cos 50° + 247.19409 sin 50°)/1.1983983 
= 277.34759 km 

TILTED PERSPECTIVE (SPHERE)- INVERSE EQUATIONS (SEEP. 176) 

Inversing forward example: 

Given: R, H, ~I> A0 , w, 'Y for forward example 
Xt = -8.3400123 km 
Yt = 277.34759 km 

Find:~, A. 

Using equations (23-11) through (23-14) in order, 

M = 500 x ( -8.3400123)/(500-277.34759 sin 30°) 
= -11.5408351 

Q = 500 x 277.34759 cos 30°/(500-277.34759 sin 30°) 
= 332.372874 

x = -11.5408351 cos 50° + 332.372874 sin 50° 
= 247.19409 km 

y = 332.372874 cos 50° - ( -11.5408351) sin 50° 
= 222.48596 km 

These values of x and y are used to calculate ~ and A exactly as for the Vertical 
Perspective (sphere) inverse equations, so 

~ = 41° N. lat. 
A = 74° W. long. 
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VERTICAL PERSPECTIVE (ELLIPSOID)-FORWARD EQUATIONS (SEEP. 176-177) 

Given: Clarke 1866 ellipsoid: 

Height of perspective point: 
Center of projection: 

a = 6,378,206.4 m 
e2 = 0.00676866 
H = 500,000 m 
<1>1 = 39° N. lat. 

Height of center above ellipsoid: 
, Point: 

>-0 = 77° W. long. 
h0 =200m 
<1> = 41° N. lat. 

Find: x,y 

>- = 74° W. long. 
h =100m 

Since His given, Pis computed from equations (8-23), (23-21) and (23-17), 
using <1> 1 as the first trial <1>g: 

N 1 = 6,378,206.4/(1-0.00676866 sin2 39°)112 

= 6,386,772.6 m 
P =(cos 39°/cos 39°) (500,000 + 6,386,772.6 + 200)16,378,206.4 

= 1.0797664 
<1>u = 39° - arcsin [6,386, 772.6 x 0.00676866 sin 39° cos 39°/ 

(1.0797664 X 6,378,206.4)) 
= 38.8241050° 

Substituting 38.8241050° in place of the second 39° only in the equation for P, the 
second iterations produce 

p = 1.0770938 
<1>g == 38.8236686° 

The next iterations produce 

p = 1.0770872 
<1>g = 38.8236675° 

There is no change in the next iteration; therefore, these values are final. Using 
equations (4-20), (23-15), (23-16), (23-19), (23-19a), and (23-20) in order, 

N = 6,378,206.4/(1-0.00676866 sin2 41 °)112 

= 6,387,517.6 m 
c = [(6,387,517.6 + 100)/6,378,206.4] cos 41° 

= 0.7558232 
S = \[6,387,517.6x(1-0.00676866) + 100]/6,378,206.4] sin 41° 

= 0.6525799 
K = 500,000/[1.0770872 cos (39°-38.8236675°) 

-0.6525799 sin 39° - 0. 7558232 cos 39° cos ( -74°-( -77°))] 
= 6,264,070.9 m 

x = 6,264,070.9 x 0. 7558232 sin [ -74°-( -77°)] 
= 247,786.2 m 

y = 6,264,070.9 x [1.0770872 sin (39°-38.8236675°) 
+ 0.6525799 cos 39°- 0.7558232 sin 39° cos (-74°-(-77°))] 

= 222,134.1 m 
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VERTICAL PERSPECTIVE (ELLIPSOID)- INVERSE EQUATIONS (SEEP. 177-178) 

Inversing forward example: 

Given: a, e2, .H, <1> 1, X.0 , h0 for forward example 

Find: <!>, X. 

x = 247,786.2 m 
y = 222,134.1 m 

Equations (23-21) and (23-17) are used to compute P and <!>g, just as in the forward 
equations, so that 

p = 1. 0770872 
<l>g = 38.8236675° 

Then, using equations (23-22) through (23-28) in order, 

B = 1.0770872 cos (39°-38.8236675°) 
= 1.0770821 

D = 1.0770872 sin (39°-38.8236675°) 
= 0.00331482 

L = 1- 0.00676866 cos2 39° 
= 0.9959120 

G = 1- 0.00676866 sin2 39° 
= 0.9973193 

J = 2 x 0.00676866 sin 39° cos 39° 
= 0.00662075 

U =- 2 X 1.0770821 X 0.9959120 X 500,000 - 2 X 0.00331482 
X 0.9973193 X 222,134.1 + 1.0770821 X 0.00662075 
X 222,134.1 + 0.00331482 X 500,000 X 0.00662075 

= -1,072,553.2 m 
V = 0.9959120 X 500,0002 + 0.9973193 X 222,134.12 

- 500,000 X 0.00662075 X 222,134.1 + (1-0.00676866) 
X 247,786.22 

= 3. 584366 x lOll m2 

For the initial trial, since h may not be zero, E = 1. Using equations (23-29) 
through (23-34) in order, 

t = 1.07708722 x (1-0.00676866 cos2 38.8236675°) 
- 1.0 X (1-0.00676866) 

= 0.1621193 
K' = (-( -1,072,553.2) + [( -1,072,553.2)2 

- 4 X 0.1621193 
X 3.584366 X 10ll]ltZj/(2X0.1621193) 

= 6,262, 797.2 m 
X = 6,378,206.4 X [(1.0770821-500,000/6,262,797.2) cos 39° 

-(222,134.116,262,797.2-0.00331482) sin 39°] 
= 4,814,079.9 m 

Y = 6,378,206.4 X 247,786.2/6,262,797.2 
= 252,352.3 m 

s = (222,134.1/6,262,795.7-0.00331482) cos 39° 
+ (1.0770821-500,000/6,262, 795. 7) sin 3W 

= 0.6525753 
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A. =- 77° + arctan (252,352.3/4,814,079.9) 
= -73.9993222° 

For a first trial <f>, use arcsin S, or 40.7360514°. For this trial <f> and A., select h. 
It will be taken as 100 m, for the sake of this example, in order to repeat the 
forward example. Using equations (23-35) and (23-36), 

<1> =arcsin (0.6525753/[(1-0.00676866)/(1-0.00676866 
sin2 40. 7360514°)112 + 100/6,378,206.4]) 

= 41.0004168° 
E = [1/(1-0.00676866 sin2 41.0004168°)112 + 100/6,378,206.4]2 

- 0.00676866 sin2 41.0004168° x [11(1-0.00676866 sin2 41.0004168°) 
- 1002/(6,378,206.42-6,378,206.42 x0.00676866)] 

= 1.0000314 

Using this value of E in equation (23-29), and the above value of <1> (41.0004168°) 
in the right side of equation (23-35), each equation (23-29) through (23-35) is 
recomputed, with the following results: 

The next iteration produces 

t = 0.1620882 
K' = 6,264,074.3m 
X = 4,814,189.6m 
Y = 252,300.9 m 
s = 0.6525799 
A. = -74.0000011° 

<P = 40.9999978° 
E = 1.0000314 

A. = -74.0000011° 
<P = 40.9999991° 

The next produces no change in A. or <f> to seven decimal places. Thus, 

A. = 74° W. long. 
<1> = 41° N. lat. 

TILTED PERSPECTIVE (ELLIPSOID)-"CAMERA" PARAMETERS FROM PROJECTIVE 
CONSTANTS (SEEP. 178) 

Using forward example for Vertical Perspective (ellipsoid), but applying tilt: 

Given: a, e2
, H, <j>1, A.0 , h0 for forward Vertical Perspective (ellipsoid) example 

Tilt of plane: 
Azimuth of upward tilt: 

Point: 

w =30° 
"' = 50° east of north 
<1> = 41° N. lat. 
A. = 74° W. long. 
h =100m 
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Find: Xt, Yt 

First, x and y are calculated exactly as for the forward Vertical Perspective 
(ellipsoid) example, giving 

x = 247,786.2 m 
y = 222,134.1 m 

Using equations (23-7), (23-5), and (23-6) in order, 

A= ((222,134.1 cos 50° + 247,786.2 sin 50°) sin 30°/500,000) +cos 30° 
= 1.1986257 

Xt = (247,786.2 cos 50°-222,134.1 sin 50°) cos 30°!1.1986257 
= -7,868.693 m 

Yt = (222,134.1 cos 50°+247,786.2 sin 50°)/1.1986257 
= 277,484.7 m 

TIL TED PERSPECTIVE (ELLIPSOID WITH "CAMERA" 
PARAMETERS)- INVERSE EQUATIONS (SEEP. 178) 

Inversing forward example: 

Given: a, e2
, H, <I>I> l\.0, h0 , w, "' for forward example 

Xt = -7,868.693m 
Yt = 277,484.7 m 

Using equations (23-11) through (23-14) in order, 

M = 500,000 x (-7,868.693)/(500,000-277,484.7 sin 30°) 
== -10,890.694 m 

Q = 500,000 x 277,484.7 cos 30°/(500,000-277,484. 7 sin 30°) 
= 332,600.29 m 

x = -10,890.694 cos 50° + 332,600.29 sin 50° 
= 247,786.2 m 

y = 332,600.29 cos 50° - ( -10,890.694) sin 50° 
= 222,134.1 m 

Then <1> and l\. are calculated from x and y exactly as for the inverse Vertical 
Perspective (ellipsoid) example, giving 

l\. = 74° W. long. 
<1> = 41° N. lat. 

TIL TED PERSPECTIVE (ELLIPSOID WITH PROJECTIVE 
EQUATIONS)-FORWARD (SEE P.l78-180) 

An example is not given to solve equations (23-43) and (23-44), solving 11 simul­
taneous equations, since it is tedious but also fairly standard in approach. The ex­
amples below determine constants K 1-K11 for the example used above, and then 
apply them to find rectangular coordinates. 

Given: parameters for forward Tilted Perspective (ellipsoid) example, repeated 
here: 
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Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Height of perspective point: H = 500,000 m 
Center of projection: <I> I = 39° N. lat. 

A.o = 77o W. long. 
Height of center above ellipsoid: ho =200m 

Tilt of plane: (1) = 30° 
Azimuth of upward tilt: "( = 50° east of north 

To produce the same rectangular coordinates, the (Xt, Yt) axes are assumed to 
coincide with the (Xt', Yt') axes; thus, 

B = oo 
x0 = 0 
Yo= 0 

First P and <l>u are calculated by iteration from H, etc., exactly as they are in 
the forward Vertical Perspective (ellipsoid) example above, resulting in 

p = 1. 0770872 
<l>u = 38.8236675° 

Using equations (23-45) through (23-62) in order, 

U = 1.0770872 x [sin (39°-38.8236675°) cos 50° sin 30° 
+ cos (39°-38.8236675°) cos 30°] 

= 0.9338458 
F =[sin 39° sin ( -77°) cos 50° - cos ( -77°) sin 50°]/0.9338458 

= -0.6066034 
V =[sin 39° sin ( -77°) sin 50° + cos ( -77°) cos 50°] cos 30°/0.9338458 

= -0.3015228 
M =[sin 39° cos ( -77°) sin 50°-sin ( -77°) cos 50°] cos 30°/0.9338458 

= 0.6813973 
N =[sin 39° cos ( -77°) cos 50° + sin ( -77°) sin 50°]/0.9338458 

= -0.7018436 
w = [-sin 50° cos 30° cos 0° - cos 50° sin 0°]/0. 9338458 

= -0.7104106 
T = [-sin 50° cos 30° sin oo + cos 50° cos 0°]/0.9338458 

= 0.6883231 
K 5 = -(-0.7018436) sin 30°- cos 39° cos (-77°) cos 30°/0.9338458 

= 0.1887983 
K 6 = -( -0.6066034) sin 30° - cos 39° sin ( -77°) cos 30°/0.9338458 

= 1.0055359 
K7 =(cos 39° cos 50° sin 30° - sin 39° cos 30°)/0.9338458 

= -0.3161523 
Kl = 500,000 X [0.6813973 cos 0° + (-0.7018436) sin 0°] 

+ 0.1887983 X 0 
= 340,698.6 m 

K2 = 500,000 X [ -0.3015228 cos 0° + ( -0.6066034) sin 0°] 
+ 1. 0055359 X 0 

= -150,761.5 m 
K3 = 500,000 X ( -0. 7104106) cos 39° + ( -0.3161523) X 0 

= -276,046.4 m 
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K 4 = 500,000 X ( -0. 7104106) X 1.0770872 sin (39° - 38.8236675°) + 0 
= -1,177.4 m 

Ks = 500,000 X [0.6813973 sin 0° - ( -0. 7018436) cos 0°] + 0.1887983 X 0 
= 350,921.8 m 

K9 = 500,000 X [ -0.3015228 sin 0° - ( -0.6066034) cos 0°] + 1.0055359 X 0 
= 303,301.7 m 

Kw = 500,000 X 0.6883231 cos 39° + ( -0.3161523) X 0 
= 267,463.7 m 

K 11 = 500,000 x 0.6883231 x 1.0770872 sin (39°-38.8236675°) + 0 
= 1,140.8 m 

To test these constants K1 - K11 , equations (23-15), (23-16), and (23-38) through 
(23.:....42) may be used, remembering that x't = Xt and y't = Yt in this example. 

Using the same point previously used, 

Find: Xt, Yt 

<1> = 41° N. lat. 
A. = 74° W. long. 
h =100m 

Calculating C and S exactly as in the forward Vertical Perspective (ellipsoidal) 
example, 

c = 0.7558232 
s = 0.6525799 

Using (23-38) through (23-40), 

X = 0. 7558232 cos ( -74°) 
= 0.2083331 

Y = 0. 7558232 sin ( -74°) 
= -0.7265439 

z = 0.6525799 

Using equations (23-41) and (23-42), first calculating the denominator, 

den. = 0.1887983 x 0.2083331 + 1. 0055359 x ( -0. 7265439) 
+ ( -0.3161523) X 0.6525799 + 1 

= 0.1024523 
Xt = (340,698.6 X 0.2083331 + ( -150, 761.5) X ( -0. 7265439) 

+ (-276,046.4) X 0.6525799 + (-1,177.4))/0.1024523 
= -7,868.7 m 

Yt = [350,921.8 X 0.2083331 + (303,301.7) X (-0.7265439) 
+ 267,463.7 X 0.6525799 + 1,140.8)10.1024523 

= 277,484.8 m 

These values agree with the results in the forward Tilted Perspective (ellipsoid) 
example. 

TIL TED PERSPECTIVE (ELLIPSOID WITH 
PROJECTIVE EQUATIONS)- INVERSE (SEEP. 180) 

Inversing forward example: 
Given: K1 - K11 as determined just above 
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Find: <\>, X. 

Xt = -7,868.7 m 
Yt = 277,484.8 m 

Using equations (23-63) through (23-77) in order, since Xt = x' t and Yt = y' t 
by choice in the example for calculating Kn, 

AI = -7,868.7 X 0.1887983-340,698.6 
= -342,184.2 m 

A 2 = -7,868.7 x 1.0055359- (-150,761.5) 
= 142,849.2 m 

A3 = -7,868.7 X ( -0.3161523) - ( -276,046.4) 
= 278,534.1 m 

A 4 = -1,177.4- (-7,868.7) 
= 6,691.3 m 

A5 = 277,484.8 X 0.1887983 - 350,921.8 
= -298,533.1 m 

A 6 = 277,484.8 X 1.0055359-303,301.7 
= -24,280.8 m 

A7 = 277,484.8 X (-0.3161523)- 267,463.7 
= -355,191.2 m 

A 8 = 1,140.8 - 277,484.8 
= -276,344.0 m 

A9 = -342,184.2 X (-276,344.0)- 6,691.3 X (-298,533.1) 
= 9.655812 x 1010 m2 

A 10 = -342,184.2 X (-355,191.2)- 278,534.1 X (-298,533.1) 
= 2.046925 x 1011 m2 

An = 142,849.2 X ( -298,533.1) - ( -342,184.2) X ( -24,280.8) 
= -5.095372 x 1010 m2 

A 12 = 142,849.2 X ( -355,191.2) - 278,534.1 X ( -24,280.8) 
= -4.397575 x 1010 m2 

Al3 = 142,849.2 X ( -276,344.0) - 6,691.3 X ( -24,280.8) 
= -3.931305 x 1010 m2 

A 14 = (2.046925 X 1011
)
2 + ( -5.095372 X 1010

)
2/(1-0.00676866) 

+ ( -4.397575 X 1010
) 2 

= 4.644686 x 1022 m4 

A 15 = 9.655812 X 1010 
X 2.046925 X 1011 + ( -4.397575) X 1010 

X ( -3.931305) X 1010 

= 2.149354 x 1022 m4 

Assuming E = 1 for the first trial, using equations (23-78), (23-79), (23-80), and 
(23-35), with a trial "+" sign for the "±" in equation (23-79), 

A 16 = (9.655812 X 1010
)
2

- 1.0 X (-5.095372 X 1010? + (-3.931305 X 1010
)
2 

= 8.272705 x 1021 m4 

S = [2.149354 X 1022/(4.644686 X 1022
)) 

+ ([2.149354 X 1022/(4.644686 X 1022
))

2 

- 8.272705 X 1021/(4.644686 X 1022
)]112 

= 0.6525751 
X. = arctan ((9.655812 x 1010 

- 2.046925 x 1011 x 0.6525751)/ 
( -4.397575 X 1010 

X 0.6525751 - ( -3.931305 X 1010))] 

= arctan [ -3.7019109 x 1010/(1.0615571 x 1010
)] 

= -73.9992678° 

The first trial <1> is arcsin S = 40.7360359°. It is assumed that h = 100 for this 
example based on <1> and X.. 
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<I> = arcsin [0.6525751/[(1-0.00676866)/(1-0.00676866 
x sin2 40. 7360359°)112 + 100/6378206.4) 

= 41.0004013° 

Since <1> and A. place the approximate point at a reasonable location, the trial " + " 
sign is satisfactory. 

A second trial E is now calculated from equation (23-36): 

E = [1/(1-0.00676866xsin2 41.0004013°)112 + 100/6,378,206.4]2 

-0.00676866 x sin2 41.0004013° [1!(1-0.00676866Xsin2 41.0004013°) 
-1002/(6,378,206.42 -6,378,206.42 x0.00676866)] 

= 1.0000314 

This is substituted in place of 1.0 forE in equation (23-78) and A 16, S, A., and <1> 

are recalculated until <1> changes by a negligible amount. Finally, disregarding 
round-off errors in the above example, 

<1> = 41° N. lat. 
A. = 74° W. long. 

TILTED PERSPECTIVE (ELLIPSOID)-"CAMERA" 
PARAMETERS FROM PROJECTIVE CONSTANTS 

(SEE P. 180-181) 

Using constants calculated in forward example for Tilted Perspective (ellipsoid 
with projective equations): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Height of center above ellipsoid: h0 = 200 m 
Constants K1 - K11 previously calculated 

Find: H, <!>I, Ao, w, "(, e, Xo, Yo 

The three simultaneous equations (23-81) are set up as follows: 

340,698.6 X 0 + (-150,761.5) Y0 + (-276,046.4) Z 0 = -(-1,177.4) 
350,921.8 X 0 + 303,301.7 Y0 + 267,463.7 Z 0 = -1,140.8 
0.1887983 X 0 + 1.0055359 Y0 + (-0.3161523) Z 0 = -1 

Solving these three equations for the three unknowns, 

X 0 = 0.1887645 
Y0 = -0.8176291 
Z 0 = 0.6752538 

Using equations (23-82) through (23-86), 

Xp = [340,698.6x0.1887983 + ( -150, 761.5)x 1.0055359 
+ ( -276,046.4) X ( -0.3161523)]/[0.18879832 

+ 1.00553592 + ( -0.3161523)2) 

== -0.06961613 m 
Yp == [0.1887983x350,921.8 + 1.0055359X303,301. 7 

+ ( -0.3161523) X 267,463. 7]/(0.18879832 

+ 1.00553592 + ( -0.3161523)2
] 

= 250,000.04 m 
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A.0 ==arctan ( -0.8176291/0.1887645) 
= -77° = 77o W. long., not adding 180° since the denominator is positive. 

p == [0.18876452 + (-0.8176291)2 +0.67525382
] 112 

= 1.0770873 
<!>9 =arcsin (0.6752538/1.0770873) 

= 38.8236777° 

Using equation (23-87), with <l>g as the first approximation for <!>1> 

<!>1 = 38.8236777° + arcsin j0.00676866 sin 38.8236777° 
cos 38.8236777°/[1.0770873 x (1-0.00676866 sin2 38.8236777°)112]) 

= 38.9997744° 

Substituting this value for <!>1 in the same equation, and leaving the first use of 
<l>g intact, since it is part of the equation, the second iteration gives, 

<!>1 = 39.0000099° 

The next iteration gives 

and the next gives no change to seven decimals. Therefore, disregarding round­
off errors, 

Using equation (23-88), 

H = 6,378,206.4 x [1.0770873 cos 38.8236777°/cos 39° 
-11(1-0.00676866 sin2 39°)112 - 200/6,378,206.4] 

= 500,000.0 m 

Using equations (23-15), (23-16), (23-38) through (23-40), (23-41), and 
(23-42), coordinates x0 and Yo are found for <!>1 and >..0: 

C = [11(1-0.00676866 sin2 39°)112 + 200/6,378,206.4] cos 39° 
= 0.7782141 

S == [(1-0.00676866)1(1-0.00676866 sin2 39°)112 

+ 200/6,378,206.4] sin 39° 
== 0.6259200 

X = 0. 7782141 cos ( -77°) 
= 0.1750601 

Y = 0. 7782141 sin ( -77°) 
= -0.7582685 

z == 0.6259200 
Xo = (340,698.6 X 0.1750601 + ( -150, 761.5) X ( -0. 7582685) 

+ (-276,046.4) X (0.6259200) + (-1,177.4))/(0.1887983 
X 0.1750601 + 1.0055359 X ( -0. 7582685) + ( -0.3161523) 
X (0.6259200) + 1] 

= 0.04 m, actually zero if round-off had not occurred. 
y0 = -0.03 m similarly from (23-42) as Yt', actually zero 
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Using equations (23-89) and (23-90), 

w =arcsin ([(0.04-( -0.06961613))2 + (250,000.04-( -0.03))2) 112/ 

500,000) 
= 29.9999447°, actually 30° without round-off. 

e =arctan [(0.04-( -0.06961613))/(250,000.04-( -0.03))] 
= 0.0000256°, actually oo without round-off. 

Calculating (xt', Yt') for (<f>I + 0.02°, A-0) just as coordinates (x0 , y0 ) were calculated 
above, 

Xt' -1,698.034 m 
Yt' 1,645.247 m 

Using equations (23-91) through (23-93), 

Given: 

Xt =[-1,698.034-0.04]cos0° + [1,645.247-(-0.03)]sin0° 
= -1,698.07 m 

Yt = [1,645.247-( -0.03)] cos 0°-[ -1,698.034-0.04] sin oo 
= 1,645.28 m 

'Y = - arctan [ -1,698.07/(1,645.28 cos 30°)] 
= 49.99997°, actually 50° without round-off. 

LAMBERT AZIMUTHAL EQUAL-AREA (SPHERE)- FORWARD EQUATIONS 
(SEEP. 186) 

Radius of sphere: R = 3. 0 units 
Center: <1>1 = 40° N. lat. 

A-0 = 100° W. long. 
Point: <1> = 20° S. lat. 

A. = 100° E. long. 

Find: x, y 

Using equation (24-2), 

k' = (2/[1 + sin 40° sin ( -20°) + cos 40° cos ( -20°) cos (100° + 100°)])112 

= 4.3912175 

Using equations (22-4) and (22-5), 

x = 3.0x4.3912175 cos (-20°) sin (100°+ 100°) 
= -4.2339303 units 

y = 3.0x4.3912175 [cos 40° sin (-20°) - sin 40° cos ( -20°) cos (100° + 100°)] 
= 4. 0257775 units 

Examples for the polar and equatorial reductions, equations (24-3) through 
(24-14), are omitted, since the above general equations give the same results. 

LAMBERT AZIMUTHAL EQUAL-AREA (SPHERE)- INVERSE EQUATIONS 
(SEEP. 186-187) 

Inversing forward example: 

Given: Radius of sphere: R = 3.0 units 
Center: <1> 1 = 40° N. lat. 

A-0 = 100° W. long. 



Find: <!>, A 

APPENDIX A: NUMERICAL EXAMPLES 

Point: x = -4.2339303 units 
y = 4.0257775 units 

Using equations (20-18) and (24-16), 

From equation (20-14), 

p = [(-4.2339303?+4.02577752
]112 

= 5.8423497 units 
c = 2 arcsin [5.8423497/(2x3.0)] 

= 153.6733917° 

<I> =arcsin [cos 153.6733917° sin 40° + 4.0257775 
sin 153.6733917° cos 40°/5.8423497] 

= -19.9999993° = zoo S. lat., disregarding rounding-off effects. 

From equation (20-15), 

A = -100° + arctan [ -4.2339303 sin 153.6733917°/ 
(5.8423497 cos 40° cos 153.6733917° 
-4.0257775 sin 40° sin 153.6733917°)] 

= -100° + arctan [ -1.8776951/( -5.1589246)] 
= -100° + 20.0000005° 
= -79.9999995° 

Since the denominator of the argument of arctan is negative, add 180°: 

A = 100.0000005° = 100° E. long., disregarding rounding-off effects. 

In polar sphe:dcal cases, the calculation of A from equations (20-16) or (20-17) is 
simpler than the above, but the quadrant adjustment follows the same rules. 

LAMBERT AZIMUTHAL EQUAL-AREA (ELLIPSOID)- FORWARD EQUATIONS 
(SEEP. 187-188) 

Oblique aspect: 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 

Find: x, y 

Using equation (3 -12), 

e2 = 0.00676866 
or e = 0.0822719 

Center: <1> 1 = 40° N. lat. 
Ao = 100° W. long. 

Point: <1> = 30° N. lat. 
A = 110° W. long. 

q = (1-0.00676866) [sin 30°/(1-0.00676866 sin2 30°)-[11 
(2x0.0822719)] ln [(1-0.0822719 sin 30°)/ 
(1 + 0.0822719. sin 30°)]) 

= 0.9943535 

Inserting <1>1 = 40° in place of 30° in the same equation, 

ql = 1.2792602 
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Inserting 90° in place of 30°, 

Using equation (3-11), 

Using equation (3-13), 

qp = 1.9954814 

13 =arcsin (0.9943535/1.9954814) 
= 29.8877622° 

13 1 =arcsin (1.2792602/1.9954814) 
= 39.8722878° 

Rq = 6,378,206.4 X (1.9954814/2)112 

= 6,370,997.2 m 

Using equation (14-15), 

m 1 = cos 40°/(1-0.00676866 sin2 40°)112 

= 0.7671179 

Using equations (24-19) and (24-20), 

B = 6,370,997.2xj2/[1 +sin 39.8722878° sin 29.8877622° 
+ cos 39.8722878° cos 29.8877622° cos ( -110° + 100°)]]112 

= 6,411,606.1 m 
D = 6,378,206.4X0.7671179/(6,370,997.2 cos 39.8722878°) 

= 1.0006653 

Using equations (24 -17) and (24 -18), 

x = 6,411,606.1 x 1.0006653 cos 29.8877622° sin (-110°+100°) 
= -965,932.1 m 

y = (6,411,606.1!1.0006653)[cos 39.8722878° sin 29.8877622° 
- sin 39.8722878° cos 29.8877622° cos ( -110° + 100°)] 

= -1,056,814.9 m 

Polar aspect: 
Given: Internationalellipsoid: a = 6,378,388.0 m 

e2 = 0.00672267 
or e = 0.0819919 

Center: North Pole <jJ1 = 90° N. lat. 

Find: <jJ, A., h, k 

From equation (3-12), 

A.0 = 100° W. long. (meridian along 
neg. Y axis) 

Point: <P = 80° N. lat. 
A. = 5° E. long. 

q = (1-0.00672267) !sin 80°/(1-0.00672267 sin2 80°) 
-[1!(2x0.0819919)] ln [(1-0.0819919 sin 80°)/ 
(1 + 0.0819919 sin 80°)]) 

= 1.9649283 
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Using the same equation with 90° in place of 80°, 

qp = 1.9955122 

From equation (14-15), 

m =cos 80°/(1-0.00672267 sin2 80°)112 
== 0.1742171 

Using equations (24-23), (21-30), (21-31), and (21-32), 

p == 6,378,388.0 X (1.9955122-1.9649283)112 

== 1,115,468.3 m 
x == 1,115,468.3 sin (5°+ 100°) 

== 1,077,459.7 m 
y = -1,115,468.3 cos w + 100°) 

= 288,704.5 m 
k = 1, 115,468.3/(6,378,388. 0 X 0.17 42171) 

== 1.0038193 
h = 1/1.0038193 = 0.9961952 

LAMBERT AZIMUTHAL EQUAL-AREA (ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 188-190) 

Oblique aspect (inversing forward example): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 

Find:<!>, A 

e2 = 0.00676866 
or e = 0.0822719 

Center: <!> 1 = 40° N. lat. 
A0 = 100° W. long. 

Point: x = -965,932.1 m 
y = -1,056,814.9 m 

Since these are the same map parameters as those used in the forward example, 
calculations of map constants not affected by <!> and A are not repeated here. 

qp = 1.9954814 
f3t = 39.8722878° 
Rq = 6,370,997.2 m 
D = 1. 0006653 

Using equations (24-28), (24-29), and (24-27), 

p = [[ -965,932.1/1.0006653]2 + [1.0006653x( -1,056,814.9)]2
)112 

= 1,431,827.1 m 
Ce = 2 arcsin [1,431,827.11(2x6,370,997.2)] 

= 12.9039908° 
q = 1.9954814 [cos 12.9039908° sin 39.8722878° 

+ 1.0006653x( -1,056,814.9) sin 12.9039908° 
cos 39.8722878°/1,431,827.1] 

= 0.9943535 
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For the first trial <I> in equation (3-16), 

<1> = arcsin (0. 9943535/2) 
= 29.8133914° 

Substituting into equation (3-16), 

<1> = 29.8133914° + [(1-0.00676866 sin2 29.8133914°l/ 
(2 cos 29.8133914°)] x jo. 9943535/(1-o.oo676866) 
- sin 29.8133914°/(1-0.00676866 sin2 29.8133914) 
+ [1/(2 X 0.0822719)] In [(1-0.0822719 
sin 29.8133914°)/(1 + 0.0822719 sin 29.8133914°)]) x 180°/'lT 

= 29.9998293° 

Substituting 29.9998293° in place of29.8133914° in the same equation, the new trial 
<1> is found to be 

<I> = 30.0000002° 

The next iteration results in no change to seven decimal places; therefore, 

<1> = 30° N. lat. 

Using equation (24-26), 

A = -100° + arctan j-965,932.1 sin 12.9039908°/[1.0006653 
X 1,431,827.1 COS 39.8722878° COS 12.9039908° 
-1.00066532 ( -1,056,814.9) sin 39.8722878° 
sin 12.9039908°]) 

= -100° + arctan (-215,710.0/1,223,352.4) 
= -100° - 9.9999999° 
= -109.9999999° = 110° W. long. 

Since the denominator of the argument for arctan is positive, no quadrant ad­
justment is necessary. 

Polar aspect (inversing forward example): 

Given: 

Find:<!>, A 

International ellipsoid: a= 6,378,388.0 m 
e2 = 0.00672267 

or e = 0.0819919 
Center: North Pole <1> 1 = 90° N. lat. 

Ao = 100° W. long. (meridian 
along neg. Y axis) 

Point: x = 1,077,459. 7 m 
y = 288,704.5 m 

First qp is found to be 1.9955122 from equation (3-12), as in the corresponding 
forward example for the polar aspect. From equations (20-18) and (24-31), 

p = (1,077,459. 72 + 288, 704.52
) 112 

= 1,115,468.4 m 
q = + [1.9955122 - (1,115,468.4/6,378,388.0?] 

= 1.9649283 
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Iterative equation (3-16) may be used to find 4>. The first trial 4> is 

4> =arcsin (1.9649283/2) 
= 79.2542275° 

When this is used in equation (3-16) as in the oblique inverse example, the next 
trial 4> is found to be 

4> = 79.9744304° 

Using this value instead, the next trial is 

4> = 79.9999713° 

and the next, 

4> = 80.0000036° 

The next value is the same, so 

4> = 80° N. lat. 

From equation (20-16), 

'A= -100° + arctan [1,077,459.7/(-288,704.5)] 
= -174.9999978° 

Since the denominator of the argument for arctan is negative, add 180°, or 

A = 5.0000022° = 5° E. long. 

AZIMUTHAL EQUIDISTANT (SPHERE)- FORWARD EQUATIONS 
(SEEP. 195-196) 

Given: Radius of sphere: R = 3.0 units 
4>1 = 40° N. lat. Center: 

Point: 

Find: x, y 

Ao = 100° W. long. 
4> = 20° S. lat. 
A= 100° E. long. 

Using equations (5-3) and (25-2), 

cos c =sin 40° sin ( -20°) + cos 40° cos ( -20°) cos (100° + 100°) 
= -0.8962806 

c = 153.6733925° 
k' = (153.6733925° x '!T/180°)/sin 153.6733925° 

= 6.0477621 

Using equations (22-4) and (22-5), 

x = 3.0 x 6.0477621 cos ( -20°) sin (100° + 100°) 
= -5.8311398 units 

y = 3.0 x 6.0477621 [cos 40° sin ( -20°) - sin 40° cos ( -20°) 
cos (100° + 100°)] 

= 5.5444634 units 
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Since the above equations are general, examples of other forward formulas are 
not given. 

AZIMUTHAL EQUIDISTANT (SPHERE)- INVERSE EQUATIONS (SEEP. 196-197) 

Inversing forward example: 

Given: Radius of sphere: 
Center: 

Point: 

Find: <1>, A 

R = 3.0 units 
<1>1 = 40° N. lat. 
Ao = 100° W. long. 
x = -5.8311398 units 
y = 5.5444634 units 

Using equations (20-18) and (25-15), 

p = [( -5.8311398)2 + 5.54446342
] 112 

= 8.0463200 units 
c = 8. 0463200/3.0 

= 2.6821067 radians 
= 2.6821067 X 180°/71" = 153.6733925° 

Using equation (20-14), 

<1> =arcsin (cos 153.6733925° sin 40° + 5.5444634 sin 
153.6733925° cos 40°/8.0463200) 

= -19.9999999° 
= 20° S. lat., disregarding effects of rounding off. 

Using equation (20-15), 

A = -100° + arctan [( -5.8311398) sin 153.6733925°/(8.0463200 
cos 40° cos 153.6733925° - 5.5444634 sin 40° 
sin 153.6733925°)] 

= -100° + arctan [(-2.5860374)/(-7.1050794)] 
= -100° - arctan 0.3639702 
= -80.0000001° 

but since the denominator of the argument of arctan is negative, add or subtract 
180°, whichever places the final result between + 180° and -180°: 

A= -80.0000001° + 180° 
= 99.9999999° 
= 100° E. long., disregarding effects of rounding off. 

AZIMUTHAL EQUIDISTANT (ELLIPSOID)- FORWARD EQUATIONS 
(SEEP. 197-201) 

Polar aspect: 

Given: International ellipsoid: a= 6,378,388.0 m 
e2 = 0.00672267 

Center: North Pole <1> 1 = 90° N. lat. 
Ao = 100° W. long. (meridian 

along neg. Y axis) 
Point: <1> = 80° N. lat. 

A = 5° E. long. 
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Find: x, y, k 

Using equation (3-21), 

M = 6,378,388.0 X [(1-0.00672267/4 - 3 X 0.006722672/64 - 5 
X 0.006722673/256) X 80° X '!T/180° - (3 X 0.00672267/8 
+ 3 X 0.006722672/32 + 45 X 0.006722673/1024) sin (2 X 80°) 
+ (15 X 0.006722672/256 + 45 X 0.006722673/1024) sin (4 X 80°) 
- (35 x 0.006722673/3072) sin (6 x 80°)] 

= 8,885,403.1 m 

Using the same equation (3-21), but with 90° in place of 80°, 

MP = 10,002,288.3 m 

Using equation (14-15), 

m =cos 80°/(1-0.00672267 sin2 80°)112 

= 0.1742171 

Using equations (25-16), (21-30), (21-31), and (21-32), 

p = 10,002,288.3 - 8,885,403.1 
= 1,116,885.2 m 

x = 1,116,885.2 sin (5° + 100°) 
= 1,078,828.3 m 

y = -1,116,885.2 cos (5° + 100°) 
= 289,071.2 m 

k = 1,116,885.2/(6,378,388.0 X 0.1742171) 
= 1.0050946 

Oblique aspect (Guam projection): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Find: x, y 

Center: <!>1 = 13°28'20.87887" N. lat. 
A.0 = 144°44'55.50254" E. long. 

False origin: x0 = 50,000 m 
y 0 = 50,000 m 

Point: <1> = 13°20'20.53846" N. lat. 
A.= 144°38'07.19265" E. long. 

Using equation (25-18), after converting angles to degrees and decimals: (<!>1 = 
13.472466353°, A.0 = 144.748750706°, <!> = 13.339038461°, A. = 144.635331292°), 

X = [6,378,206.4 X (144.635331292° - 144. 748750706°) 
cos 13.339038461 °1(1-0.00676866 sin2 13.339038461 °)112] 

X '!T/180° 
= -12,287.52 m 

Since 50,000 m is added to the origin for the Guam projection, 

X= -12,287.52 + 50,000.0 
= 37,712.48 m 
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From equation (3-21), 

M = 6,378,206.4 X [(1-0.00676866/4 - 3 X 0.006768662/64 - 5 
X 0.006768663/256) X 13.339038461° X 7T/180° - (3 
X 0.00676866/8 + 3 X 0.006768662/32 + 45 X 0.006768663/ 

1024) sin (2 x 13.339038461 °) + (15 x 0.006768662/256 
+ 45 x 0.006768663/1024) sin (4 x 13.33903846n 
- (35 x 0.006768663/3072) sin (6 x 13.339038461°)] 

= 1,475,127.96 m 

Substituting 4>1 = 13.4 72466353° in place of 13.339038461 o in the same equation, 

M 1 = 1,489,888. 76 m 

Using equation (25-19), and using the x without false origin, 

y = 1,475,127.96- 1,489,888.76 + (-12,287.52)2 tan 13.339038461° 
x (1-0.00676866 sin2 13.339038461 °)112/(2 x 6,378,206.4) 

= -14,758.00 m 

Adding 50,000 meters for the false origin, 

y = 35,242.00 m 

Oblique aspect (Micronesia form): 

Given: Clarke 1866 ellipsoid: a= 6,378,206.4 m 
e2 = 0.00676866 

Center: Saipan Island: 4>1 = 15°11'05.6830" N. lat. 
Ao = 145°44'29.9720" E. long. 

False origin: x0 = 28,657.52 m 
Yo= 67,199.99 m 

Point: Station Petosukara 4> = 15°14'47.4930" N. lat. 
A= 145°47'34.9080" E. long. 

Find: x, y 

First convert angles to degrees and decimals: 

4>1 = 15.18491194° 
A0 = 145.7416589° 
4> = 15.24652583° 
A = 145.7930300° 

From equations (4-20a), (4-20), (25-20), and (25-21) in order, 

N 1 = 6,378,206.4/(1-0.00676866 x sin2 15.18491194°)112 

= 6,379,687.9 m 
N = 6,378,206.4/(1-0.00676866 x sin2 15.24652583°)112 

= 6,379,699. 7 m 
t!J =arctan [(1-0.00676866) tan 15.24652583° 

+ 0.00676866 x 6379687.9 sin 15.18491194°/ 
(6,379,699. 7 X COS 15.24652583°)) 

= 15.2461374° 
Az = arctan (sin (145. 79303° - 145. 7416589°)/ 

[cos 15.18491194° x tan 15.2461374° 
- sin 15.18491194° x cos (145. 79303° - 145. 7416589°)]/ 

= 38.9881345° 
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Since sin Az =I= 0, from equation (25-22a), 

s = arcsin [sin (145. 79303° - 145. 7416589°) x cos 15.2461374°/ 
sin 38. 9881345°] 

= 0.001374913 radians, since s is used only in radians. 

From equations (25-23) through (25-27) in order, 

G = 0.00676866112 sin 15.18491194°/(1-0.00676866)112 

= 0.02162319 
H = 0.00676866112 cos 15.18491194° cos 38.9881345°/ 

(1-0.00676866)112 

= 0.06192519 
C = 6,379,687.9 X 0.001374913 X \1-0.0013749132 X0.061925192 

X (1-0.061925192)/6 + (0.0013749133/8) X 0.02162319 
X 0.06192519 X (1-2X0.061925192

) + (0.0013749134/120) 
X [0.061925192 X (4-7X0.061925192 ) - 3 X 0.021623192 

X (1-7X0.061925192
)) - (0.0013749135/48) X 0.02162319 

X 0.06192519) 
= 8,771.52 m 

x = 8, 771.52 x sin 38.9881345° + 28,657.52 
= 34,176.20 m 

y = 8,771.52 X COS 38.9881345° + 67,199.99 
= 74,017.88 m 

AZIMUTHAL EQUIDISTANT (ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 201-202) 

Polar aspect (inversing forward example): 

Given: International ellipsoid: a = 6,378,388.0 m 
e2 = 0.00672267 

Center: North Pole: <1> 1 = 90° N. lat. 
;>..0 = 100° W. long. (meridian along 

neg. Y axis) 
Point: x = 1,078,828.3 m 

y = 289,071.2 m 

Find: <!>, A. 

Using equation (3-21), as in the corresponding forward example, 

Mp = 10,002,288.3 m 

Using equations (20-18), (25-28), and (7 -19), 

p = (1,078,828.32 + 289,071.22
)112 

= 1,116,885.2 m 
M = 10,002,288.3 - 1,116,885.2 

= 8,885,403.1 m 
. f.1 = 8,885,403.1/[6,378,388.0 X (1-0.00672267/4-3X0.006722672/64 

- 5 X0.006722673/256)) 
= 1.3953965 radians 
= 1.3953965 X 180°1-rr = 79.9503324° 

Using equations (3-24) and (3-26), 

e1 = [1-(1-0.00672267)112]/[1 + (1-0.00672267)112] 

= 0.0016863 
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q, = 1.3953965 radians + (3x0.0016863/2-27x0.00168633/32) 
sin (2x79.9503324°) + (21x0.00168632/16-55 
x 0.00168634/32) sin (4x79.9503324°) + (151 
x 0.00168633/96) sin (6x79.9503324°) 

= 1. 3962634 radians 
= 1.3962634 X 180°/11' = 79.9999999° 
= 80° N. lat., rounding off. 

Using equation (20-16), 

'A = -100° + arctan [1,078,828.3/( -289,071.2)] 
=- 100°-74.9999986° + 180° 
= 5.0000014° 
=5° E. long., rounding off. 

The 180° is added because the denominator in the argument for arctan is negative. 

Oblique aspect (Guam projection, inversing forward example): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Center: <!J 1 = 13.472466353° N. lat. 
'A0 = 144.748750706° E. long. 

False origin: x0 = 50,000 m 

Find: <\l, A. 

y0 = 50,000 m 
Point: x = 37,712.48 m 

y = 35,242.00 m 

First subtract 50,000 m from x andy to relate them to actual projection origin: 
x = -12,287.52 m, y = -14,758.00 m. Calculation of M 1 from equation (3-21) 
is exactly the same as in the forward example, or 

M 1 = 1,489,888. 76 m 

From equation (25-30), the first trial M is found from an assumed <\J = Q> 1 : 

M = 1,489,888. 76 + ( -14, 758.00) - ( -12,287.52)2 tan 13.472466353° 
x (1-0. 00676866 sin2 13.4 72466353°)112/(2 x 6,378,206.4) 

= 1,475,127.92 m 

Using equation (7-19) and the above trial M, 

fA. = 1,475,127.92/[6,378,206.4 X (1-0.00676866/4-3X0.006768662/ 

64-5x0.006768663/256)] 
= 0.2316688 radian 

Using equation (3-24), 

e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866)112] 

= 0.0016979 

Using equation (3-26) in radians, although it could be converted to degrees, 
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<!> = 0.2316688 + (3 X 0.0016979/2 - 27 X 0.00169793/32) 
sin (2X0.2316688) + (21x0.00169792/16-55 
x 0.00169794/32) sin (4X0.2316688) + (151 
x 0.00169793/96) sin (6x0.2316688) 

= 0.2328101 radian 
= 0.2328101 X 180°/11' = 13.3390381° 

If this new trial value of<!> is used in place of <!>1 in equation (25-30), a new value 
of M is found: 

M = 1,475,127.95 m 

This in turn, used in (7 -19), gives 
f.L = 0.2316688 radian 

and from (3-26), 

<!> = 13.3390384° 

The third trial, through the above equations and starting with this value of <!>, 
produces no change to seven decimal places. Thus, this is the final value of <!>. 
Converting to degrees, minutes, and seconds, 

<!> = 13°20'20.538" N. lat. 

Using equation (25-31) for longitude, 

A = 144.748750706° + [(-12,287.52) X (1-0.00676866 
sin2 13.3390384°)112/(6,378,206.4 cos 13.3390384°)] x 180°/11' 

= 144.6353313° 
= 144°38'07.193" E. long. 

Oblique aspect (Micronesia form, inversing forward example): 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Center: Saipan Island <!> 1 = 15.18491194° N. lat. 

Find: <!>, A 

Ao = 145.7416589° E. long. 
False origin: x0 = 28,657.52 m 

Yo = 67,199.99 m 
Point: x = 34,176.20 m 

y = 74,017.88 m 

From equations (25-32) through (25-41) in order, 

c = [(34,176.20 - 28,657.52)2 + (74,017.88-67,199.99)2)112 

= 8,771.51 m 
Az = arctan [(34,176.20-28,657.52)/(74,017.88-67,199.99)] 

= 38.9881292° 
N 1 6,378,206.4/(1-0.00676866 sin2 15.18491194°)112 

= 6,379,687.9 m 
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A -0.00676866 cos2 15.18491194° cos2 38.9881292°/ 
(1-0.00676866) 

= -0.003834730 
B = 3x0.00676866x(1 +0.003834730) sin 15.18491194° cos 

15.18491194° X COS 38.9881292°/(1-0.00676866) 
= 0.004032465 

D = 8, 771.51/6,379,687.9 
= 0.001374913 

E = 0.001374913 + 0.003834730 X (1-0.003834730) X 0.0013749133/6 
- 0.004032465 X (1-3x0.003834730) X 0.0013749134/24 

= 0.001374913. This is in radians for use in equation (25-38). 

For use as degrees in equations (25-39) and (25-40), 

E = 0.001374913 X 180°/1T = 0.07877669° 
F 1 + 0.003834730 X 0.0013749132/2 - 0.004032465 

X 0.0013749133/6 
1. 000000004 

ljJ = arcsin (sin 15.18491194° cos 0.07877669° + cos 15.18491194° 
x sin 0.07877669° cos 38.9881292°) 

= 15.2461374° 
'A = 145.7416589° + arcsin (sin 38.9881292° sin 0.07877669°/ 

cos 15.2461374°) 
145.7416589° + 0.0513711° 

= 145.7930300° 
= 145° 47'34.908" E. long. 

<1> = arctan [(1-0.00676866x 1.000000004 sin 15.18491194°/sin 
15.2461374°) x tan 15.2461374°/(1-0.00676866)] 
15.2465258° 
15°14'47.493" N. lat. 

MODIFIED-STEREOGRAPHIC CONFORMAL (SPHERE)- FORWARD EQUATIONS 
(SEEP. 207-208) 

Using Modified-Stereographic Conformal projection of Alaska (spherical form) as 
example: 

Given: Radius of sphere: R = 1.0 unit 
Order of equation: m = 6 

Center: <1>1 = 64° N. lat. 
'!1.0 = 152° W. long. 

Constants A 1-A6 : See Table 33, using constants for sphere. 
B1-B6: See Table 33, using constants for sphere. 

Point: <1> = 60° N. lat. 
'A = 150° W. long. 

Find: x, y, k 

Using equations (26-1) through (26-3) in order, 

k' = 21/1 + sin 64° sin 60° + cos 64° cos 60° cos [ -150°-( -152°)]) 
= 1.0012864 

x' = 1.0012864 cos 60° sin [ -150°-( -152°)] 
= 0.01747220 

y' = 1.0012864x(cos 64° sin 60°- sin 64° cos 60° cos [ -150°- ( -152°)]) 
= -0.06957209 



APPENDIX A: NUMERICAL EXAMPLES 

Using equations in (26-6), withj=2, in order, 

r = 2x0.01747220 
= 0.03494439 

s' = 0.017472202 +(-0.06957209)2 

= 0.00514555 
Yo =0 
a 1 = A 6 +iB6 

= 0.3660976 + ( -0.2937382)i 
bt =A5+iB5 

= 0.0636871 + ( -0.1408027)i 
c1 = 6x(A6 +iB6 ) 

= 2.1965856 + ( -1. 7624292)i 
d1 = 5x(A5 +iB5) 

= 0.3184355 + ( -0. 7040135)i 
a2 = b1 +ra1 

= 0.0636871 + ( -0.1408027)i+0.03494439X(0.3660976+ ( -0.2937382)i] 
= 0.07648016 + ( -0.15106720)i 

b2 = A 4 +iB4 -s'a1 

= -0.0153783 + ( -0.1968253)i-0.00514555 X (0.3660976 + ( -0.2937382)i] 
= -0.01726207 + ( -0.19531385)i 

c2 = d1 +rc1 

= 0.3184335 + ( -0. 7040135)i + 0.03494439X(2.1965856 + ( -1. 7624292)i] 
= 0.39519385 + ( -0. 76560052)i 

d2 = 4x(A4 +iB4)-s'c1 

= 4x [ -0.0153783 + ( -0.1968253)i]-0.00514555x [2.1965856 + ( -1. 7624292)i] 
= -0.07281585 + ( -0. 77823253)i 

Incrementing j to 3, 4, and 5 for the four variables aj, bj, Cj, and dj in the same set 
of equations, 

a3 = b2 + ra2 = -0.01458952 + ( -0.20059281)i 
b3 =A3 +iB3 -s'a2 = 0.00706707+0.00558982 i 
c3 = d2 +rc2 = -0.05900604+(-0.80498597)i 
d3 =3x(A3 +iB3)-s'c2 = 0.02034831+0.01837694i 
a4 = b3 + ra3 = 0.00655725 + ( -0.00141977)i 
b4 =A2 +iB2 -s'a3 = 0.00532637+(-0.00308534)i 
c4 = d3 + rc3 = 0.01828638 + ( -0.00975281)i . 
d4 = 2x(A2 +iB2)-s'c3 = 0.01080622 + (-0.00409290)i 
a 5 = b4 +ra4 = 0.00555551 + ( -0.00313495)i 
b5 =A1 +iB1-s'a4 = 0.99721856+0.00000731i 
c5 = d4 +rc4 = 0.01144523+ (-0.00443371)i 
d5 = 1x(A1 +iB1)-s'c4 = 0.99715821 +0.00005018i 

Incrementing j to 6 for aj and bj only, 

a6 = b5 + ra5 = 0. 997 41269 + ( -0. 00010224)i 
b6 =g0 -s'a5 = -0.00002859+0.00001613i 

Using equations (26-7) through (26-9) in order, and with the relationship i2 = -1, 

x +iy = 1 x\[0.01747220 + ( -0.06957209)i][0.99741269 
+ ( -0.00010224)i] + ( -0.000002859) + 0.00001613i) 
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= 0.01742699 + 0.0000071li2 -0.06939387i-0.00002859 + 0.00001613i 
= 0.01739129-0.06937775i 

x = 0.01739129 unit 
y = -0.06937775 unit 

F 2 + iF1 = [0.01747220 + ( -0.06957209)i][0.01144523 
+ ( -0.00443371)i] + 0.99715821 + 0.00005018i 

= 0.99704972+(-0.00082355)i 
k = [0.997049722 +(-0.00082355l]112 X1.0012864 

= 0.9983327 

MODIFIED-STEREOGRAPHIC CONFORMAL (SPHERE)­
INVERSE EQUATIONS (SEEP. 208) 

Inversing forward example: 

Find: <f>, 'A 

x = 0.01739129 unit 
y = -0.06937775 unit 

Using the Knuth algorithm equations (26-6) with (26-10), (26-13), and (26-8), 
but not in that order, the first trial x' = 0.01739129/1, and trial y' = -0.06937775/1. 
Except for the values of x' andy', equations (26-6) are used in the same manner 
as they were in the forward example, resulting in 

a6 = 0.99741192 + (-0.00010209) i 
b6 = -0.00002841 + 0.00001606 i 
c5 = 0.01144135 + ( -0.00445277) i 
d5 = 0.99715864 + 0.00004934 i 

Using equations (26-13), (26-8), and (26-10) in order, 

f(x' + iy') = [0.01739129 + (-0.06937775) i] [0.99741192 
+ ( -0.00010209) i] + ( -0.00002841) + 0.00001606 i 
- [0. 01739129 + ( -0. 06937775) i]/1 

= -0.00008051 + 0.00019384 i 
F 2 + iF1 = [0.01739129 + (-0.06937775) i] [0.01144135 

+ ( -0.00445277) i] + 0.99715864 + 0.00004934 i 
= 0.99704869 + ( -0.00082188) i 

~ (x' + iy') = - [ -0.00008051 + 0.00019384 i]/[0.99704869 + ( -0.00082188) i] 
= -0.00008091 + 0.00019435 i 

The division in equation (26-10) uses the relationship that 

Adding ~ (x' + iy') to (x' + iy'), 

x' = 0.01739129 - 0.00008091 
= 0.01747220 

y' = -0.06937775 + 0.00019435 
= -0.06957210 
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Repeating the above steps with the new values of (x', y'), the new 

6 (x' +iy') = 0.00000000 + 0.00000000 i 

Thus there is no change to eight decimals, so equations (26-14) through (26-17) 
may be used in order, 

p = [0.017472202 + ( -O.o6g57210)2] 112 

= 0.07173252 
c = 2 arctan ( 0. 07173252/2) 

= 4.10820g5o 
<!> =arcsin [cos 4.10820g5o sin 64° + ( -0.06g57210 

sin 4.10820g5o cos 64°/0.07173252)] 
= 60° N. lat. 

X. = -152° + arctan [0.01747220 sin 4.10820g5o/ 
(0.07173252 cos 64° cos 4.10820g5o 
- (-0.06g57210) sin 64° sin 4.10820g5°)] 

= -150° = 150° W. long., not adding 180° to the arctan because the denominator 
is positive. 

SPACE OBLIQUE MERCATOR (SPHERE)- FORWARD EQUATIONS 
(SEE P. 218-219 ) 

Given: Radius of sphere: R = 6,370,9g7.0 m 
i = gg,og2o Landsat 1, 2, 3 orbit: 

P 21P1 = 18/251 
Path= 15 

Point: <!> = 40° N. lat. 
X. = 73° W. long. 

Find: x, y for point taken during daylight northern (first) quadrant of orbit. 

Assuming that this is only one of several points to be located, the Fourier 
constants should first be calculated. Simpson's rule may be written as follows, 
using X.' as the main variable: 

If 

F = I} j(>..')d>..' 

a close approximation of the integral is 

F = (6>..' /3)[/(X.' a) + 4f (X.' a + 6X.') + 2/ (X.' a + 26>..') + 4f (X.' a + 36>..') 
+ 2/ (X.' a + 4~>..') + ... + 4f (X.' b - 6X.') + f (X.' b)] 

where f (X.') is calculated for X.' equal to a, and for X.' at each equal interval 
6>..' until X.'= b. The values f (X.') are alternately multiplied by 4 and 2 as the 
formula indicates, except for the two end values, and all the resulting values are 
added and multiplied by one-third of the interval. The interval 6X.' must be 
chosen so there is an even number of intervals. 

Applying this rule to equation (27-1) with the suggested go interval in X.', the 
function/ (X.')= (H -S2 )/(1 + S2

) 112 is calculated for a X.' of 0°, go, 18°, 27°, 36°, ... , 
81°, and goa, with ten go intervals. The calculation for X.'= go is as follows, using 
equations (27-4) and (27-5): 
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H = 1 - (18/251) cos gg.og2o 
= 1.0113321 

S = (18/251) sin gg.og2o cos go 
= o.o6gg403 

f (A.')= (1.01!3321 - o.o6gg4032)/(1 + o.o6gg4032
) 112 

= l.003g87g 

To calculate B, the following table may be figuratively prepared, although a 
computer or calculator program would normally be used instead (His a constant): 

>..' s /(>..') Multiplier Summation 

oo ----------------.-- 0.0708121 1.0038042 X1= 1.0038042 
9 ......................................... .0699403 1.0039879 X4= 4.0159516 

18 .0673463 1.0045212 X2= 2.0090423 ------------------
27 ------------------ .0630941 1.0053522 X4= 4.0214087 
36 .0572882 1.0064001 X2= 2.0128001 ------------------
45 ------------------ .0500717 1.0075627 X4= 4.0302507 
54 ......................................... .0416223 1.0087263 X2= 2.0174526 
63 ------------------ .0321480 1.0097770 X4= 4.0391079 
72 ------------------ .02.18822 1.0106114 X2= 2.0212227 
81 ------------------ .0110775 1.0111474 X4= 4.0445895 
90 .......................................... .0000000 1.0113321 X1= 1.0113321 

Total = 30.2269624 

To convert to B, again referring to equation (27 -1) and remaining in degrees for 
the final multipliers, since they cancel, 

B = (2/180°) X (g0 /3) X 30.226g624 
= 1.0075654 

This is the Fourier coefficient B for equation (27-6) with A.' in radians. To use 
A.' in degrees, multiply B by '!T/180°: 

B = 1.0075654 X 7r/180 
= 0.017585334 

Calculations of An and Cn are similar, except that the calculations of the func­
tion involve an additional trigonometric term at each step. For example, to calcu­
late C3 for A.' =9°, using equation (27-3) and the S found above from equation 
(27-5), 

j(A.') = [S/(1 + 8 2) 112] cos 3A.' 
= [0.06gg403/(1 + 0.06gg4032) 112] COS (3 X go) 
= 0.06216542 

The sums for An corresponding to 30.226g624 forB are as follows: 

for A2: -0.05645g4 
for A4: 0.000041208 

To convert to the desired constants, 

A 2 = [4/(180°X2)] X (9°/3) X ( -0.05645g4) 
= -0.001881g8 

A4 = [4/(180°X4)] X (go/3) X (0.000041208) 
= 0.0000006868 
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The sums for Cn: 

To convert, 

for C 1: 1.0601909 
for C3 : -0.0006626541 

C1 == [4x(l.0113321 + 1)/(180°X1)] X (9°/3) X (1.0601909) 
= 0.1421597 

C3 == (4X (1.0113321 + 1)/(180°X3)) X (9°/3) X ( -0.0006626541) 
= -0.0000296182 

These constants, rounded to seven decimal places except for B, will be used 
below: 

Using equation (27 -11), 

ho = 128.87°- (360°/251) x 15 
== 107.36° 

To solve equations (27-8) and (27-9) by iteration, determine h 1
p from equation 

(27 -12) and the discussion following the equation, with N = 0: 

Then 

'A.'p = 90° X (4X0+2-1) 
== 90° 

htp = -73°-107.36° + (18/251) x 90° 
= -173.9058167° 

cos hfp = -0.9943487 

Using h 1p as the first trial value of h 1 in equation (27-9), using extra decimal 
places for illustration: 

ht == -73° - 107.36° + (18/251) X 90° 
= -173.9058167°, as before. 

Using equation (27-8), 

h' ==arctan [cos 99.092° tan (-173.9058167°) +sin gg,092° 
tan 40°/cos ( -173.9058167°)] 

== -40.36g10525° 

For quadrant correction, from the discussion following equation (27-12), using 
the sign of cos hfp as calculated above, 

h' = -40.36g1Q525° + goo- goo sin goo x (-1) 

= -40.36g10525° + 180° 
= 13g,6308947° 

This is the next trial X.'. Using equation (27- g), 

ht = -73° - 107.36° + (18/251) X 13g,6308947° 
= -170.34662g1 ° 
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Substituting this value of A.t in place of -173.9058167° in equation (27 -8), 

A.' = -40.9362858° 

The same quadrant adjustment applies: 

A.' = -40.9362858° + 180° 
= 139.0637142° 

Substituting this in equation (27-9), 

and from equation (27 -8), 

From the 4th iteration, 

From the 5th iteration, 

From the 6th iteration, 

A.t = -170.3873034° 

A.' = 139.0707998° 

A.t = -170.3867952° 
A.' = 139.0707113° 

A.t = -170.3868016° 
A.' = 139.0707124° 

A.t = -170.3868015° 
A.' = 139.0707124° 

Since A.' has not changed to seven decimal places, the last iteration is taken as the 
final value. Using equation (27-10), with the final value of A.t, 

4>' =arcsin [cos 99.092° sin40°- sin 99.092°cos40° sin 
( -170.3868015°)] 

= 1.4179606° 

From equation (27-5), 

S = (18/251)sin99.092°cos139.0707124° 
= -0.0534999 

From equations (27-6) and (27-7), 

x = 6,370,997x(0.017585334x139.0707124°+(-0.0018820) 
sin (2X139.0707124°) + 0.0000007 sin (4X139.0707124°) 
-[ -0.0534999/(1 + ( -0.0534999)2)112] In tan 
(45° + 1.4179606°/2)] 

= 15,601,233.74 m 
y = 6,370,997x(0.1421597 sin 139.0707124°+(-0.0000296) 

sin (3x 139.0707124°) + [11(1 + ( -0.0534999)2)112] 
In tan (45° + 1.4179606°/2)) 

= 750,650.37 m 
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SPACE OBLIQUE MERCATOR (SPHERE)- INVERSE EQUATIONS 

(SEE P. 219-221) 

Inversing forward example: 

Given: Radius of sphere: R = 6,370,997.0 m 
'1, = 99.092° Landsat 1, 2, 3 orbit: 

Point: 

Find: <!>, X. 

P 21P1 = 18/251 
Path = 15 

x = 15,601,233.74 m 
y = 750,650.37 m 

Constants A2 , A 4 , B, Cb C3, and X.0 are calculated exactly and have the same 
values as in the forward example above. To solve equation (27 -15) by iteration, 
the first trial X.' is x/BR, using the value of B for X.' in degrees in this example: 

X.' = 15,601,233. 74/(0.017585334X6370997.0) 
= 139.2518341° 

Using equation (27-5) to findS for this trial X.', 

S = (18/251) sin 99.092° cos 139.2518341° 
= -0.0536463 

Inserting these values in the right side of equation (27 -15), 

X.' = [15,601,233. 74/6,370,997.0 + ( -0.0536463) 
x750,650.37/6,370,997.0-( -0.0018820) sin (2x 139.2518341°) 
-0.0000007 sin (4x 139.2518341 °)-( -0.0536463) 
x [0.1421597 sin 139.2518341 o + ( -0.0000296) 
sin (3x 139.2518341°)])/0.017585334 

= 139.0695675° 

Substituting this new trial value of X.' in (27 -5) for a newS, then both in (27 -15) 
for a new X.', the next trial value is 

X.' = 139.0707197° 

The fourth value is 

X.' = 139.0707124° 

and the fifth does not change to seven decimal places. Therefore, this X.' is the 
final value. The corresponding S last calculated from (27-5) is 

S = (18/251) sin 99.092° cos 139.0707124° 
= -0.0534999 

Using equation (27-16), 

lntan(45° + <!>' /2) = [1 + ( -0.0534999)2
)112 x [750650.37/ 

6370997.0-0.1421597 sin 139.0707124° 
-( -0.0000296) sin (3 x 139.0707124°)] 

= 0.02475061 
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tan ( 45° + <J> '/2) = eo.o247506I 
= 1.0250594 

45 o + <!> '/2 = arctan 1. 0250594 
= 45.7089803° 

<J>' = 2X(45.7089803°-45°) 
= 1.4179606° 

Using equation (27 -13), 

A. =arctan [(cos 99.092° sin 139.0707124°- sin 99.092° 
tan 1.4179606°)/cos 139.0707124°]-(18/251) 
139.0707124° + 107.36° 

= arctan [ -0.1279654/( -0. 7555187)] + 97.3868015° 
= 9.6131985° + 97.3868015° 
= 107.0000000° 

Since the denominator of the argument of arctan is negative, and the numerator 
is negative, 180° must be subtracted from A., or 

Using equation (27-14), 

A. = 107.0000000°-180° = -73.0000000° 
= 73° W. long. 

<!> = arcsin (cos 99. 092° sin 1. 4179606° + sin 99. 092° 
cos 1.4179606° sin 139.0707124°) 

= 40.0000000° 
= 40° N. lat. 

For ground track calculations, equations (27 -17) through (27 -20) are used, 
given the same Landsat parameters as above for R, i, P2/Pb and path 15, with 
A.0 = 107.36°, and<!> = 40° S.lat. on the daylight (descending)partofthe orbit. Using 
equation (27 -17), 

A.' = arcsin [sin ( -40°)/sin 99. 092°] 
= -40.6145062° 

To adjust for quadrant, subtract from 1800, which is the A.' of the descending node: 

Using equation (27 -18), 

A.' = 180°-( -40.6145062°) 
= 220.6145062° 

A. =arctan [(cos 99.092° sin 220.6145062°)/cos 220.6145062°] 
-(18/251)X220.6145062° + 107.36° 

=arctan [0.1028658/(-0.7591065)] + 91.5390394° 
= 83.8219462° 

Since the denominator of the argument for arctan is negative, add 180°, but 360° 
must be then subtracted to place A. between + 180° and -180°: 

A. = 83.8219462 + 180°-360° 
= -96.1780538° 
= 96°10'40.99" W. long. 
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If A. is given instead, with the above A. used for the example, equations (27 -19) 
and (27-9) are iterated together using the same type of initial trial A.' as that 
used in the forward example for equations (27-8) and (27-9). In this case, as 
described following equation (27-12), A.'p is 270°, but this is only known from the 
final results. If A.' P = 90° is chosen, the same answer will be obtained, since there is 
considerable overlap in actual regions for which two adjacent A.'p's may be used. 
If A.'p = 450° is chosen, the A.' calculated will be about 487.9°, or the position on 
the next orbit for this A.. Using A.'p=270° and the equation for 'Atp following equa­
tion (27 -12), 

Atp = -96.1780538° - 107.36° + (18/251) X 270° 
= -184.1755040° 

for which the cosine is negative. From equation (27-9), the first trial 'At is the 
same as 'Atp· From equation (27 -19), 

A.' =arctan [tan ( -184.1755040°)/cos 99.092°] 
= 24.7970120° 

For quadrant adjustment, using the procedure following (27 -12), 

A.' = 24.7970120 + 270°-90° sin 270° X ( -1) 
= 204.7970120° 

where the ( -1) takes the sign of cos 'Atp· 

Substituting this as the trial A.' in (27-9), 

'At = -96.1780538°-107.36° + (18/251)x204.7970120° 
= -188.8514155° 

Substituting this in place of -184.1755040° in (27 -19), 

A.' =44.5812628° 

but with the same quadrant adjustment as before, 

A.'= 224.5812628° 

Repeating the iteration, successive values of A.' are 

A.' = 219.5419815°, then 
= 220.8989682°, then 
= 220.5386678°, then 
= 220.6346973°, then 
= 220.6091287°, then 
= 220.6159384°, etc. 

After a total of about 16 iterations, a value which does not change to seven decimal 
places is obtained: 

A.' =220.6145063° 
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Using equation (27-20), 

<1> =arcsin (sin 99.092° sin 220.6145063°) 
= -40.0000000° 
= 40° S. lat. 

SPACE OBLIQUE MERCATOR (ELLIPSOID)-FORWARD EQUATIONS 
(SEE P. 222-224 ) 

While equations are also given for orbits of small eccentricity, the calculations 
are so lengthy that examples will only be given for the circular Landsat 1, 2, or 3 
orbit. 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0.00676866 

Landsat 1, 2, 3 orbit: i = 99.092° 
P 2/P1 = 18/251 

R0 = 7,294,690.0 m 
Path= 15 

Point: <1> = 40° N. lat. 
A. = 73° W. long. 

Find: x, y for point taken during daylight northern (first) quadrant of orbit. 

The calculation of Fourier constants for the map follows the same basic proce­
dure as that given for the forward example for the spherical form, except for 
greater complications in computing each step for the Simpson's numerical inte­
gration. The formula for Simpson's rule (see above) is not repeated here, but an 
example of calculation of a functionf(A.") for constant A 2 at A."= 18° is given below, 
as represented in equation (27 -22). 

Using equations (27-24) through (27-27) in order, 

J = (1-0.00676866)3 

= 0.9798312 
W = [(1-0.00676866 cos2 99.092°?/(1-0.00676866)2]-1 

= 0.0133334 
Q = 0.00676866 sin2 99.092°/(1-0.00676866) 

= 0.0066446 
T = 0.00676866 sin2 99.092° x (2-0.00676866)/(1-0.00676866)2 

= 0.0133345 

Using equations (27-30) and (27-31), 

S = (18/251) sin 99.092° cos 18°X[(1 + 0.0133345 
sin2 18°)/(1 + 0.0133334 sin2 18°) (1 + 0.0066446 sin2 18°)]112 

= 0.0673250 
H = [(1 + 0.0066446 sin2 18°)/(1 + 0.0133334 sin2 18°)]112 

X [(1 + 0.0133334 sin2 18°)/(1 + 0.0066446 sin2 18°)2 

-(18/251) X 1.0 COS 99.092°) 
= 1.0110133 
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Calculating the function f (A") as given above, 
f (A")= [(1.0110133 X 0.9798312-0.06732502)/(0.97983122 

+ 0.06732502
) 112] cos (2x18°) 

= 0.8122693 

In tabular form, using 9° intervals in A", the calculation of A2 proceeds as follows, 
integrating only to 90° for the circular orbit: 

'A" H s f('A") Multiplier Summation 

0° ------------------ 1.0113321 0.0708121 1.0035971 X1= 1.0035971 
9 ------------------- 1.0112504 0.0699346 0.9545807 X4= 3.8183229 

18 ------------------- 1. 0110133 0.0673250 0.8122693 X2= 1.6245386 
27 ------------------- 1. 0106439 0.0630509 0.5904356 X4= 2.3617425 
36 ------------------- 1.0101782 0.0572226 0.3106003 X2= 0.6212007 
45 ------------------- 1. 0096617 0.0499888 0.0000000 X4= 0.0000000 
54 ------------------- 1. 0091450 0.0415321 -0.3110197 X2= -0.6220394 
63 ------------------- 1. 0086787 0.0320636 -0.5919529 X4= -2.3678116 
72 ------------------- 1. 0083085 0.0218167 -0.8151437 X2= -1.6302874 
81 ------------------- 1. 0080708 0.0110417 -0.9585531 X4= -3.8342122 
90 ------------------- 1. 0079888 0.0000000 -1.0079888 X1= -1.0079888 

Total = -0.0329376 

To convert to A 2 , referring to equation (27-22), 

A 2 = [4/(180° x 2)]x(9°/3)x(-0.0329376) 
= -0.0010979 

Similar calculations of A 4 , B, C1 , and C3 lead to the values given in the text 
following equation (27-54): 

B = 0.0175544891 for A" in degrees 
A 4 = -0.0000013 
cl = o.1434410 
c3 = o.oooo285 

Since the calculations of in and mn are not necessary for calculation of x and y 
from <1> and A, or the inverse, and are also lengthy, they will be omitted in these 
examples. The examples given will, however, assist in the understanding of the 
text concerning their calculations. The other general constant needed is Ao, deter­
mined from (27 -37), as in the forward spherical formulas and example: 

Ao = 128.87°-(360°/251) X 15 
= 107.36° 

For coordinates of the specific point, equations (27-34) and (27-35) are 
iterated together. Except for the additional factor of (1-e2) in (27-34), the pro­
cedure is identical to the forward spherical example for solving (27 -8) and 
(27-9). The calculations of A1p and the first trial At are identical with that exam­
ple since <1> and A have been made the same. The sign of cos Atp is also negative. 

A'p = 90° 
At = -173.9058167° 
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Using equation (27-34), 

X" =arctan [cos gg.og2o tan ( -173.9058167°) + (1-0.00676866) 
sin gg.092° tan 40°/cos ( -173.g058167°)] 

= -40.1810005° 

For quadrant correction, 

A." = -40.1810005° + 90° - goo sin goo x ( -1) 
= 13g.81899g5o 

Successive iterations give 

(2) At = -170.33313g5o 
A." = 13g.2478g15° 

(3) At = -170.3740g54° 
A." = 13g.2550483° 

(4) At = -170.3735822° 
A." = 13g.2549587° 

(5) A.t = -170.3735886° 
A." = 13g.254g5g8o 

(6) At = -170.3735885° 
A." = 13g.254g5g8o 

These last values do not change within seven decimal places in subsequent 
iterations. 

Using equation (27-36) with the final value of At, 

<!>" =arcsin [[(1-0.00676866) cos gg.og2o sin 40°-sin gg.og2o 
cos 40° sin ( -170.3735885°)]/(1-0.00676866 
sin2 40°)112) 

= 1.46g2784° 

From equation (27-30), using 13g.254g5g8o in place of 18° in the example for cal­
culation of Fourier constants, 

s = -0.0535730 

From equations (27-32) and (27-33), 

X = 6,378,206.4 X [0.0175544891 X 139.254g5g8o + ( -0.0010g7g) 
sin (2x 13g.254g5g8o) + ( -0.0000013) sin (4 x 13g.254g5g8o) 
-[ -0.0535730/(0.g7g83122 + ( -0.0535730)2

) 112] In tan (45° 
+ 1.46g2784°/2)j 

= 15,607, 700.g4 m 
y = 6,378,206.4x[0.1434410 sin 13g.254g5g8o + 0.0000285 

sin (3 x 13g.254g5g8o) + [O.g7g8312/(0.97g83122 

+ ( -0.0535730)2
) 112] In tan (45° + 1.46g2784°/2)) 

= 760,636.33 m 

For calculation of positions along the groundtrack for a circular orbit, these 
examples use the same basic Landsat parameters as those in the preceding exam­
ple, except that <!> = 40° S. lat. on the daylight (descending) part of the orbit. To 
find A.', <!>g is first calculated from equation (27 -41): 
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<l>g = ( -40°) - arcsin (6,378,206.4X0.00676866 sin ( -40°) cos 
( -40°)/[7,294,690.0x (1-0.00676866 sin2 ( -40°))112] 

= -40° - ( -0.1672042°) 
= -39.8327958° 

From equation (27 -42), 

'A' =arcsin [sin ( -39.8327958°)/sin 99.092°] 
= -40.4436361° 

To adjust for quadrant, since the satellite is traveling south, subtract from 
1/z X 360°: 

il., = 180° - ( -40.4436361 °) 
= 220.4436361° 

Using equation (27-43), 

il. =arctan [(cos 99.092° sin 220.4436361°)/cos 220.4436361°] 
-(18/251) X 220.4436361° + 107.36° 

=arctan [0.1025077/( -0. 7610445)] + 91.5512930° 
= 83.8800995° 

Since the denominator of the argument for arctan is negative, add 180°, but 360° 
must also be subtracted to place 'A between + 180° and - 180°: 

il. = 83.8800995° + 180° - 360° 
= -96.1199005° 
= 96°07'11.64" W. long. 

If 'A is given instead, with the above A. used in the example, equations (27-19) 
and (27-35) are iterated together with X.' in place of 'A" in the latter. The tech­
nique is the same as that used previously for solving (27-8) and (27-9) in the 
forward spherical example. See also the discussion for the corresponding spheri­
cal ground track example, using equations (27 -19) and (27 -9), near the end of the 
inverse example. Since the formulas for the circular orbit are the same for ellip­
soid or sphere for this particular calculation, the various iterations are not shown 
here. With il. = -96.1199005°, A.' is found to be220.4436361°. To find the correspond­
ing <1> from equation (27 -44), a trial <1> = arcsin (sin 99.092° sin 220.443636JD) = 
-39.8327958° is inserted: 

<1> = arcsin (sin 99.092° sin 220.4436361°) + arcsin (6,378,206.4 
x 0.00676866 sin ( -39.8327958°) cos ( -39.8327958°)/ 
(7,294,690.0 X (1-0.00676866 
sin2 

( -39.8327958°))112]) 

-39.9998234° 

Substituting -39.9998234° in place of -39.8327958° in the same equation, a new 
value of <1> is obtained: 

<I> = -39.9999998° 

With the next iteration, 

<I> = -40.0000000° 
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which does not change to seven decimal places. Thus, 

4> = 40° S. lat. 

SPACE OBLIQUE MERCATOR (ELLIPSOID)- INVERSE EQUATIONS 
(SEE P. 224-225) 

This example is also limited to the circular Landsat orbit, using the parameters 
of the forward example. 

Inversing forward example: 

Given: Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e2 = 0. 00676866 

Landsat 1, 2, 3 orbit: t = 99.092° 

Find: 4>, X. 

P21P1 = 18/251 
R 0 = 7,294,690.0 m 

Path = 15 (thus X.0 = 107.36° as in forward 
example) 

Point: x = 15,607,700.94 m 
y = 760,636.33 m 

All constants J, W, Q, T, An, B, and Cn, as calculated in the forward example, 
must be calculated or otherwise provided for use for inverse calculations. 

To find X." from equation (27-51) by iteration, the procedure is identical to that 
given for (27 -15) in the inverse spherical example, except for the use of differ­
ent constants. For the initial X." = xlaB, 

A11 15,607,700. 94/(6,378,206.4 X 0.0175544891) 
= 139.3965968° 

Using equation (27-30) to findS for this value of X.", 

S = (18/251) sin 99.092° cos 139.3965968° x [(1 + 0.0133345 
sin2 139.3965968°)/(1 + 0.0133334 sin2 139.3965968°)(1 
+ 0.0066446 sin2 139.3965968°))112 

= -0.0536874 

Inserting these values into (27-51), 

X." = (15,607, 700.94/6,378,206.4 + ( -0.0536874/0.9798312) 
x (760,636.33/6,378,206.4) - ( -0.0010979) sin (2 
x 139.3965968°)-( -0.0000013) sin (4 X 139.3965968°) 
- ( -0.0536874/0.9798312) x [0.1434410 sin 139.3965968° 
+ 0.0000285 sin (3 x 139.3965968°)])/0.0175544891 

139.2539963° 

Substituting this new trial value of X." into (27-30) for a newS, then both into 
(27-51), the next trial value is 

X." = 139.2549663° 



APPENDIX A: NUMERICAL EXAMPLES 

and the fourth trial value is 

A." 139.2549597° 

The fifth trial value is 

A." = 139.2549598° 

which does not change with another iteration to seven decimal places. Therefore, 
this is the final value of A.". The corresponding S last calculated from (27-30) 
using this value of A." is -0.0535730. Using equation (27-52), 

ln tan(45° + 4>"/2) = [1 + (-0.0535730)2/0.97983122] 112 

x [760,636.33/6,378,206.4-0.1434410 sin 
139.2549598°-0.0000285 sin (3 x 139.2549598°)] 

= 0.0256466 
tan (45o + 4>"/2) = eo.oz56466 

= 1.0259783 
45° + 4>"12 = arctan 1.0259783 

= 45. 7346392° 
4>" = 2 X ( 45.7346392°- 45°) 

= 1.4692784° 

Using equations (27-48), (27-47), and (27-46) in order, 

U = 0.00676866 cos2 99.092°/(1-0.00676866) 
= 0.0001702 

V = j[l-sin2 1.4692784°/(1-0.00676866)] cos 99.092° 
sin 139.2549598°-sin 99.092° sin 1.4692784° 
x [(1 + 0.0066446 sin2 139.2549598°) x (1-sin2 1.4692784°) 
-0.0001702 sin2 1.4692784°]112)/ 
[1-sin2 1.4692784° (1 + 0.0001702)] 

= -0.1285013 
A.t = arctan ( -0.1285013/cos 139.2549598°) 

= arctan [ -0.1285013/( -0. 7576215)] 
= 9.6264115° 

Since the denominator of the argument for arctan is negative, and the numerator 
is negative, subtract 180°: 

A.t = 9.6264115°-180° 
== -170.3735885° 

Using equation (27-45), 

A. == -170.3735885°-(18/251)X139.2549598°+107.36° 
= -73.0000000° 
= 73° W. long. 

Using equation (27-49), 

4> = arctan ([tan 139.2549598° cos ( -170.3735885°) -cos 99.092° 
sin ( -170.3735885°)]/[(1-0.00676866) sin 99.092°]) 

= 40.0000000° 
= 40° W. lat. 
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SATELLITE-TRACKING (SPHERE)-FORWARD EQUATIONS (SEEP. 231-232, 236) 

Cylindrical form: 

Given: Radius of sphere: 
Landsat 1, 2, 3 orbit: 

Map parameters: 

Point: 

Find: x, y, h, k 

Using equation (28-1), 

R = 1.0 unit 
i = 99.092° 

P2/P1 = 18/251 
Ao = 90° W. long. 

<!>1 = 30° N. and S. lat. 
<!> = 40° N. lat. 
)1. = 75° W. long. 

F 1 ' [(18/251) cos2 30°-cos 99.092°]/(cos2 30°-cos2 99.092°)112 

0.2487473 

Repeating this for 40° in place of 30°, using equation (28-1a), 

F' = 0.2669577 

Using equations (28-2) through (28-8) in order, 

)1.' = -arcsin (sin 40°/sin 99.092°) 
= -40.6145062° 

At = arctan [tan ( -40.6145062°) cos 99.092°] 
= 7. 7170932° 

L = 7. 7170932°-(18/251)X(-40.6145062°) 
= 10.6296873° 

X = 1.0 X ( -75° - ( -90°)) COS 30° X 'IT/180° 
= 0.2267249 unit 

y = 1.0 X 10.6296873° X ('IT/1800) COS 30°/0.2487473 
= 0. 6459071 unit 

k = cos 30°/cos 40° 
= 1.1305159 

h = 1.1305159 X 0.2669577/0.2487473 
= 1.2132788 

Conic Form (two parallels with conformality): 

Given: Radius of sphere: 
Landsat 1, 2, 3 orbit: 

Map parameters: 

Point: 

Find: x, y, p8 , k, h 

R = 1.0 unit 
i = 99.092° 

P2IP1 = 18/251 
)1.0 = 90° W. long. 
<l>o = 30° N. lat. 
<!> 1 = 45° N. lat. 
<!>2 = 70° N. lat. 

<!> = 40° N. lat. 
A = 75° W. long. 

Using equation (28-9) for ann of zero, 

F 0 arctan ([(18/251) cos2 30°-cos 99.092°]/(cos2 30°-cos2 99.092°)112) 

13.9686735° 
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Repeating this for <f> 1 (45°) and <f>2 (70°), in place of 30°, 

F 1 15.7111447° 
F 2 = 28.7497148° 

Using equations (28-2a) through (28-4a) for ann of zero, 

A.' 0 = -arcsin (sin 30°/sin 99.092°) 
= -30.4218063° 

A.w = arctan [tan ( -30.4218063°)cos 99.092°] 
= 5.3013386° 

L0 = 5.3013386°-(18/251) x ( -30.4218063°) 
= 7.4829821° 

Repeating these equations for an n of 1 and then 2, 

A1
J = -45.7337490° 

A.n = 9.2086865° 
L1 = 12.4883976° 
A1

2 = -72.1102281° 
A.t2 = 26.0835377° 
L2 = 31.2547891° 

Using equations (28-10) through (28-12), 

n = (28. 7497148°-15. 7111447°)/(31.2547891°-12.4883976°) 
= 0.6947830 

So = 15. 7111447°-0.6974830X 12.4883976° 
= 7.0344182° 

p0 = 1.0 cos 45° sin 15.7111447°/[0.6947830 sin (0.6947830x7.4829821° 
+ 7.0344182°)] 

= 1.3005967 units 

These constants apply to the entire map. For the point (<f>, A.), using equations 
(28-9) and (28-2a) through (28-4a) in order for an omitted n, or a <t> of 40° 

F = 14.9469825° 
A1 = -40.6145062° 
A.t = 7.7170932° 
L = 10.6296873° 

Since n is positive and L is greater than ( -sofn), the point may be plotted. 
Using equation (28-13), the calculation is the same as that for p0 , except that 
L is used in place of L0 : 

p = 1.1066853 units 

Using equations (14-4), (14-1), and (14-2) in order, 

e = 0.6947830 x [ -75°-( -90°)] 
= 10.4217452° 

x = 1.1066853 sin 10.4217452° 
= 0.2001910 unit 

y = 1.3005967- 1.1066853 cos 10.4217452° 
= 0.2121685 unit 
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Using equations (28-14) through (28-16) in order, 

p8 = 1.0 cos 45° sin 15.7111447°/0.6947830 
= 0.2755908 unit 

k = 1.1066853 x 0.6947830/(l.OXcos 40°) 
= 1.0037357 

h = 1.0037357 tan 14.9469825°/tan (0.6947830x 10.6296873°+ 7.0344182°) 
= 1.0421246 

SATELLITE-TRACKING (SPHERE)- INVERSE EQUATIONS (SEEP. 236-237) 

Inversing forward examples: 

Cylindrical form: 

Given: R, i, P2/P~> A.0 , <1> 1 as in forward example 

Find: <1>, A. 

x = 0.2267249 unit 
y = 0.6459071 unit 

Calculate F 1 ' from (28 -1), exactly as in the forward example: 

F/ = 0.2487473 

Using equation (28-19), 

L = [0.6459071 X0.2487473/(1.0 cos 300)] X 180°/'iT 
= 10.6296860° 

Using equations (28-24) and (28-25) rather than (28-20) and (28-21), and a 
first trial}..' of(-90°), 

A =tan [10.6296860°+(18/251)x(-90°)]/cos 99.092° 
= -0.4620014 

d}l.' = -[ -90°-arctan ( -0.4620014)1/[1-(( -0.4620014f + 1/cos2 99.092°) 
(18/251) cos 99.092°/(( -0.4620014f + 1)] 

= 47.3862943° 
A1 = -90° + 47.3862943° 

= -42.6137057° 

Replacing ( -90°) in (28-24) and (28-25) with ( -42.6137057°), 

dA I = 1. 9959795° 
A1 = -40.6177262° 

Repeating the iteration successively gives 

d}l.' = 0.0032237° 
}..' = -40.6145026° 

d}l.' = -0.0000000 

Since there is no change to seven decimals, 

A1 = -40.6145026° 
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Using equations (28-22) and (28-23), 

<!> = -arcsin [sin ( -40.6145026°) sin 99.092°] 
= 40° N. lat., neglecting round-off errors 

A. = -90° + [0.2267249/(l.Ocos30°)] x 180°/rr 
= -75° = 75o W. long. 

Conic form (two parallels with conformality): 

Find: <j>, A. 

x = 0.2001910 unit 
y = 0.2121685 unit 

Calculate F 0 , F 1, F 2 , A.0 ', A. to, £ 0 , A. 1 ', A.tl, £ 1, A.2 ', A.t2 , L2 , n, s0 , and p0 exactly as in 
the forward example. Using equations (14-10), (14-11), and (28-26) in order 

p = [0.20019102 + (1.3005967 -0.2121685)2
]112 

= 1.1066853 units 
e = arctan [0.2001910/(1.3005967 -0.2121685)] 

= 10.4217462° 
L =[arcsin (1.0 sin 45° sin 15.7111447°/ 

(1.1066853X0.6947830)) -7.0344182°]/ 
0.6947830 

= 10.6296877° 

With ( -90°) as the first trial A.' in (28-24) and (28-25), calculating as in the in­
verse cylindrical example, 

A = -0.4620016 
6-A.' = 47.3862896° 

A.' = -42.6137104° 

Replacing ( -90°) as the trial A.' with ( -42.6137104°), and successively iterating, 
the result converges to 

A.' = -40.6145076° 

Using equations (28-22) and (14-9), 

<!> = - arcsin [sin ( -40.6145076°) sin 99.092°] 
= 40° N. lat., disregarding round-off errors. 

A. = -90° + 10.4217462°/0.6947830 
= -75° = 75° W. long. 

VANDER GRINTEN (SPHERE)- FORWARD EQUATIONS (SEEP. 241-242) 

Given: Radius of sphere: 
Central meridian: 

Point: 

R = 1.0 unit 
A.0 = 85° W. long. 

<j> = 50° S. lat. 
A. = 160° W. long. 

363 



364 MAP PROJECTIONS-A WORKING MANUAL 

Find: x, y 

From equations (29-6), (29-3), (29-4), (29-5), and (29-6a) in order, 

e =arcsin 12x(-50°)/180°1 
=arcsin 0.5555556 
= 33.7489886° 

A = 1/z I 180°/[( -160°)-( -85°)]-[( -160°)-( -85°)]/180°1 
= lfz I -2.4000000-(-0.4166667) I 
= 0.9916667 

G = cos 33. 7489886°/(sin 33.7489886° + cos 33.7489886° - 1) 
= 2.1483315 

P = 2.1483315 x (2/sin 33. 7489886°-1) 
= 5.5856618 

Q = 0.99166672 + 2.1483315 = 3.1317342 

From equation (29-1), 

x = -'ITX1.0x(0.9916667x(2.1483315-5.58566182) 

+ [0.99166672 x (2.1483315-5.58566182
)
2 

-(5.58566182 + 0.99166672) X (2.14833152-5.58566182)]112)/ 
(5.58566182 + 0. 99166672

) 

= -1.1954154 units 

taking the initial"-" sign because (A.-1..0) is negative. Note that 'IT is not con­
verted to 180° here, since there is no angle in degrees to offset it. From equation 
(29-2), 

y = -'ITX1.0x(5.5856618X3.1317342-0.9916667 
X[(0.99166672 + 1) X(5.58566182 + 0.99166672

) 

-3.13173422]112)/(5.58566182 + 0.99166672) 

= -0.9960733 units, taking the initial "-" sign because <1> is 
negative. 

VANDER GRINTEN (SPHERE)-INVERSE EQUATIONS (SEEP. 242) 

Inversing forward example: 

Given: Radius of sphere: 
Central meridian: 

Point: 

Find: <!>, A. 

R = 1.0 unit 
1..0 = 85° W. long. 
x == -1.1954154 units 
y = -0.9960733 unit 

Using equations (29-9) through (29-19) in order, 

X = -1.1954154/('!Txl.O) 
== -0.3805125 

Y = -0.9960733/('ITXl.O) 
== -0.3170600 

c1 = -0.3170600x [1 + ( -0.3805125)2 + ( -0.3170600l] 
= -0.3948401 

c2 == -0.3948401-2X(-0.3170600)2 +(-0.3805125)2 

= -0.4511044 
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G3 = -2X(-0.3g48401)+1+2X(-0.3170600)2 

+ [( -0.3805125i + ( -0.3170600)2
]
2 

= 2.050g147 
d = ( -0.3170600)2/2.050g147 + [2 X ( -0.4511044)3/2.050g1473 

-g X ( -0.3g48401) X ( -0.4511044)/2.050g1472]/27 
= 0.0341124 

a 1 = [ -o.3g48401-( -0.4511044)2/(3x2.050g147)]/2.050g147 
= -0.2086455 

m 1 = 2x(0.2086455/3)vz 
= 0.527440g 

81 = (113) arccos [3x0.0341124/(-0.2086455x0.527440g)] 
= (113) arccos ( -0.g2gg322) 
= 52.8080831° 

<!> = -180°X[ -0.527440gx cos (52.8080831° + 60°) 
-( -0.4511044)/(3X2.050g147)) 

= -50° = 50° S. lat., taking the initial"-" sign because y is 
negative. 

A =180°X((-0.3805125)2 + (-0.3170600i -1 + 
[1+2X((-0.3805125)2

- (-0.3170600)2
) 

+ (( -0.3805125)2 + ( -0.3170600)2)2]ltlj/ 
[2x(-0.3805125)] + (-85°) 

= -160° = 160° W. long. 

SINUSOIDAL (SPHERE)- FORWARD EQUATIONS (SEEP. 247) 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao =goo W. long. 

<1> = 50° S. lat. Point: 
A = 75° W. long. 

Find: x, y, h, k, 8', w 
From equations (30-1) through (30-5) in order, 

X = 1.0 X [-75°-(-g0°))X COS (-50°) X 'TT/180° 
= 0.1682814 unit 

Y = 1.0 X ( -50°) X 'TT/180° 
= -0.8726646 unit 

h = (1 + [ -75°-( -g0°)]2 X(7r/180°i X sin2 ( -50°))vz 
= l.01gg11g 

k = 1.0 
8' =arcsin (1/1.01ggng) 

= 78.65g7ngo 
w =2arctan 1(112)[-75°-(-goo)] x ('TT/180°) x sin(-50°) I 

= 11.4523842° 

SINUSOIDAL (SPHERE)- INVERSE EQUATIONS (SEEP. 248) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao =goo W. long. 

Point: x = 0.1682814 unit 
y = -0.8726646 unit 

Find: <!>, A 
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From equations (30-6) and (30-7), 

Given: 

<j> = ( -0.8726646/1.0) X 180°hr 
= -49.9999985° 
= 50° S. lat. rounding off. 

A = -90° + [0.1682814/(1.0 X cos(-49.9999985°)] X 180°hr 
= - 75.0000007° 
= 75° W. long. 

SINUSOIDAL (ELLIPSOID)- FORWARD EQUATIONS (SEEP. 248) 

Clarke 1866 ellipsoid: a = 6,378,206.4 m 
e 2 = 0.00676866 

Central meridian: Ao = 90° W. long. 
Point: <j> = 50° S. lat. 

A = 75o W. long. 

Find: x, y 

Using equations (30-8), (3-21), and (30-9) in order, 

x = 6,378,206.4 x [ -75° - ( -90°)] x (-rr/180°) cos ( -50°) )/ 
(1-0.00676866 sin2 ( -50°))112 

= 1,075,471.5 m 
M = 6,378,206.4 X [(1-0.00676866/4-3x0.006768662/64 

-5 X 0.006768663/256) X ( -50°) X 'TT/180° - (3 X 0.00676866/8 
+ 3 X 0.006768662/32 + 45 X 0.006768663/1024) sin (2 X ( -50°)) 
+ (15 X 0.006768662/256 + 45 X 0.006768663/1024) sin (4 X ( -50°)) 
- (35 x 0.006768663/3072) sin (6 x ( -50°))] 

= -5,540,628.0 m 
y = -5,540,628.0 m 

SINUSOIDAL (ELLIPSOID)- INVERSE EQUATIONS (SEF. P. 248) 

Inversing forward example: 

Given: a, e2
, Ao for forward example 

x = 1,075,471.5 m 
y = -5,540,628.0 m 

Using equations (30-10), (7-19), (3-24), (3-26), and (30-11) in order, 

M = -5,540,628.0 
f-l = -5,540,628.0/(6378206.4 X (1-0.00676866/4 

-3 x 0.006768662/64-5x0.006768663/256)] 
= -0.8701555 radians = -49.8562390° 

e1 = [1-(1-0.00676866)112]/[1 + (1-0.00676866) 112] 
= 0.001697916 

<j> = -49.8562390° + [(3x0.001697916/2-27x0.0016979163/32) 
sin (2x(-49.8562390°)) + (21x0.0016979162!16 
-55x0.0016979164/32) sin (4x(-49.8562390°)) 
+ (151x0.0016979163/96) sin (6x(-49.8562390°)) 
+ (1097X0.0016979164/512) sin (8X(-49.8562390°))]X180°/7T 

= -50° = 50° S. lat. 
A = -90° + [1075471.5x(l-0.00676866 sin2 

( -50°))112/ 
(6,378,206.4 X COS ( -50°))] X 180°/'TT 

= -75° = 75° W. long. 
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MOLL WEIDE (SPHERE)- FORWARD EQUATIONS (SEEP. 251) 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao = goo W. long. 

Point: <1> = 50° S. lat. 
A = 75° W. long. 

Find: x, y 

From equation (31-4), using <1> or -50° as the flrst trial 6', 

M' -(( -50°) x TI/180° + sin ( -50°) - 'iT sin ( -50°)]/ 
(1 + COS (-50°)] X 180°/'iT 

-26. 781846go 

Thenexttrial6' = -50°-26.781846go = -76.781846go_ Usingthisinplaceof-50° 
for 6' (not <)>) in equation (31-4), subsequent iterations produce the following: 

6.6' = -4.33670g7o 
6' = -81.1185566° 

6.6' = -0.13g15g7o 
6' = -81.2577163° 

6.6' = -0.0001450° 
6' = -81.2578612° 

6.6' = -0.0000000° 

Since there is no change to seven decimal places, using (31-5), 

6 -81.2578612°/2 
= -40.628g306° 

Using (31-1) and (31-2), 

X = (8112/TI) X 1.0 X [ -75°-( -gQ0 ))cos( -40.628g3Q6°) X TI/180° 
= 0.1788845 unit 

y = 2112 x 1.0 sin ( -40.628g306°) 
= -o.g208758 unit 

MOLLWEIDE (SPHERE)- INVERSE EQUATIONS (SEEP. 251-252) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao = goo W. long. 

Point: x = 0.1788845 unit 
y = -o.g208758 unit 

Find: <)>, A 

Using equations (31-6) through (31-8) in order, 

6 = arcsin [ -o.g208758/(2112 x 1.0)] 
= -40.628g3l1° 

<)> = arcsin ([2 X ( -40.628g311 °) x TI/180° + sin [2 X ( -40.628g311 °)]]/Tij 
= -50° = 50° S. lat., neglecting round-off errors 

A = -goo + (TI X 0.1788845/[8112 X 1.0 cos ( -40.628g311 °)]j X 180°/'iT 
= -75° = 75° W. long. 
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ECKERT IV (SPHERE)- FORWARD EQUATIONS (SEE P. 256-257 ) 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: 

Point: 

Find: x, y 

A0 = goo W. long. 
<1> = 50° S. lat. 
A = 75° W. long. 

From equation (32-4), using (<!>/2) or -25° as the first trial 8, 

M - [ (-25°) x 1ri180° + sin (-25°) cos (-25°) + 2 sin (-25°) 
-(2 + 1T/2) sin ( -50°)]/[2 cos ( -25°) x (1 +cos ( -25°))] 

-17.7554344° 

The next trials= -25°-17.7554344°= -42.7554344°. Using this in place of -25° 
for 8 in equation (32-4), subsequent iterations produce the following: 

.:l8 = -2,gg1209go 
8 = -45.7466443° 

.:l8 = -0.11138g4o 
8 = -45.8580337° 

.:l8 = -0.0001573° 
8 = -45.8581910° 

.:l8 = -0.0000000° 

Sincethereisnochangetosevendecimalplaces, 8 = -45.8581g10o. Using(32-1a) 
and (32-2a), 

X = 0.4222382 X 1 X [ -75°-(-g0°)) X (1T/180°) X [1 + COS(-45.8581g10°)] 
= 0.1875270 unit 

y = 1.3265004 x 1 x sin ( -45.8581g10°) 
= -o.g51g210 unit 

ECKERT IV (SPHERE)-:- INVERSE EQUATIONS (SEEP. 257) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: A0 = goo W. long. 

Point: x = 0.1875270 unit 
y = -0.9519210 unit 

Find: <!>, A 

Using equations (32-ga), (32-10), and (32-lla) in order, 

8 = arcsin [ -o.g51g210/{1.3265004x 1)] 
= -45.8581937° 

<1> = arcsin [( -45.8581937° x 1r/180o + sin ( -45.8581937°) 
cos ( -45.8581937°) + 2 sin ( -45.8581937°))/ 
(2 + 1TI2)] 

= -50.0000027° = 50° S. lat., disregarding round-off errors. 
A. = -90° + [0.1875270/[0.4222382X1 

X (1 + COS ( -45.8581937°))]] X 180°/1T 
= -74.9999991° = 75° W. long. 
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ECKERT VI (SPHERE)- FORWARD EQUATIONS (SEEP. 257) 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao = 90° W. long. 

Point: <1> = 50° S. lat. 
A = 75° W. long. 

Find: x, y 

From equation (32-8), using <1> or -50° as the frrst trial e, 

M -\[( -50° x 1TI180° + sin ( -50°) - (1 + 1r/2) sin ( -50°)]/ 
[1 + COS ( -50°)]) X 180°/1T 

-11.5316184° 

Thenexttriale = -50°-11.5316184° = -61.5316184°. Usingthisinplaceof-50° 
fore (but not <I>) in equation (32-8), subsequent iterations produce the following: 

M = -0.6337921 o 

e = -62.1654105° 
ae = -0.0021049° 

e = -62.1675154° 
M = -o.oooooooo 

Since there is no change to seven decimal places, e = -62.1675154°. Using (32-5) 
and (32-6), 

X 1 X [-75°- (-90°)] X (1T/180°) X [1 + cos(-62.1675154°)]/(2 + 1T)112 

0.1693623 unit 
y 2 X 1 X ( -62.1675154°) X ( 1T/180°)/(2 + 1T)ll2 

-0.9570223 unit 

ECKERT VI (SPHERE)- INVERSE EQUATIONS (SEEP. 257) 

Inversing forward example: 

Given: Radius of sphere: R = 1.0 unit 
Central meridian: Ao = 90° W. long. 

Point: x = 0.1693623 unit 
y = -0.9570223 unit 

Find: <j>, A 

Using equations (32-12), (32-13), and (32-14) in order, 

e = (2 + 1r)112 x ( -0.9570223) x (180°/1T)/(2x 1) 
= -62.1675178° 

<1> = arcsin [( -62.1675178° x 1TI180° + sin ( -62.1675178°))/(1 + 1TI2)] 
= -50.0000021° = 50° S. lat., disregarding round-off errors. 

A = -90° + (2+1T)112 X 0.1693623 X (180°/1T)/[1X(1 + cos (-62.1675178°))] 
= -75° = 75° W. long. 
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APPENDIX B 
USE OF MAP PROJECTIONS BY U.S. GEOLOGICAL SURVEY-SUMMARY 

Note This list is not exhaustive. For further details, see text. 

Class/Projection Maps 

Cylindrical 
Mercator ----------------------------------------- Northeast Equatorial Pacific 

Indonesia (Tectonic) 
Other planets and satellites 

Transverse Mercator ------------------------- 7V2' and 15' quadrangles for 
22 States 

North America 
Universal Transverse Mercator ----------- 1 o lat. x 2° long. quadrangles 

of U.S. metric quadrangles and 
County maps. 

"Modified Transverse Mercator" ---------- Alaska 
Oblique Mercator ------------------------------ Grids in southeast 

Alaska 
Landsat Satellite Imagery 

Miller Cylindrical ------------------------------ World 
Equidistant Cylindrical ---------------------- United States and some State Index 

Maps 

Conic 
Albers Equal-Area Conic -------------------- United States and sections 
Lambert Conformal Conic ------------------ 7%' and 15' quadrangles for 

32 States 

Bipolar Oblique Conic 

Quadrangles for Puerto Rico, Virgin 
Islands, and Samoa 

State Base Maps 
Quadrangles for International 

Map of the World 
Some other planets and satellites 
Some State Index Maps 

Conformal ------------------------------------- North America (Geologic) 
Polyconic ----------------------------------------- Quadrangles for all States 
Modified Polyconic ---------------------------- Quadrangles for International 

Map of the World 

Azimuthal 
Orthographic (oblique) ----------------------- Pictorial views of Earth 

or portions 
Stereographic (oblique) ----------------------- Other planets and satellites 

(polar) -------------------------- Antarctica 
Arctic regions 
Other planets and satellites 

Lambert Azimuthal Equal-Area 
(oblique) --------------------------------------- Pacific Ocean 
(polar) ------------------------------------------ Arctic regions (Hydrocarbon 

Provinces) 
North and South Polar regions 

(polar expeditions) 
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Azimuthal Equidistant (oblique) ---------- World 

Space 

Quadrangles for Guam and 
Micronesia 

Space Oblique Mercator --------------------- Satellite image mapping 

Miscellaneous 
Van der Grinten ------------------------------- World (Subsea Mineral Resources, 

misc.) 
Sinusoidal (interrupted) ---------------------- World (Hydrocarbon Provinces) 



APPENDIXC 
STATE PLANE COORDINATE SYSTEMS-CHANGES FOR 1983 DATUM 

This listing indicates changes for the NAD 1983 datum 
from projections, parameters, and origins of zones as 
described in table 8 for the NAD 1927 datum. It is im­
portant to understand that State plane coordinates based 
on the datum cannot be correctly converted to coordinates 
on the 1983 datum merely by using inverse formulas to 
convert from 1927 rectangular coordinates to latitude and 
longitude, and then using forward formulas with this 
latitude and longitude to convert to 1983 rectangular coor­
dinates. Due to readjustment of the survey control net­
works and to the change of ellipsoid, the latitude and 
longitude also change slightly from one datum to the 
other. 

These changes have been approved by the National 
Geodetic Survey (William M. Kaula, James Stem, pers. 
comm., 1986). They are given in the same order as the 
entries in table 8, except that only the changes are shown. 
All parameters not listed remain as before, except for the 
different ellipsoid and datum. Because all coordinates at 
the origin have been changed, and because they vary con­
siderably, they are presented in the body of the table 
rather than as footnotes. Samoa is not being changed to 
the new datum. 

[L indicates Lambert Conformal Conic] 

California 
Montana 
Nebraska 

Area 

Puerto Rico and Virgin Islands 
South Carolina 
Wyoming 

Zone 

Alabama 
East 
West 

Alaska, 2-9 
Arizona, all 
Delaware 
Florida 

East, West 
Georgia 

East 
West 

Hawaii, all 
Idaho 

East 
Central 
West 

Illinois 
East 
West 

Indiana 
East 
West 

Maine 
East 
West 

Mississippi 
East 

West 

Projection 

L 
L 
L 
L 
L 
Unresolved 

Transverse Mercator projection 

Coordinates of origin (meters) 
X y 

200,000 0 
600,000 0 
500,000 0 
213,360 0 
200,000 0 

200,000 0 

200,000 0 
700,000 0 
500,000 0 

200,000 0 
500,000 0 
800,000 0 

300,000 0 
700,000 0 

100,000 250,000 
900,000 250,000 

300,000 0 
900,000 0 

300,000 0 

700,000 0 

Other Changes 

Zones 

6 
1 
1 
1 
1 

Origin in Intl. feet! 

Lat. of origin 43°40' N. 

Scale reduction 1:20,000, 
Lat. of origin 29°30' N. 
Scale reduction 1:20,000, 
Lat. of origin 29°30' N. 
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Zone 

Missouri 
East 
Central 
West 

Nevada 
East 
Central 
West 

New Hampshire 
New Jersey 

New Mexico 
East 
Central 
West 

New York 
East 
Central 
West 

Rhode Island 
Vermont 
Wyoming 

MAP PROJECTIONS-A WORKING MANUAL 

Transverse Mercator projection 

Coordinates of origin (meters) 
X y 

250,000 
500,000 
850,000 

200,000 
500,000 
800,000 
300,000 
150,000 

165,000 
500,000 
830,000 

0 
0 
0 

8,000,000 
6,000,000 
4,000,000 

0 
0 

0 
0 
0 

Other changes 

Central meridian 7 4 o 30' W. 
Scale reduction 1:10,000. 

All parameters identical with above New Jersey zone. 
250,000 0 
350,000 0 
100,000 0 
500,000 0 

Unresolved 



APPENDIX C: STATE PLANE COORDINATE SYSTEMS 375 

Lambert Conformal Conic projection 

Coordinates of origin (meters) 
Zone X y Other changes 

Alaska, 10 1,000,000 0 
Arkansas 

North 400,000 0 
South 400,000 400,000 

California Zone 7 deleted. 
1-6 2,000,000 500,000 

Colorado, all 914,401.8289 304,800.6096 
Connecticut 304,800.6096 152,400.3048 
Florida, North 600,000 0 
Iowa 

North 1,500,000 1,000,000 
South 500,000 0 

Kansas 
North 400,000 0 
South 400,000 400,000 

Kentucky 
North 500,000 0 
South 500,000 500,000 

Louisiana 
North 1,000,000 0 Lat. of origin 30°30' N. 
South 1,000,000 0 Lat. of origin 28°30' N. 
Offshore 1,000,000 0 Lat. of origin 25°30' N. 

Maryland 400,000 0 Lat. of origin 37° 40' N. 
Massachusetts 

Mainland 200,000 750,000 
Island 500,000 0 

Michigan GRS 80 ellipsoid used 
without alteration. 

North 8,000,000 0 
Central 6,000,000 0 Long. of origin 84 °22' W. 
South 4,000,000 0 Long. of origin 84 °22' W. 

Minnesota, all 800,000 100,000 
Montana 600,000 0 Standard parallels, 45°00' 

(single zone) and 49°00' N. 
Long. of origin 109 o 30' W. 
Lat. of origin 44°15' N. 
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Zone 

Nebraska 
(single zone) 

New York 
Long Island 

North Carolina 
North Dakota, all 
Ohio, all 
Oklahoma, all 
Oregon 

North 
South 

Pennsylvania, all 
Puerto Rico and 

Virgin Islands 

South Carolina 
(single zone) 

South Dakota, all 
Tennessee 
Texas 

North 
North Central 
Central 
South Central 
South 

Utah 
North 
Central 
South 

Virginia 
North 
South 

Washington, all 
West Virginia, all 
Wisconsin all 

Lambert Confonnal Conic projection 

Coordinates of origin (meters) 
X y 

500,000 0 

300,000 0 
609,621.22 0 
600,000 0 
600,000 0 
600,000 0 

2,500,000 0 
1,500,000 0 

600,000 0 

200,000 200,000 

609,600 0 

600,000 0 
600,000 0 

200,000 1,000,000 
600,000 2,000,000 
700,000 3,000,000 
600,000 4,000,000 
300,000 5,000,000 

500,000 1,000,000 
500,000 2,000,000 
500,000 3,000,000 

3,500,000 2,000,000 
3,500,000 1,000,000 

500,000 0 
600,000 0 
600 000 0 

NOTE: All these systems are based on the GRS 80 ellipsoid. 
1For the International foot, 1 in=2.54 em, or 1 ft=30.48 em. 

Standard parallels, 40°00' and 
43°00' N. 
Long. of origin 100°00' W. 
Lat. of origin 39°50' N. 

Lat. of origin 40°10' N. 

(Two previous zones identical 
except for x andy of origin.) 
Standard parallels, 
32°30' and 34°50' N. 
Long. of origin 81 °00' W. 
Lat. of origin 31 °50' N. 

Lat. of origin 34 °20' N. 

Central meridian 98°30' W. 



INDEX 

[Italic page numbers indicate major references] 

Page 
A 

Acronyms i.x 
Adams, O.S. 2, 13-18, 98, 99, 100 
Aeronautical charts 106 
Africa, maps of . 76, 138, 139, 157, 243 
Alaska, maps of . 2, 57 

Albers Equal-Area Conic projection 99 
Modified-Stereographic Conformal projection 203, 

205, 206, 209, 210, 212 
"Modified Transverse Mercator" projection 64-65, 

97, 113, 371 
Polyconic projection 128 
State Plane Coordinate System 51, 52, 54, 

56, 66, 68, 373, 375 
Albers, H.C. 98 
Albers Equal-Area Conic projection 

features 
formulas, ellipsoid 

sphere 
history 
polar coordinates 

27, 77.98-103 
98-100, 105, 112 
101-102, 292-294 
100-101, 291-292 

98 
103 

usage 2, 35, 97, 98-100, 128, 371 
American Geographical Society 86, 116, 117, 157 
American Polyconic projection 124 
American Telephone & Telegraph Co. 192 
AMS Lunar projection 169 
Analemma projection 145 
Antarctica, maps of 2, 157, 371 
Aphylactic projections 4 
Aposphere 66 
Arab cartographers 145, 154 
Arctan function, general ix 
Arctic regions, maps of 157, 184, 371 
Arithmetic-Geometric Mean (AGM) iteration 17 
Army Map Service 57, 127, 169 
Asia, maps of 138, 139, 157, 203 
Astrogeology, USGS Center of 41, 157 
ATAN2 function, Fortran, general ix 
Atlantic Ocean, maps of . 4 7, 249 
"Atlantis" projection 249 
Atlas Mira 253 
August projection 
Australasia, maps of . 
Authalic latitude 

See latitude, authalic 
Authalic projections 
Auxiliary latitudes 

See latitude, auxiliary 
Azimuth, calculation, on sphere . 

on ellipsoid 
symbols 

Azimuthal Equal-Area projection 
Azimuthal Equidistant projection 

features 
formulas, ellipsoid .. 

sphere 
geometric construction 
history .. 
polar coordinates 
rectangular coordinates 

34 
68, 139, 203 

4 

30 
199, 201, 202 

viii 
182 

5, 112, 191-202 
141, 192, 194 

197-202, 338-344 
195-197, 337-338 

194 
191-192 

144, 198 
196-197 

usage 34, 35, 194, 372 
Azimuthal projections 4, 5, 7, 33, 141-202 

scale and distortion 21, 23, 26 
transformation . 31-32 
See also Azimuthal Eqnidistant projection, Gnomonic 

projection, Lambert Azimuthal Equal-Area 
projection, Orthographic projection, 
Stereographic projection, Vertical Perspec­
tive projection 

B 

Babinet, J. 
Babinet's Equal-Surface projection 
Bartholomew, J. 

Page 

249 
249 
249 

Basement Map 116 
Bathymetric Map 41 
Behrmann, VV. 76, 77 
Bessel ellipsoid 11, 12 
Bipolar Oblique Conic Conformal projection I, 51, 

features and usage 
formulas, sphere 
history 
rectangular coordinates 

Board of Longitude 
Boggs, S.VV. 
Boggs Eumorphic projection 
Bomford, G. 
Bonne, R. 
Bonne projection 

features 
formulas, ellipsoid .. 

sphere 
history 
usage 

Borneo, maps of 

86, 116-123 
116-117. 371 

117-121, 301-303 
116 

122-123 
9 

86 
34, 249 

192 
138 

7, 33, 138-140 
138-139 

140, 310-311 
139-140, 309 

92, 138 
139 

66, 68 
128 Bousfield's Modified Polyconic projection 

Briesemeister, W.A. 116 
34, 249 

251 
Briesemeister projection 
Bromley, R.H. 

Cagnoli, A. 
Calculator, pocket 

c 

Carte Paral!elogrammatique, La 
Cassini, J.D. or G.D. 
Cassini de Thury, C.F. 
Cassini projection 

features 
formulas, ellipsoid .. 

sphere 
history 
usage 

Cassini-Soldner projection 

191 
2, 4, 29, 67 

90 
92 
92 

92-95 
92-94 

95, 289-290 
94-95, 288-289 

92 
94, 138 

57, 94 
See also Cassini projection 

Cauchy-Riemann equations 
Central projection 
Chamberlin, VV. 
Chamberlin Trimetric projection 
Clarke, A.R. 
Clarke 1866 ellipsoid 

27-28, 203 
164 
192 

139, 192 
11, 169, 173 

11, 13, 65, 82, 
83, 103, 115, 212, 225 

corrections for auxiliary latitudes 
using 

dimensions 
distortion of sphere vs 
formulas using . 
length of degree using 

15-18 
11, 12 

27 
15-18 

25 
use, Guam projection 199 

maps of U.S. 11, 100, 110, 125, 212 
Mercator projection tables 45 
Micronesia mapping . 200 
Polyconic projection tables 132-133 
State Plane Coordinate System 51, 56 
Universal Transverse Mercator projection 58, 59 

"Clarke's best formula" 199, 202 
Classification of projections 3-7, 33 
Close, C.F. 192 
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Coast Survey . . . . . . . . . . . 126 
See also Survey of the Coast, United States Coast and 

Geodetic Survey 
Cole, J.H. 
Columbus, C. 
Colvocoresses, A.P. 
Computer 
Cone, basis of projection ... 
Cone constant . 

See also specific conic projection 
Conformal latitude 

See latitude, conformal 

66, 71 
9 

214, 215 
1, 4, 29, 67 
5, 6, 7, 33 

ix, 21 

Conformal projections 2, 4, 27-28, 34, 35 
See also Bipolar Oblique Conic Conformal projection, 

Lambert Conformal Conic projection, Mer­
cator projection, Modified-Stereographic 
Conformal projections, Oblique Mercator 
projection, Space Oblique Mercator projec­
tion, Stereographic projection, Transverse 
Mercator projection 

"Conic projection" 111 
"Modified" 113 

Conic (conical) projections 5, 7, 21, 97-140, 142 
scale and distortion 21, 25 
transformation 31, 32 
See also Albers Equal-Area Conic projection, Bipolar 

Oblique Conic Conformal projection, Equi­
distant Conic projection, Lambert Con­
formal Conic projection, Polyconic 
projection, Satellite-Tracking projections 

Conical Orthomorphic projection 104 
Conrad of Dyffenbach . . . . . . . . . . . 191 
Continents, maps of 35 

See also specific continent 
Convergence of meridians 21 
Coordinates, polar 21, 23 

rectangular ix, 21 
See also specific projection 

Cordiform projections 
Coronelli, V.M. 
Cossin, J. 
Curvature, radius of . 

total 
Cylinder, basis of projection 
Cylindrical Equal-Area projection 

features 

138, 154 
138 

.. .. 243 
24, 25, 266 

70 
5, 6, 7, 33 

37. 76-85, 98 
76-77 

formulas, ellipsoid 81-85, 281-287 
sphere 77, 80-81, 278-280 

history 48 
usage ..... 35 

Cylindrical projections 5, 7, 21, 33, 37-95, 97, 142, 371 
scale and distortion . . . 21, 25 
transformation . 31-32 

See also Cassini projection, Cylindrical Equal-Area 
projection, Equidistant Cylindrical projec­
tion, Gall Cylindrical projection, Mercator 
projection, Miller Cylindrical projection, 
Oblique Mercator projection, Satellite­
Tracking projections, Simple Cylindrical 
projection, Transverse Equidistant Cylin­
drical projection, Transverse Mercator 
projection 

D 

d'Aiguilion, F. 
D'Aiembert, J.L. 
Datum 

145, 154 
203 

11-13 
13, 56 

13, 373-376 
. .. 146 

North American Datum (NAD) 1927 
North American Datum (NAD) 1983 

Debenham, F. 

Deetz, C.H. 
Deformation, maximum angular 

De Ia Hire, P. 
De !'Isle, J.N ... 
Distortion of maps 

2 
20-21, 23-24, 142-144, 

221, 226 
169 

111, 138 

See deformation, maximum angular; scale 
Donald, J.K. 192 
Durer, A. 145 

E 

Easting, false ix, 10, 63, 64 
Eccentricity of ellipsoid 

See ellipsoid, eccentricity 
Eckert, M. 253 
Eckert IV and VI projections 253-258 

features 256 
formulas, sphere, Eckert IV 256-257, 368 

Eckert VI 257, 369 
history 253, 256 
rectangular coordinates . . . . . . . . . . . . . . . 258 
usage 34, 253, 256 

Edwards, T. 76 
Egyptian cartographers 145, 154, 169, 191 
Eisenlohr projection 34 
Electronic surveying . . . . . . . . . . 10 
Ellipsoid, Earth taken as 10, 11-18 

eccentricity, symbols viii, 13 
flattening 11, 12, 13 
scale and distortion 11, 24-27 
Stereographic projection characteristics 155 
See also Bessel ellipsoid; Clarke 1866 ellipsoid; Inter-

national ellipsoid; latitude, auxiliary; specific 
projection 

Elliptical integrals . . . . . 17 
Elliptical projection 249 
Equal-area projections 4, 28, 34, 35 

See olso Albers Equal-Area Conic projection, Bonne 
projection, Cylindrical Equal-Area projec­
tion, Eckert IV and VI projections, Lambert 
Azimuthal Equal-Area projection, 
Mollweide projection, Sinusoidal projection 

Equatorial projections . . . . . . . . . . . 7, 29, 32, 141 
Azimuthal Equidistant . . . . . . 192, 194 
Gnomonic 165 
Lambert Azimuthal Equal-Area 184 
Orthographic 145-146 
Stereographic . 155 

Equiareal projections 4 
Equidistant Conic projection 64, 97, 111-115 

features . . . . . . . . . . 112, 138 
formulas, ellipsoid . 114, 299-301 

sphere 113-114, 298-299 
history 111 
polar coordinates 115 
usage . . . . . . . . . . . . 35, 113 

Equidistant Cylindrical projection 90-91, 92, 94, 97, 247 
formulas, for sphere 91 
history and features 90-91 
usage . . . . . . . . . . . . . . . . . . 35, 371 
See olso Cassini projection 

Equidistant projections . . . . 4, 34, 35 
See also Azimuthal Equidistant projection, Cassini 

projection, Equidistant Conic projection, 
Equidistant Cylindrical projection 

Equirectangular projection 90, 112 
Equivalent projections 4 
Eratosthenes 90 
ERTS satellite imagery 94, 214 
Espinosa, A.F. 203 
~~E. ~ 

Euler, L. 111 
Eurasia, maps of . . . . . . . . . . . . . 66, 76 
Europe, maps of . 2, 98, 138, 139, '157 
Everett, J.D. 111 
Extraterrestrial mapping 2, 13, 14 

Lambert Conformal Conic projection . 42-43, 371 
Mercator projection 41-43, 371 
Perspective projections 169 
Stereographic projection, oblique . . . . . . . 43, 155 

polar 42-43, 157 
Transverse Mercator projection 42-43 

F 

Fairgrieve, J. 249 
False eastings and northings 
Ferro Ill! prime meridian 
Flamsteed, J. 

ix, 10, 63, 64 
8 

243 
82-84, 218, 219, 220, 223, 224, 

225, 229, 347-349, 354 
Fourier series .. 

France, maps of . 
French Academy of Sciences 

8, 92, 104, 138, 139 
... 11 



G 

Galilean satellites of Jupiter 
See Jupiter satellites 

Galileo 
Gall, J. 

9 
76, 86 

Gall (Stereographic) Cylindrical projection 
Gauss, C.F. 

37, 76, 86 
48 
48 
48 

Gauss Conformal projection . 
Gauss·Kriiger projection ... 
Geodesic distance, calculation 
Geodesic path 
Geodetic Reference System (GRS) 
Geodetic triangulation 

199, 201, 202 
10, 70, 81 

12, 13 
9 

90, 111 
11, 12 

Geographia 
Geoid, Earth taken as 

Geologic maps 
Geosynchronous satellites 
Geothermal Map 
Germain, A. 
Ginzburg, G.A. 
Glareanus, H. 
Globular projection 
Gnomic projection 
Gnomonic projection 

coordinates, polar 
rectangular 

features 
formulas, sphere 
history 
usage 

Goode, J.P. 
Goode Homolosine projection . 
Goode's Atlas 
Great Britain, maps of . 
Great Lakes, maps of . 
Great-circle distance ..... 
Great-circle paths 
Greenwich as prime meridian . 
G RS 80 ellipsoid 
Grids 

.. 98, 116, 371 
170 
116 
48 

182 
191 

184, 194 
164 

164-168, 169, 192 
143 
168 

4, 141, 164-165 
165, 167, 319-320 

164 
35, 164-165 

247, 249 
34, 247. 249, 253 

247 
57, 94 
56, 68 
30, 39 

4, 35, 67. 81, 164, 165 
ix, 8-9. 10, 157 

12, 13, 376 
3, 10 

declination 21 
See also State Plane Coordinate System; Transverse 

Mercator, Universal; World Polyconic Grid 
GS50 Projection 206, 209, 210, 212 
Guam projection 194, 198-199, 201, 372 

Hammer, E. 
Hammer projection .. 
Hammer·Aitoff projection 
Hammond, Inc. 
Harrison, J. 
Harrison, R.E. 
Hassler, F.R. 
Hatt, P. 
Hawaii, maps of 
Hayford, J.F. 
Hayford ellipsoid 

H 

See also International ellipsoid 

182 
34, 182, 249 

182 
139 

9 
146, 169 

2, 124 
191 

41, 68, 99 
11 

11-12 

Heat Capacity Mapping Mission (HCMM) imagery 68 
Hemispheres, maps of . . 34-35, 182, 184, 191, 194 
Hipparchus 8, 145, 154, 243 
Homalographic projections 4, 249 
Homolographic projections 4, 249 
Homolosine projection 34, 247, ·249, 253 
Hondius, J. 243 
Hooke, R. 9 
Horizon aspect of projections, definition 29 
Horologium projection 164 
Hotine, M. 66, 68, 70-75 
Hotine Oblique Mercator (HOM) projection 

See Oblique Mercator projection, Hotine 
Huygens, C. 9 
Hydrocarbon Provinces, maps of 157, 184, 247, 371, 372 

Ibn-ei-Zarkali 
Index maps, topographic 
Indicatrix, Tissot's 
Indonesia, maps of 

154 
90-91, 371 

20-21, 27, 215 
41, 371 

INDEX 

International ellipsoid 11-12, 82, 83, 136, 157 
dimensions 11-12 
length of degree using 25 
use with polar projections . . . 163, 190 
use io Universal Transverse Mercator projection 58 

International Map Committee 131 
International Map of the World (IMW) 106, 128, 

131-137, 157, 371 
International Meridian Conference 9 
International Union of Geodesy and Geophysics (IUGG) 

11, 13 
Interrupted projections .. 34, 246, 247, 249, 372 
Inverse equations, for auxiliary latitudes 15-18 

for projections 
See specific projection 

for transformations ... 
Isometric latitude 
Italy, map of 

Junkins, J.L. 
Jupiter satellites, maps of 

J 

32 
15, 27, 264-265 

68 

214 

Lambert Conformal Conic projection 
Mercator projection 

42-43, 106 
41-43 

43 
14 

42-43 

Orthographic projection 
reference spheres 
Stereographic projection 

Kavrayskiy, V.V. 
Kepler's laws 
Knuth algorithm 
Kruger, L. 

K 

L 

99, 111, 253 
225 

207. 208, 346 
48 

Laborde, J. 66, 68, 70, 203 
Lagrange projection 34 
Lallemand, C. 131 
Lambert, J.H. 48, 49, 76, 104, 105, 182 
Lambert Azimuthal Equal-Area projection 2, 98, 

coordinates, polar 
rectangular 

182-190, 192, 249 
143, 190 
188-189 

features 141, 182, 184 
formulas, ellipsoid . . 187-190, 333-337 

sphere 185-187, 332-333 
geometric construction 184-185 
history 48, 182 
usage 2, 35, 43, 139, 184, 194, 247, 371 

Lambert Conformal Conic projection 104-110, 
116, 117 

features 22, 105, 112 
formulas, ellipsoid . 107-109, 296-298 

sphere 106-107, 295-296 
history 48, 104-105 
polar coordinates . . 110 
usage 2, 35, 97, 105-106, 128, 206, 207, 230, 371 

in extraterrestrial mappiog 42-43, 106 
io International Map of the World 106, 131, 157 
in State Plane Coordinate System 2, 51, 

52, 54-56, 127. 371, 373, 375-376 
Lambert Cylindrical Equal-Area projection 

See Cylindrical Equal-Area projection 
Lambert's Equal-Area Conic projection 98 
Landsat imagery, Hotine Oblique Mercator projec-

tion 68, 69, 371 
Oblique Cassini projection 94 
Perspective projections 173 
Satellite-Tracking projections 230 
Space Oblique Mercator projection 94, 214-225 

Latitude, authalic 16, 18, 82, 102, 187-190, 265 
auxiliary . . . 13-18, 263-266 

See also latitude: authalic, conformal, geocentric, 
isometric, parametric. reduced 

conformal 15-16, 18, 66, 108, 160-162, 263-264 
footpoint 63, 82, 95 
geocentric 17-18, 108, 266 
geodetic ix, 8, 13 

length of degrees . . 24-25, 266 
scale and distortion 21-27 

379 
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geographic 
See latitude, geodetic 

isometric 
measurement of 
parametric or reduced 
''pseudotransformed.'' 
rectifying 
reduced ... 
standard 

See parallels, standard 
See also specific projection 

transformed 
Least squares, use of . 
Lee, L.P. 
L'Isle 

See De I'Isle 
London as prime meridian 
Longitude 

geodetic 
length of degree 
scale and distortion 
See also specific projection 

measurement of .... 
''pseudotransformed'' 
"satellite-apparent" 
transformed 

Lorgna, A.M. 
Loritus, H. 
Loxodromes 

See rhumb lines 
Ludd, W. 

M 

McBryde projections 
McBryde-Thomas projections . 
Madagascar, maps of . 
Malaya, maps of 
Maps for America 
Marinus of 'I'yre ... 
Mars, maps of 

15, 27, 264-265 
8 

18 
221 

16-17, 265-266 
18, 266 

ix, 31, 219 
99, 203, 204 

33, 48, 203, 209 

8 
8-10 
8-10 

24-25, 266 
21-27 

8-9 
221 
219 

ix, 31, 219 
182 
191 

154 

34 
34 

66, 68, 203 
68 

1 
90 

2 
Lambert Conformal Conic projection 
Mercator projection 

42-43, 106 
41-43 
13, 14 reference ellipsoid 

Stereographic projection 42-43, 155 
42-43, 57 

43 
33, 192 

13 
38, 39, 111, 138, 154, 191 

154 

Transverse Mercator projection 
Mars satellites, maps of 
Maurer, H. 
Meades Ranch, Kans. 
Mercator, G. 
Mercator, R. 
Mercator Equal-Area projection 243 
Mercator projection 37, 38-47, 48-50, 66, 67, 

68, 77, 86, 92, 105, 145, 203 
features 
formulas, ellipsoid 

sphere 
history 
oblique 

4, 38-41 
14, 15, 44-45, 267-268 

41, 44, 266-267 
38 

See Oblique Mercator projection 
rectangular coordinates .. 45 
Transverse 

See Transverse Mercator projection 
usage . . . . 34, 35, 38-43, 371 

in extraterrestrial mapping . . 41-43 
with another standard parallel 47 

Mercury, maps of 2 
Lambert Conformal Conic projection 42, 106 
Mercator projection . . . 41, 42 
reference sphere 14 
Stereographic projection 42, 155 

Meridian 
central ix, 10, 31 

See also specific projection 
prime ix, 8-9, 10, 157 

29 Meridian aspect of projection 
Meridians 

See longitude 
Meridional aspect of projection 
Metallogenic Map 
Metric conversion 
Micronesia, mapping of 
Miller, O.M. 

29 
116 

51, 376 
194, 199-201, 202, 372 

. . . 86, 116, 203, 209 

Miller Cylindrical projection 
features 
formulas, sphere 
history 
rectangular coordinates 
usage 

Mineral Resources, maps of . 
Modified Polyconic projection 

86-.89 
86-87 

88, 287-288 
86-87 

89 
1, 34, 371 

239, 372 
106, 127, 128, 

131-137. 157, 371 
coordinates, rectangular 136 
formulas, ellipsoid 131, 134-135, 306-309 

Modified-Stereographic Conformal projections 28, 

coordinates, rectangular 
features 
formulas, ellipsoid 

sphere 
history 
usage 

203-212 
212 

204-207 
208, 210-211 

207-208, 344-347 
203 

203-204 
Modified Stereographic projection ... 
"Modified Transverse Mercator" projection 

See Transverse Mercator, "Modified" 

170 

Mollweide, C.B. 
Mollweide projection 

features 
formulas, sphere 
history 
rectangular coordinates 

249 
239, 247, 249-252 

249, 251 
251-252, 367 

249 
252 

usage 34, 249 
Moon, maps of Earth's 2 

Lambert Azimuthal Equal-Area projection 184 
Lambert Conformal Conic projection 42-43, 106 
Mercator projection 41-43 
reference sphere . . 14 
Stereographic projection 42, 155 

Murdoch, P. . . . 111 

N 

National Aeronautics and Space Administration 
(NASA) 214, 215 

National Atlas 2, 86, 98, 106, 184, 194, 239 
National Bureau of Standards 51 
National Geodetic Survey 198, 373 

See also United States Coast and Geodetic Survey 
National Geographic Society 139, 184, 192, 194, 239, 253 
National Mapping Program 1 
National Ocean Service . . . 1, 39, 124 

See also United States Coast and Geodetic Survey 
National Oceanic and Atmospheric Administration 

(NOAA) 69 
Nell, A.M. 139 
Neptune satellite, maps of 

reference sphere 
New England Datum 
New Mexico Planning Survey 
New Zealand, maps of 
Newton, I. 
Newton-Raphson iteration 

Nordisk Viirlds Atlas 

42-43 
14 
13 

113 
68, 203 

11 
129, 130, 208, 210, 

237, 251, 256, 257 
247 

North America, ellipsoid 11 
maps of . 11, 51, 68, 116-117, 139, 371 
naming 38 

North American Datum 
See under datum 

Northing, false 
Nowicki, A.L. . . 

0 

ix, 10, 63, 64 
169-170, 173 

Oblated Stereographic projection 86, 209 
Oblique Conformal Conic projection 116-117 

See also Bipolar Oblique Conic Conformal projection 
Oblique Equidistant Conic projection 117 
Oblique Mercator projection 29, 86-75, 116, 203 

features 67-68, 215 
formulas, ellipsoid 70-75, 274-278 

sphere 69-70, 272-274 
history 66 
Hotine (HOM), formulas 70-75 
usage, satellite imagery 68-69, 214, 215 

State Plane Coordinate System . . . 51, 371 



U.S. Lake Survey 56, 68 
usage (other than Hotine) 34, 35, 68-69 

Oblique projections . . 7, 23, 29, 34, 35, 37, 141 
Azimuthal Equidistant . . . . 34, 194 
Cylindrical Equal-Area 35, 76, 79-84 
Equidistant Cylindrical . . 94 
Gnomonic 165 
Lambert Azimuthal Equal-Area 35, 184 
Orthographic 146 
Stereographic 35, 155 
transformations 31-32 
See also Bipolar Oblique Conic Conformal projection, 

Oblique Conformal Conic projection, Oblique 
Equidistant Conic projection, Oblique Mer­
catOr projection, Space Oblique Mercator 
projection 

Ordnance Survey 57, 94 
Ortelius, A. 138, 253 
Ortelius projection 253 
Orthographic Cylindrical projection 76 
Orthographic projection 145-153, 159, 169, 182, 184, 191 

coordinates, polar 142 
rectangular 151-153 

features 141, 145-146 
formulas, sphere 148-150, 311-312 
geometric construction 148 
history . . . . . . . . . . . . 145 
usage .... 

Orthomorphic projections 

p 

35, 43, 146, 147, 371 
4 

Pacific Ocean, maps of 2, 184, 203, 249, 371 
Paper maps, distortion 3 
Parallels, standard . . . ix, 5, 21, 97, 142 

Albers Equal-Area Conic projection 98-103 
Bipolar Oblique Conic Conformal projection 116-117 
Bonne projection . . . . 138-140 
Equidistant Conic projection . . . 111-115 
Lambert Conformal Conic projection 105-108 
Mercator projection . . . . 47 
Stereographic projection 155, 157 

Parallels of latitude 
See latitude 

Parent, A. 169 
Paris, meridian of 92 
Perspective conic projections 97 
Perspective projection 5, 33, 141, 169-181 

coordinates, rectangular 17 4 
features 170-173 
formulas, tilted, ellipsoid 178-181, 323-325 

sphere 175-176, 322 
vertical, ellipsoid . . . 176-178, 323 

sphere . 173, 175, 320-321 
projective equations 178-181, 325-332 

history 169-170 
usage 169-170 
See also Gnomonic projection, Orthographic projec-

tion, Stereographic projection 
Peters, A. 
Philadelphia as prime meridian 
Philbrick, A.K. 

76 
8 

249 
Plane as basis of projection . . . . 5, 6, 7 

See also azimuthal projections, Perepective projection 
Planets, maps of 

See extraterrestrial mapping 
Planisphaerum projection 
Plastic maps, distortion ... 
Plate Carnie . 
Polar azimuthal projections 

Azimuthal Equidistant 
Gnomonic 
Lambert Azimuthal Equal-Area 
Orthographic 
Stereographic . 

154 
3 

35, 90, 92, 112 
5, 29, 141 

... 192 
165 

182, 184 
. . . . . . . . . . 145 

155 
See also Stereographic projection, Polar 

Polyconic Grid, World ... 10, 127 
Polyconic projection 7, 33, 124-137, 199 

features . . . . . . 97, 124, 138 
formulas, ellipsoid . . . . 129-131, 304-306 

sphere . . 128-129, 303-304 
geometric construction . . . . . . 128 

INDEX 

history 124 
modified 106, 127, 128, 131-137, 157, 306-309,371 
rectangular . . 128 
rectangular coordinates .. 132-133, 136 
usage . . 2, 57, 64, 106, 126-128, 371 

Postel, G. 191 
Principio, Md. 13 
Progressive Military Grid 127 
Prolated Stereographic projection 203 
Pseudoazimuthal projections 
Pseudoconic projections 7, 33, 139 
Pseudocylindrical projections 7, 28, 33, 34, 243-258 

transformation . . . 31-32 
See also Eckert IV and VI projections, Mollweide pro­

jection, Sinusoidal projection 
Ptolemy, C. . . . 1, 8, 90, 97, 111, 145, 154 

Q 

Quadrangles . 2, 126-128, 371, 372 
See also State Plane Coordinate System 

R 

Rand McNally & Co. 
Rechteckige Plattkarte, Die 
Rectangular projection 
Rectified skew orthomorphic projection 
Rectifying latitude . 

139, 146, 243 
90 
90 
66 
18 

Reilly, W.l. 
Rhumb lines 

calculation of 
Robinson projection . 
Robbins' geodesic inverse 
Rosenmund, M. 
Rowland, J.B. 
Roze, J. 
Rubincam, D.P. 
Ruysch, J. 

Sanson, N. 

s 

Sanson-Flamsteed projection 
Satellites, artificial 

203 
4, 10, 34, 35, 38, 39 

46-47 
34 

199 
66, 68, 70 

68, 215 
154 
242 
111 

243 
243 

imagery from 
figure of Earth from 

2, 68-69, 94, 170, 173, 372 
... 12 

See also Landsat imagery 
Satellites, natural, maps of 

See Mars, Moon, Jupiter, Saturn, Uranus, Neptune 
Satellite-Tracking projections 213, 230-238 

coordinates, polar 238 
rectangular . . 238 

features 230-231 
formulas, sphere, conic . 232, 236, 237, 

history .. 
usage 

cylindrical 

Saturn satellites, maps of 
Mercator projection 
Orthographic projection 
reference spheres 
Stereographic projection 

Scale error 
See also scale factor 

Scale factor .. 
areal 
calculation 
See also specific projection 

Scale of maps 
See also scale factor 

Schmid, E. 
Selection of projections . 
Series, computation of 
Shape distortion 

See also specific projection 
Simple Conic projection 
Simple Cylindrical projection 

360-362, 363 
231-232, 236-237, 

360, 362-363 
230 
230 

41-42 
43 
14 
42 
21 

21 
24 

21, 23-26 

4 

68 
34-35 
18-19 

4, 20-27 

.. 111 
...... 90 
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382 MAP PROJECTIONS-A WORKING MANUAL 

Simpson's rule 17, 85, 218, 347, 354 
Singular points in conformal projections 4 
Sinusoidal projection 7, 48, 139, 243-248, 

249, 251, 256 
features .... 243-244 
formulas, ellipsoid . . . . 248, 366 

sphere 247-248, 365-366 
history 243 
usage 34, 243, 247, 253, 372 

Soldner, J.G. von 92 
Solov'ev, M.D. 139 
South America, maps of 68, 116, 139, 243 
Soviet Union or Russia, maps of . . . . . . . 111 
Space map projections 213-238 
Space Oblique Conformal Conic projection 213 
Space Oblique Mercator projection 66, 68, 70, 

213, 214-229, 230 
features 214-215 
formulas, ellipsoid, circular orbit 221-225, 354-359 

non circular orbit 225-229 
sphere 

history 
usage .... 

Space photography 
Sphere, Earth taken as ... 

formulas for projections 
See specific projection 

scale and distortion 
Spheroid, oblate 

See ellipsoid 
Stabius, J. 
Standard circle . 
Standard parallels 

See parallels, standard 

215, 218-221, 347-354 
... 214 

. . . . . . . 2, 94, 215, 372 
169, 175, 178-181 

3, 11 

21, 23-24 

138, 154 
155, 160 

State base maps 2, 106, 127, 371 
State Plane Coordinate System (SPCS) 10, 51-57, 

127, 373-376 
using Hotine Oblique Mercator projection 51, 52, 

56, 68 
using Lambert Conformal Conic projection 2, 51, 

52, 54-56, 105-106, 108, 375-376 
using Transverse Mercator projection 2, 51, 

52-54, 373-374 
Stereographic Cylindrical projection (Gall) 37, 76, 86 
Stereographic projection 5, 58, 71, 154-163, 

coordinates, polar 
rectangular 

features 
formulas, ellipsoid .. 

sphere 
history .. 
modified 

169, 182, 184, 194, 203 
142, 163 

158 
4, 23, 141, 154-155 

160-162, 313-319 
157-160, 312-313 

. .... 154 
170 

See also Modified·Stereographic Conformal 
projections 

Oblated . . . 203 
Polar 2, 35, 105, 106, 131, 157, 161-163, 165, 371 

Universal .. 58, 157 
See also Stereographic projection: features; for· 

mulas; history 
Prolated 203 
usage . . . 34, 35, 58, 106, 131, 155, 156 

in extraterrestrial mapping 42-43, 155, 157, 371 
Suggested projections 34-35 
Survey of the Coast . . . . . . . . . . . . 2, 124 

See also Coast Survey, United States Coast and 
Geodetic Survey 

Switzerland, maps of . 
Sylvanus, B. 

"Tailor-made" projection 
Tectonic maps 
Thales 
Theon 
Thompson, E.H. 

T 

Tilted Perspective projection 
See Perspective projection 

Times Atlas, The 
Tissot, N .A. 
Tis sot's indicatrix 

66,68 
.... 138 

116 
2. 41, 98, 116 

164 
154 
48 

249 
.... 20 

20-21, 27, 215 

Tobler, W.R. 
"Topographic Mapping Status •••" 
Topographic maps .......... . 

See also quadrangles 
Ttansformation of graticules 

See also specific projection 

33 
90 

3 

29-32 

Ttansverse Equidistant Cylindrical projection 57 
Ttansverse Mercator projection l, 29, 48-65, 

features 
formulas, ellipsoid 

sphere 
history 
"Modified" .. 
rectangular coordinates 
Universal (UTM) 

66, 68, 71, 92, 94 
22, 49-51 

14, 60-61, 63-64, 269-271 
58, 60-61, 268-269 

.... 48 
64-65, 97, 113, 204, 371 

60-61 
!0, 57-58, 59, 62, 64, 

106, 127, 157, 371 
usage 1, 34, 35, 43, 51-54, 57-58, 371 

in State Plane Coordinate System . . 2, 51, 
52-54, 106, 121. 373-374 

Ttansverse projections 7, 29, 76, 77, 79, 81 
See also Transverse Equidistant projection, 

Transverse Mercator projection 
Tsinger, N.J. (N.Ya.) 
"Twilight" projection 
Two-Point Azimuthal projection .. 
Two-Point Equidistant projection .. 

u 

99 
169 
192 
192 

United Nations (UN) . . . . . . . 157 
United States, maps of . 5, 371 

Albers Equal-Area Conic projection . 98-101, 103 
Datums used 11-13 
Ellipsoids used 11-13 
Lambert Conformal Conic projection 106, 108, 110 
Modified·Stereographic Conformal projection 203-

Polyconic projection 
States 

Boundaries 
Plane Coordinate System 

210, 212 
124, 127-128 

2 
... 8 

See State Plane Coordinate System 
Topographic quadrangles 

See quadrangles 
Universal Ttansverse Mercator Grid 

See Transverse Mercator, Universal 
See also Alaska, Hawaii 

United States Coast and Geodetic Survey 1, 2, 
11, 39, 68, 98, 104, 105, 124-126, 129 

See also Coast Survey, Survey of the Coast 
United States Department of Agriculture 239 
United States Lake Survey 56, 68 

United States National Weather Service 170 
United States Standard Datum 13 
Universal Polar Stereographic projection . 58, 157 
Universal Ttansverse Mercator (UTM) projection 

See Ttansverse Mercator projection, Universal 
Uranus satellites, maps of 42 

reference spheres 14 

v 
Van der Grin ten, A.J. 239 
Vander Grinten projection I, 194,239-242, 244-245, 249 

features . . . 239 
formulas, sphere 241-242, 363-365 
geometric construction . . . . . . 241 
history 239 
rectangular coordinates . . 244-245 
usage ... 

Vaulx, J. de .. 
Venus, maps of 

Lambert Conformal Conic projection 
Mercator projection 
reference sphere 
Stereographic projection 

Vertical Perspective projection 
See Perspective projection 

Vitkovskiy, V.V ... 

239, 372 
154 

42 
41-42 

14 
42 

.. 111 



w 

Wagner, K. 253 
Washington, D.C., meridian 8 

Universal Transverse Mercator (UTM) zone 57-58 
Werner, J. 138, 154 
Werner projection 138, 139 
West Indies, maps of ... 68 
World, maps of 34, 371, 372 

Azimuthal Equidistant projection 191 
Cylindrical Equal· Area projection 76 
Eckert IV and VI projections 253 
Equidistant Cylindrical projection 90 

uU,S. G.P.O. 1987- 181-407:60010 

INDEX 

Homolosine projection ... 
Mercator projection 
Miller Cylindrical projection 
Mollweide projection 
Van der Grioten projection 

World Geodetic System (WGS) 
World Polyconic Grid 
Wright, E ... 

z 

Zenithal Equal-Area projection 
Zenithal projections ... 

257. 259, 253 
39 
86 

249 
239 

12, 13 
10, 127 

38 

182 
4 
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