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Abstract Weather prediction and climate simulations need reliable parameterizations of turbulent
fluxes in the stable surface layer. Especially in these conditions, the uncertainties of such parametrizations
are still large. Most of them rely on the Monin-Obukhov similarity theory (MOST), for which universal
stability functions (SFs) represent important ingredients. The SFs are nonlinear, if so, a numerical
iteration of the MOST equations is required. Moreover, presently available SFs are significantly different
at large stability. To simplify the calculations, a non-iterative parametrization of fluxes is derived and
corresponding bulk transfer coefficients for momentum and heat for a package of five pairs of state-of-
the-art SFs are proposed. For the first time, a parametrization of the related transfer coefficients is derived
in a universal framework for all package members. The new parametrizations provide a basis for a cheap
systematic study of the impact of surface layer turbulent fluxes in weather prediction and climate models.

Plain Language Summary Results of weather forecast, present-day climate simulations,
and future climate projections depend among other factors on the interaction between the atmosphere
and the underlying sea-ice, the land, and the ocean. In numerical weather prediction and climate
models, some of these interactions are accounted for by transport coefficients describing the turbulent
exchange of momentum, heat, and humidity. Currently used transfer coefficients have, however, large
uncertainties in flow regimes being typical for cold nights and seasons, but especially in the polar
regions. Furthermore, their determination is numerically complex. It is obvious that progress could be
achieved when the transfer coefficients would be given by simple mathematical formula in frames of an
economic computational scheme. Such a new universal, so-called non-iterative parametrization scheme
is derived for a package of transfer coefficients. The derivation is based on the Monin-Obukhov similarity
theory, which is well accepted in the scientific community. The new scheme provides a basis for a cheap
systematic study of the impact of near-surface turbulence and of the related transports of momentum,
heat, and humidity in models.

1. Introduction

Parametrizations of surface layer turbulent fluxes used in numerical weather prediction (NWP) and climate
models describe the impact of the unresolved turbulent mixing of momentum, heat, and humidity on re-
solved physical processes. Especially important is the parametrization of the turbulent fluxes in the stable
surface layer (SSL) in polar regions, see for example, Louis et al. (1982) (LTG82), Gryanik and Liipkes (2018)
(GL18), and Gryanik et al. (2020) (GLGS20), and references therein. In numerical atmospheric models as,
for example, in the WRF model (Jiménez et al., 2012), the regional climate model HIRHAMS5 (Christensen
et al., 2007) and in coupled atmosphere-ocean models like ECHAM6-FESOM (Sidorenko et al., 2015),
the turbulent transports of momentum, heat, and humidity in the surface layer are usually described by
Monin-Obukhov similarity theory (MOST, Monin & Obukhov, 1954). It connects the surface boundary
conditions with the lowest model level above the surface. One of the important ingredients of MOST are
universal stability functions (SFs, often called ¢, and ¢,-functions). These functions, correspondingly the
stability correction functions (SCFs, y,, and y,-functions, sometimes also called integral SFs) are nonlinear,
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so that the solution of the MOST equations for the calculation of fluxes requires circumstantial iteration. It
is obvious that non-iterative parametrizations of fluxes are preferable.

The method for deriving such non-iterative parametrizations can be traced back to Deardorff (1968). It
provides bulk transfer coefficients as functions of the bulk Richardson number Ri, (defined by Equation 10
below) and of the roughness parameters for momentume,, = z/z,and heate, = z/z,, where z is the distance
to the underlying surface, z, is the surface aerodynamic roughness length scale and z, is the length scale for
heat. Recently, GL18 and GLGS20 improved the method and derived new non-iterative parametrizations of
fluxes using the SFs of Grachev et al. (2007) (in the following GAFGP07) and of GLGS20 as a basis. How-
ever, there are many other SFs, which are used in contemporary numerical models. Here our main goal is
to consider a package of those SFs, which are the most often used ones in climate and weather prediction
models. These are the SFs suggested by Businger et al. (1971), Dyer (1974) (in the following BD), Holtslag
and De Bruin (1988), Beljaars and Holtslag (1991), and Cheng and Brutsaert (2005) (in the following HB88,
BH91 CBO5, respectively) and by GLGS20. For the definitions of all these SFs, we refer to the original pa-
pers, but in Section 3) we present the corresponding SCFs, which are in our main interest. For the physical
and mathematical properties of these SFs and SCFs, we refer to the original papers and also to those of, for
example, Andreas (2002), Sharan and Kumar (2011), Srivastava and Sharan (2019), GLGS20, and references
therein. Thus, to our first and main goal, we derive new non-iterative parametrizations of bulk transfer
coefficients based on the different sets of SFs.

Different kinds of applications of the new parameterizations in models are possible. In combination with
an iterative scheme, the non-iterative parametrization can significantly reduce the numerical costs, when
it is used to determine the first guess values (e.g., Grachev & Fairall, 1997). The package might be used in
single-function mode when an existing iterative scheme shall be replaced by a more efficient non-iterative
one. But the most promising is to apply the different transfer coefficient schemes in an aggregated way
(Bou-Zeid et al., 2020, and references therein). Namely, in the same model, some of the package members
can be applied to regions covered by sea ice (GL18 and GLGS20) and simultaneously, other ones to land
surfaces (LTG82, HB88, BH91, and CBO05) and to the ocean (LTG82, HB88, GL18, and GLGS20). Recently
Schneider (2020) performed simulations with HIRHAMS, a state-of-the-art regional atmospheric model,
using only two members of the package: the non-iterative parametrization of GL18 over sea ice, but the
default ones of LTG82 everywhere else. However, until today climate models are using different default
parametrizations, for example, those based on HB88, BH91, and CBO05 SFs. For this reason, the second goal
of this work is the introduction of non-iterative surface flux parametrizations as a package, where for the
first time, the parametrizations of transfer coefficients are represented all by formula of the same universal
functional form, which is well suited for practical use in NWP and climate models.

In addition, keeping in mind that modeling of the Arctic is one of the bottlenecks in current state-of-the-art
Earth system modeling (Jung et al., 2016), we present exemplarily the impact of the atmospheric SSL on the
turbulent fluxes of momentum and heat for Arctic conditions. To that aim, we considered three issues. First,
using Era Interim data as a basis, we estimated the typical frequency of occurrence of SSLs, by selecting
one month and several days being typical for Arctic early spring. Second, we estimated the typical differ-
ence in transfer coefficients for different members of the package by selecting one representative day with
large frequency of occurrence of very SSLs (large Ri,). Finally, we considered the geographic distribution of
these differences between transfer coefficients. This example may motivate further systematic studies of the
impact of different SSLs (represented by different SFs) in NWP and climate models by using then the new,
less cpu-time consuming non-iterative parametrizations (separately or combined with iterative schemes,
see Section 2).

2. Bulk Parametrization Based on MOST

Bulk formulations of the turbulent tangential surface stress 7 (stress magnitude 7, often called vertical flux
of momentum) and of the sensible heat flux H read as

T =—pCUIU), H=-pc,C,lURIO,(2) - 6] 1)
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Here, U(z) = (U(z),0) is the mean wind speed, which is taken to be zero at the underlying surface, ©, is the
mean virtual potential temperature, ®, is its surface value. Using the virtual potential temperature assumes
that the turbulent mixing is the same for humidity as for temperature (Reynolds analogy for scalars), thus
¢, =¢C, where C B and C, are the transfer coefficients for humidity and for temperature, respectively. C, and
C, are the transfer coefficients for momentum (drag coefficient) and heat, ¢, is specific heat at constant
pressure. Height z is located in the surface layer but above the roughness sublayer (¢,, > Le, > 1).

Assuming that the turbulence is statistically quasi-stationary and fluxes are independent on height above
an underlying horizontally homogeneous surface, MOST provides the mean wind speed profiles U(z) and
mean virtual potential temperature profiles © ,(z) as

U(z) = Mf[lnem - u/m(C) +y,, (C /€, )}, @)

0,(2)- 0, = %[Pro tne, v, () + v (¢ /e, ©)

with the von Karman constant & = 0.4 and the neutral-limit turbulent Prandtl number Pr,. Here, v, () and
v, (&) are MOST SCFs for momentum and heat, § = z / Lis the MOST stability parameter with the Obukhov
length L = u? / k(g / 6,)0., where w?=r1/pand b, =-H/(p c,)u; are the characteristic friction velocity
and characteristic temperature scale, g is the acceleration due to gravity. The SCFs y,,({) and ,,({) define
the diabatic corrections to the mean wind speed and mean virtual potential temperature. The neutral con-
tributions are represented by logarithmic terms depending on the roughness parameters ¢,, and ¢,. The SCFs
are negative for stable stratification (y,, <0, y, < 0), positive for unstable conditions (y,, > 0, y,, > 0),
and y,,(0) = y,,(0) = 0 for the neutral case.

The transfer coefficients C, and C, in Equation 1 are given as

Co=CuJfu Cy=Cpfis 4)
2 2
K K
Cdn = 2 ’ C/m = ’ (5)
In“¢, Prylne, In¢,

where C,, and C,, are the transfer coefficients for neutral stratification, and f,, and f, are the corresponding
normalized transfer coefficients for momentum and heat, respectively. According to an approach of GL18,
the f,, and f, are provided by the semi-analytical solution of the MOST Equations 1-3 as

In = {' —‘ﬁﬁ—frv ©)
-1 -1
with
¢ (Riy,6,.6) = C Ri, + ARi], @®)

C = 11’12 Em A= (lnfm - ‘//ma)z(y_l) (lnfm — l//mu)z _ 11’12 Em (9)
Ine, ne, -y, )| Ing —wy, Ing,
Yima = l//m(;a )’ Yha = Vh (é/a )’ and
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8 (0,(z) -0z

Ri, = <
"Te,  1U@P

. Ri, >0, (10)
the bulk Richardson number. Here, y and ¢, are constants, which can be determined numerically by a least-
square fit to the exact solution of the MOST equations using the metric of relative error for {(Ri, Ine,,, Ine,).
The semi-analytical solution approaches the exact solution at { — 0if » > 1, and it coincides with the exact
solution at § = ¢, assuming that1/e;, < 1, and y(,/€;) < y(£,), where k = [m,h].

Equations 4-10 define a general non-iterative parametrization of the fluxes (1) in terms of the bulk Rich-
ardson number Ri, and roughness parameters ¢,, and ¢, for any reasonable SF when SCFs are specified and
the constants y and ¢, are derived. The parametrizations fulfill the following criteria, which are common
for all high quality parametrizations:

1. They represent an accurate approximate solution of the set of MOST equations. The accuracy of approx-
imation is compatible to the accuracy of measurement data.

2. The method used for their derivation is universally applicable to a package of SFs, not just to only one
specific function.

3. The solutions should be obtained in the widest ranges of Ri, ¢,,
measurements.

4. Transfer coefficients are continuous functions of Ri, and both roughness parameters ¢,, and ¢,.

5. They have the correct behavior in the limit of near-neutral and weak stability (Ri, — 0, practically
Ri, < 0.1), which is compatible with fluxes derived from Businger-Dyer SFs.

6. The parametrizations have a simple analytical functional form, which is well suited for the practical use
in weather prediction and climate models.

and ¢, which are available from

3. A Package of SCFs

While there is a large selection of publications on SFs, we follow here the choice already motivated in
Section 1, and give a summary of SCFs, which we included in our package for a detailed study. These are
five pairs of SFs, namely those of BD, HB88, BH91, CB05, and GLGS20. For all but BD and GLGS20, the
neutral-limit turbulent Prandtl number Pry = 1.

1. BD SCFsread as
l//m(g) = _amg’ Wh(é/) = _Proahé” 0< éV < ]’ (11)

where a,, and q, are empirical constants. The most representative values of empirical constants are
a, =5,a, =5and Pry = 1.
2. HB88 SCFs are given as

c bc

l//m(é/) = Wh(é,) = _aé/ - b[; - Ejexp(_dé,) - 7’ 0< é/ <10 (12)

with the four empirical constants a = 0.7, b = 0.75, ¢ = 5, d = 0.35.
3. BH91 suggested the same SCF Equation 12 as HB88 for momentum, but propose a new function for heat,

which is given as

) 3/2 b
(&) = —(1 + T%J +1- b(z; - gjexm—d;) —T 0S¢ <0 13)

with the same four constants a = 1, b = 0.667, ¢ = 5 and d = 0.35 for both y,,,({) and v, (£).

4. CBOS5 established SCFs as

v (&) = —ay 1n[g F (4 )””k} k=[mh], 0<¢ <S5. (14)

Values of the four empirical constants are: a,, = 6.1, b,, = 2.5 for momentum and a, = 5.3, b, = 1.1 for
heat.
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’;"Zle)l}?atkage of Universal Non-Iterative Parametrizations for Stable Surface Layer Transfer Coefficients

Eo Riy, o 7 <, Equations
BD 1 0.17 4.42 2.5 4-9,11
HB88 10 0.37 2.14 4.0 4-9,12
BH91 10 0.47 2.04 3.4 4-9,12,13
CBO05 5 0.20 2.28 4.5 4-9,14
GLGS20 100 0.41 3.62 7.25 4-9,15,16

Note. BD refers to the stability correction functions of Businger et al. (1971) and Dyer (1974). HB88, BH91, CB05, and GLGS20 refer to Holtslag and De
Bruin (1988), Beljaars and Holtslag (1991), Cheng and Brutsaert (2005), and Gryanik et al. (2020), respectively. Columns are: (a) the maximal values of the

MOST stability parameter &,,,,; (b) the corresponding Ri .. for which the stability functions were originally established; (c) the constants y and (iv) &,

which are used in Equations 8 and 9; (d) the equations defining the corresponding parametrization for the transfer coefficients.

5. GLGS20 derived SCFs based on the functions of GAFGP07 but they represent extended and improved
versions given by equations

W,n(§)=—3zi[(l+bm {)“3—1}, 0 < ¢ <100, (15)

m

v, (&) = 7PrOZ—:1n(1 +b,0) 0<¢ <100 (16)

with the neutral-limit Prandtl number Pr, = 0.98 and with four constants a,, = 5.0, gq;, = 5.0, b,, = 0.3, and
b;, = 0.4. These functions were constructed in order to fit the SHEBA (Surface Heat Energy Budget of the
Arctic Ocean) data as close as possible. We remind the reader that SHEBA provides an excellent data set
collected at five mast levels over about 1 year for polar conditions with frequent SSLs (GAFGP07 and refer-
ences therein). For this reason, we will use the GLGS20 SCFs as reference functions in the following.

Note that all Equations 12-16 approach the BD functions at ' — 0, but the empirical constants a,, and q,,
are different for different functions. The strict applicability of the SFs of BD, HB88, and CBO5 are limited to
the range of small ¢ (correspondingly, small Ri,), see Table 1. However, in numerical models the parametri-
zations of transfer coefficients based on these SFs are often used for all values of ¢, far beyond the range, for
which they were originally established.

4. New Parametrizations

After specifying y,,(¢) and v, (&) by Equations 11-16, we can easily find the optimal constants y and
¢, using the least-square fitting method, as described in the previous section. The calculated values of
these constants are given in Table 1 for all SFs. The ranges of Ri, ¢, and ¢, used for optimization are the
same for all SCFs, namely the wide range 0 < Ri, < 0.4 for stability, and for the roughness parameters
15x10° < ¢, <3x10° and ¢, < ¢ < 10%,. Based on z = 10 m this corresponds in terms of z, also to a
variability over several magnitudes (3.3 x 107 m < z; < 6.7 x107°m,0.01z, < 7, < 7). These ranges as well
as the given range of Ri, are most common for polar sea ice regions, as documented by SHEBA and other
campaigns (GAFGP07, GL18, and references therein).

Finally, plugging the constants y and ¢, in Equations 8 and 9, we obtain the new universal non-iterative
parametrization of turbulent fluxes, which is expressed by Equations 1 and 4-10.

For all five members of the package the non-iterative parametrizations reproduce the exact f,, and f, rea-
sonably well. The level of accuracy is visible in Figure 1 showing results of the new parametrizations and of
the iterative schemes for f,, and f}, as a function of Ri, and using the average sea ice roughness parameters

m

6, =3x10"and¢ =¢, /0.7 (based on z = 10 m, z, = 3.3x 107" m, z, = 0.7z, see GL18 and GLGS20), but

m

also for an extremely smooth (water) surface (¢,, = 107, 70 = 107% m) and for a rough land surface (¢, =30,
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Figure 1. Normalized transfer coefficients f, and f, for momentum and heat as a function of Ri, and dependent on
the surface roughness parameters ¢,, and ¢, with values as explained in the figure. Dashed lines refer to the iterative

m

solutions, solid lines represent the non-iterative solutions. Blue lines represent typical sea ice conditions, the red
solid and orange dashed lines are results for extremely smooth surfaces and the greenish curves represent rough land
surfaces, see text. Black lines are the parametrization of LTGS82.

2o = 0.33 m). The value 10° m (equivalent to a neutral drag coefficient at 10 m height of 0.6 x 10™*) is not a
typical value for the open ocean but can appear sometimes in calm conditions, for example, close to sea ice
as measured by Elvidge et al. (2016) (see their Figure 3 and values for zero ice cover).

The maximum error is of about 10% (Ri, < 0.25) and of about 15% (except BH91) for 0.25 < Ri, < 0.4. For
BHO1 the error is increasing between Ri, = 0.25 and Ri, = 0.37 for f} to 30%. For Ri, > 0.2 the values of f,,
and f;, following from BD are zero by definition. We stress, that the iteratively obtained f,, and f, functions
are reproduced well in a much larger roughness range than that for sea ice.
The figure includes also the classical parametrization of LTG82:
1 1

= , = = , :

(1+ ¢, Riy /1 + Riy) (1+ ¢, Riyy/1 + Riy)

an

m
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—— month
10.0 —— days — BD
s B 88
¥ —e BHO1
CB05
>0 GLGS20
— | TG82
25
— — —- iterative

GLGS20

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. Top: Normalized transfer coefficients f, and f, for momentum and heat as a function of Ri,. The
parametrizations were obtained as a solution of the MOST Equations 4-10 using the stability correction Equations 11-
16. Middle: Relative frequency of occurrence of Ri, on March 1, 10, 20, and 30, 2019 (blue) and of entire March 2019
(red) for the region shown in the bottom panel. Values are based on ERA-Interim data archive (Berrisford et al., 2011).
Bottom: Normalized transfer coefficients f, (left) and f, (right) at 10 m height for stable stratification based on the
SCFs of GLGS20. The Arctic region is shown using ERA-Interim data for March 2019.

with ¢, = ¢, =10, which is currently used, for example, in the HIRHAMS5 (Christensen et al., 2007) and the
ECHAMG6-FESOM models (Sidorenko et al., 2015). The figure shows that overall the parametrization of
LTG82 provides the largest transfer coefficients of all considered here.

For comparison of the parametrizations, we show in Figure 2 results for LTG82 and all five members of
the package, taken for the same typical conditions as in Figure 1. The figure shows that the normalized
transfer coefficients f,, and f, based on the BD SFs are zero in the range Ri, > Ri, ., where Ri, .. = 0.2 is
the critical bulk Richardson number. Thus the BD f,, and f;, functions represent cutoff functions while the
other ones are short-tail or long-tail functions. If a function is decaying as 1/ Rij at Ri, — o, or faster, it is
called a short-tail function, but it is called a long-tail function if the decay is slower, sf. LTG82. It is obvious

GRYANIK ET AL.
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that the differences between the short-tail and long-tail transfer coefficients are largest at large Ri,, so that
their largest effect on fluxes can be expected also at large Ri,. The simple analysis of Equations 6-10 using
Table 1 shows that the tails are long for normalized transfer coefficients based on LTG82, HB88, BH91, and
CBO05. On the contrary, the parametrization based on GLGS20 resulted in short-tail functions. The quite
similar values in Table 1 of y and £, for HB88, BH81, and CB05 show that our approach correctly captures
the fact that these functions and corresponding transfer coefficients belong to the same group, namely long-
tail functions. In contrast, the values of y and ¢, for BD and GLGS20 significantly differ from each other
and from those for HB88, BH81, and CBO05, indicating that the functions belong to three different groups in
good agreement with the iterative solution.

Figure 2 (top) documents that for small Ri, < 0.07 all normalized transfer coefficients have the same good
quality in representing results of GLGS20. Vice versa, for large Ri,, all normalized transfer coefficients show
large differences to the results from GLGS20. Since SF of GLGS20 are the most accurate in representing the
SHEBA measurements, one can conclude that f,, and f, based on BD underestimate measurements, but
LTG82 and HB88, BH91, and CBO5 SFs overestimate measurements for large Ri,.

5. Illustrating Example of the Stability Impact on Normalized Transfer
Coefficients

To get an impression on the temporal and geographic distribution of the stability impact on the normalized
transfer coefficients f,, and f, and to hint to possible effects in NWP and climate models, we consider Era
Interim data (Berrisford et al., 2011) of March 2019 and evaluate first the relative frequency of occurrence
(RFO) of Ri, for this month and several days (March 1, 10, 20, and 30). The distributions can be considered
as typical for late winter/early spring conditions (see Figure 2, middle panel). Additionally, the Arctic wide
geographic distributions of normalized transfer coefficients f,, and f, are shown as well for one represent-
ative day (March 20) (see Figure 2, bottom panel). Although this is just one diagnostic example, we found
that the principle effects shown here and described below are representative for the cold seasons.

The RFOs (normalized to unity for Ri, > 0) in Figure 2 show that the near-neutral (0 < Ri, < 0.02), weakly
stable (0.02 < Ri, < 0.1), very stable (0.1 < Ri;, < 0.4) surface layers are present in the Arctic region. The
monthly RFO (red curve) shows that the probability of occurrence of both near-neutral and weakly stable
layers is nearly the same as the probability of the very stable layers. The reason is that although the RFO
monotonically decreases when Ri, increases, the range of Ri, for the very SSL is larger. The figure also shows
that the dispersion of the monthly RFO is relatively large, see daily RFO (blue curves) for March 1, 10, 29,
and 30. Overall, the comparison of RFOs (Figure 2, middle) with normalized transfer coefficients f,, and
f,, (Figure 2, top) reveals that using transfer coefficients based on other SFs than those derived on the basis
of polar measurements (i.e., SFs of GLGS20) can significantly overestimate the actual turbulent fluxes of
momentum and heat. The main overestimation takes place for very SSLs (in the range Ri, > 0.1).

The Arctic wide distribution of the normalized transfer coefficients f,, and f;, (Figure 2, bottom) based on
the SFs of GLGS20 show that the coefficients are small in the central Arctic region (latitudes larger than 75°
N), where the surface layer is very stable (large Ri,). These small values cover a huge region, which demon-
strates the importance of a realistic choice of the f,, and f, functions not only for near-neutral but also for
strongly stable conditions. In the southern areas, values are larger because of often near-neutral stratifi-
cation, but also here very stable regions can occur depending on the regimes with either off-ice or on-ice
flow (cold-air outbreaks or warm-air intrusions). The figure shows an example of an approaching cyclone
between Svalbard and Novaja Semlja which obviously has a large impact on stability.

Figure 3 presents the difference f,, — f,, gres and f;, — fj,.cLgs Of GLGS20 to the other members of the pack-
age. It can be seen that HB88, BH91, and CB05 show largely positive differences in the Central Arctic and
in the neighboring areas. The largest positive differences are found in CB05 where they reach above 0.2
for both f,, and f, in the areas where Rj, is larger than 0.1. The opposite behavior is found for BD, which
shows negative differences for the range 0.1 < Ri, < 1.2 and only minor differences everywhere else. They
are presented as filamentary patterns because the corresponding normalized transfer coefficients approach

f,» and f, of GLGS20 in both limits of small and large Ri,. Negative differences in the same range of Ri, are
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BD - GLGS20 HB88 - GLG520 BHI1 - GLGS20

bt

—-0.20 -0.12 -0.04 0.04 0.12 0.20

BH91 - GLGS20

—-0.20 -0.12 -0.04 0.04 0.12 0.20

Figure 3. Differences f,, — f.cres and f, — fi.cLes at 10 m height for March 20, 2019 where f, and f, are the normalized transfer coefficients referring to
GLGS20 (Equations 15 and 16) and f,, and f;, refer to all other members of the package (Equations 11-14) and to the parametrization of LTG82 (Equation 17).
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also found in CBO5. There, however, the differences are positive in the areas where Ri, > 0.15. According to
Equations 4 and 5 the patterns of C, and C,, are similar to the patterns of f,, and f,,.

6. Discussion

In this section, we discuss the advantages and shortcomings of our non-iterative parametrizations and com-
pare the parametrizations with those suggested earlier.

6.1. Advantages and Shortcomings of Non-Iterative Parametrizations

The relevance of a non-iterative scheme and its advantages have been addressed by, for example, Grachev
and Fairall (1997), Andreas et al. (2010), Li et al. (2014), and GLGS20.

The number of iterations of an iterative scheme and thus the numerical costs depend on the required pre-
cision and initial values for the iteration. In agreement with Andreas et al. (2010), Jiménez et al. (2012),
and Li et al. (2014), we found that for an accuracy of 0.1% typically 5 iterations are needed by an iterative
scheme for 0 < ¢ < 2 while 20 iterations can become necessary when ¢ approaches 100. In models with
very small time steps, however, and when they save values from the preceding time step, iteration is re-
quired only in the model's initialization phase and in case of strong nonstationarity (Li et al., 2014). But the
iterative schemes require a large number of iterations, especially in climate models with large time steps
so that the solution of the preceding time step is far away from the new solution. Then the application of a
non-iterative method saves computational costs for the flux determination in the order of (N — 1)7, where N
is the required number of iterations and ¢, the required cpu-time in one iteration. Moreover, non-iterative
parametrizations are useful for a proper choice of an initial guess when they are used in combination with
iterative schemes (Grachev & Fairall, 1997).

However, all non-iterative schemes also have shortcomings. Namely, while iterative solutions can repre-
sent almost an exact mathematical solution of the MOST equations with prescribed precision (e.g., 0.1%),
non-iterative schemes (parametrizations) have a finite and fixed error due to approximations used for their
derivation. However, this disadvantage is of minor importance keeping in mind the physical uncertainty of
the SFs. The latter is always present due to the uncertainties of measurements (often 20 — 30%, see Businger
et al. (1971), Dyer (1974), and GLGS20). As we have shown in Section 4, the parametrizations which we de-
rived have higher accuracy at small Ri, and a maximal error of 10 — 30% depending on the SCF occurs only
at large values of Ri, and in the cases with extreme surface roughness (Figure 1). This accuracy is sufficient
for an adequate representation of the impact of stratification on the unresolved turbulent mixing processes
in the SSL.

6.2. Comparison With Earlier Parametrizations

The key point of any non-iterative parametrization of transfer coefficients is the parametrization of the
¢ — Ri, relationship. A large number of such parametrizations exist for both stable and unstable surface
layers, but none of them has a similar universality as our proposed scheme since they were all derived for
individual SCFs only (see, e.g., Bliimel, 2000; Launiainen, 1995; Li et al., 2010, 2014; Sharan & Srivasta-
va, 2014; Yang et al., 2001; Wouters et al., 2012). Below, we consider only those parametrizations, which
are based on the SCFs of HB88, BH91, and CB05 which are the relevant ones for our study of SSL. These
are parametrizations of Launiainen (1995), Li et al. (2010), Wouters et al. (2012), and Li et al. (2014) (La95,
Li10, Wo12, and Lil4, respectively). To discuss their main advantages and shortcomings, the original par-
ametrizations are presented here in a functional form, which is convenient for an intercomparison. The
new form is obtained by rearranging the terms of the original formulas and by redefining notations for the
independent variables and parameters.

The parametrization of La95, which is based on the SFs of HB88, is given by

GRYANIK ET AL.

10 of 14



A7
ra\%“1%
ADVANCING EARTH
AND SPACE SCIENCE

Journal of Advances in Modeling Earth Systems 10.1029/2021MS002590

(Ine,,(1 - 52 Ri,)™" +1.3InalRi,, 0 < Ri, <0.08,

¢ = (1.181ne¢,, + 1.5Ina —1.37) Rij, + , (18)

(1.891ne,, + 44.2) Ri, 0.08 < Ri, <0.2

where a = ¢,/,,. This parametrization is often used in models. For a review and discussion of drawbacks
such as the occurrence of discontinuities at the interval limits of the different polynomials we refer to GL18.
We stress, that the discontinuities are generated then also in normalized transfer coefficients, which are
based on Equation 18. Thus, the parametrizations of La95 do not satisfy the criteria (1), (2), and (4).

The parametrization of Li10 for the SFs of BH91 is given by the equation

[(=b,y Ina + byp)ne,, + (=b, o Ina + b, )] Riy +
¢ =1 [(=a,, Ina +a,,)lne, +(=a,, Ina + a,,)Rif, 0 <Ri, <02, (19)

by Ine,, = b

poiIna + by, + (ag Ine, + agy)Riy, Ri, > 0.2.

Here, the subscript “w” refers to the region with weak stratification 0 < Ri, < 0.2 and “s” to the region
with strong stratification Ri, > 0.2 and a = ¢, / ¢, as before. Numerical values of the 13 coefficients are:
a,,; = 0.5738, a,, = —0.4399, a,,, =-4.901, q,,, =52.50, b,,; = —0.0539, b,,, =1.540, b,,,; = —0.6690,
and b,,, = —3.282. Other coefficients are: a,; = 0.7529, a,,, =14.94, by, = 0.1569, b, = —-0.3091, and
by,, = —1.303.

The main disadvantages of the Lil0 parametrization are the same as that of La95. Both parametrizations
do not satisfy the criteria (1), (2), and (4). The Li10 parametrization has a discontinuity at Ri, = 0.2, which
is clearly visible in Figure 4 of GL18. The Li10 and La95 parametrizations are well suited for lookup table
algorithms, but are not appropriate for algorithms relying on continuous analytical functions.

The parametrizations of Wo12 and Li14 for SFs of CBO5 are given below. Strictly, Wo1l2 and Li14 considered
generalized MOST functions, which were corrected at small ¢ by terms describing the effect of the rough-
ness sublayer. These corrections are significant for very rough surfaces (urban boundary layer), but not for
polar sea ice conditions. Here, we present their result only for the limiting case of negligible corrections due
to the roughness sublayer. The parametrization suggested by Wo12 has the functional form:

Eq.(21), 0<¢ <,
¢ = (20)
é/r + D(gt)(Rib - Rib,t)’ C 2 Ct

where

1/2
[(mf, —2a, Ine, Riy)* +4Inc, (a, — a,%,Rib)Ri,,J —(In¢, - 2a,, Ine, Riy)

C _ m (21)
2ay, — ay,Ri,)
the value ¢ = &, separating the regions of weak 0 < ¢ < ¢, and strong ¢ > ¢, stratification, is given as
0515 258 436 639 0.834  0.0267
¢, =-0.316 - + +— - + - . 22
! 6 5,2 Ine, In? ¢ Inlng, In’1In € (22)
The slope function D(¢,) is given by the equation
3
Ine, +a,(1-1/¢,),
D)) = [ ] (23)
Ing, Ing, +[2a,(1-1/ ¢)Iné, - a,(1-1/¢,)ne, |¢,
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Table 2
Comparison With Earlier Parametrizations

1 2 3 4 5 6 Equations

La95 (HBSS) = = 4+ = + + 4-7,12,18
Li10 (BH91) - = + = + +  4-7,12,13,19
Wol2 (CB05) + — + + + —  4-7,14,20-24
Lil4 (CBO05) + = + + + = 4-7,14, 25
GLSG21 (BD, HB8S, BH91, CB05, GLGS20) 4+ + + + + + 4-9,11-16

Note. La95, Lil0, Wol2, Lil4, and GLSG21 refer to the parametrizations of Launiainen (1995), Li et al. (2010), Wouters
et al. (2012), Li et al. (2014), and this study, respectively. BD, HB88, BH91, CB05, and GLGS20 refer to the stability
correction functions of Businger et al. (1971), Dyer (1974), Holtslag and De Bruin (1988), Beljaars and Holtslag (1991),
Cheng and Brutsaert (2005), and Gryanik et al. (2020), respectively. Columns are the quality criteria 1-6 which are
formulated in Section 2 for all parametrizations.

with

o =476+ 103, 0246,

fm ft

a, = 5. (24)

The same a,, and g, are also used in Equation 21 describing the region of weak stability.

The Equation 20 is a continuous function at = £, and has a continuous derivative. However, the para-
metrizations of Wol2 do not satisfy the criteria (2) and (6).

The parametrization of Lil4 has the functional form

13
¢ =Ri,Y Y c;RijIngl(Ing - Ing,)* (25)
i=0j.k=0
where the summation is performed under the constrainti + j + k < 4. The function Equation 25 is obtained
by applying a universally applicable regression method, which is based on splitting the range 0 < Ri;, < 0.25
into 13 intervals. Thus the parametrization represents a piece-vice function given by second order polyno-
mials in Ri, for each of the 13 intervals. The coefficients c;; are provided as a table (see Li14 for all details).
Li14 showed that their parametrization has high accuracy and is more accurate than that of Wol2. We show
in Appendix A that our approach can be reformulated so that it is formally similar to Equation 25. However,
note that Equation 25 is valid so far only for one set of SCFs, wile our approach is universal (see above).

Summarizing (see Table 2), we conclude that in contrast to the parametrizations of La95 and Li10, but in
agreement with Wol2 and Lil4, the parametrizations (4)-(10) represent a continuous function in Ri, for
all values of ¢, and ¢,. None of the parametrizations with the exception of GL18 and GLGS20 satisfy all the
criteria (1)-(6). Moreover, except the approaches by Lil4, GL18, and GLGS20, none of the other approaches
is derived in a universal mathematical framework. The formal mathematical relation of the approach based
on Equations 4-10 to the approach of Lil4 is discussed in Appendix A.

7. Concluding Remarks
The most important results can be summarized as follows:

1. Non-iterative parametrizations of momentum and heat transfer coefficients for the SSL were derived
for five pairs of SFs, which are summarized in Table 1. Altogether the parametrizations cover the entire
range of Ri,,c,, and ¢, as observed during the most famous and most comprehensive campaigns for at-
mospheric surface layer conditions over sea-ice and land. The parametrizations have a simple analytical
functional form.

2. The new non-iterative surface flux parametrizations are presented in a package, which is well suited
for practical use in models, especially for those relying already now on aggregated schemes of transfer
coefficients (e.g., two or three members of the package). Despite the different functional forms of the
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SFs, the related transfer coefficients are given for the first time in a universal framework for all members
of the package.

We stress that the difference of transfer coefficients between members of the package is small only at small
Riy, but is large at large Ri,. Correspondingly, the differences of related turbulent fluxes of momentum and
heat are large too.

The basis for the derivation of the new non-iterative parametrizations had been presented by Gryanik and
Liipkes (2018). We have shown now that this method of derivation is flexible. Thus, new SFs can be added
to the package and only two parameters y and ¢, have to be adjusted for each pair of SFs.

An important step toward a generalization of the non-iterative parametrizations could be accounting for the
flux-dependence of roughness lengths, which is important for the calculation of turbulent fluxes over the
ocean and in the roughness sublayer over complex terrains. Moreover, a combination with parametrizations
allowing variable roughness as, for example, the scheme by Liipkes and Gryanik (2015) for future research.

Finally, we hope that the new non-iterative parametrizations can be used in future studies as a basis for a
simple and economic, systematic quantification of the impact of surface layer turbulent fluxes on the uncer-
tainty of results in NWP and climate models, and also, for intercomparison studies.

Appendix A: Representation of the New Parametrizations by a Taylor Series
Expansion

The parametrization (9) in the main text, can be rewritten in a functional form, which is very close to that
used by Lil4, see Equation 25. To this end one can expand the coefficient A(¢,,,¢,) in form of a Taylor series
in the parameters y = Ine,, /(-y,,,) > 0 and y, = Ine, /(-y,,) > 0 (note that -y, , > 0 and -y, > 0 for sta-
ble conditions) using the well known formula

(1+2) = 3@y (A1)

j=0 J!

where (a — j)! = a(a —1)...(a — j)and 0! = 1 by definition. The result is

i In2
A=C, S P nglingt -2 5 gD gin ek, (A2)
Jjk=0 Ine jk=0

where

7) e (_l//nm)2y7j (2;/ B ])'(_7 — k!
Cjk = é/a y+k -1
) Jk!

(A3)

( Y ha
After substituting Equations A2 with A3 in Equation 9 and rearranging the terms one finds the stability
parameter as

t J-k=0 Jsk=0

1n2 3 o . o B . B
¢ = Ri, {T:’" + Rij, l[ Y &, nd e,lnfe — 3 & Din/*2 ¢ In* IE,H (A%)

The reformulation of our parametrizations in the functional form (A4) shows similarities and differences to
Equation 25 of Lil4. In general, the convergence of the series (A2) can be very slow, when the parameters
of the expansion y and g, are not small enough. However, a further improvement can be achieved by an
approach similar to Lil4, which is based on splitting the Ri, range into a large number of intervals (order of
10) and using Equation A2 in each interval separately. We leave this idea for a future study.

Data Availability Statement

The data used for this study are accessible under https://www.ecmwf.int/en/elibrary/8174-era-interim-
archive-version-20.
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