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ABSTRACT: Climate variab ility occurs over wide ranges of spatial and temporalscales. It exhibits a complex spatial covariance
structure, which depends on geographic location (e.g., tropics vs extratropics) and alsoconsists of a superposition of (i) components
with gradually decaying positive correlation functions and (ii) teleconnections that often involve anticorrelations. In addition, there
are indications that the spatial covariance structure depends onfrequency. Thus, a comprehensive assessment of the spatio-
temporal covariance structure of climate variability would require an extensive set of statistical diagnostics. Therefore, it is often
desirable to characterize the covariance structure by a simplesummarizing metric that is easy to compute from datasets. Such
summarizing metrics are useful, for example, in the context of comparisons between climate models or between models and
observations. Here we introduce a frequency-dependent version of a simple measure of theeffective spatial degrees of freedom.
The measure is based on the temporal variance of the global average of some climate variable, and its novel aspect consists in its
frequency dependence. We also provide a clear geometric interpretation of the measure. Its easy applicability is demonstrated
using near-surface temperature and precipitation Þelds obtained from a paleoclimate model simulation. This application reveals a
distinct scaling behavior of the spatial degrees of freedom as a function of frequency, ranging from monthly to millennial scales.

KEYWORDS: Atmospheric circulation; Large-scale motions; Climate variability; Paleoclimate; Spectral analysis/models/
distribution

1. Introduction

QuantiÞcation of climate variability requires, from a statis-
tical point of view, the estimation of its full spatiotemporal
covariance function. Given the nonstationarity of the vari-
ability, this is not only a function of spatial distance in either
direction and of time lag; it also depends on space and time.
Even for a two-dimensional spatial domain (e.g., for global
temperature Þelds), this yields already a six-dimensional covari-
ance function. Therefore, it is often desirable to deÞne a simple
metric that concisely summarizes the covariance structureÑ-
whether it be for climate model intercomparison or validation,
for the formulation of stochastic forecasting models (Lovejoy
et al. 2018), or for assigning a representative spatiotemporal
scale to an observational data point (Smith et al. 1994), as
needed for interpolation of spatially incomplete Þelds (Cowtan
and Way 2014) or for data assimilation into paleoclimate models
(Hakim et al. 2016).

To characterize the spatial structure, a common approach is
to deÞne a measure of the effective spatial degrees of freedom
(ESDOF), to be interpreted as the effective number of inde-
pendent spatial samples. Thus, the size of the entire spatial
domain divided by this number equals the effective spatial
extent of the associated ßuctuations. Inherent to any ESDOF
measure is a spatial averaging operator, implicitly removing
any information on spatial nonstationarity. Effectively, the
entire spatial correlation structure is condensed into a single

number. A variety of ESDOF measures of different complexity
have been presented in the literature (Livezey and Chen 1983;
Smith et al. 1994; Jones et al. 1997; Wang and Shen 1999;
Bretherton et al. 1999, and references therein).

To also consider the temporal structure, the variability may
be Þltered in the time domain before application of an ESDOF
measure.Jones et al. (1997), for example, apply their ESDOF
measure to annual mean and to decadal mean temperature Þelds,
and Þnd a reduction of the ESDOFs by roughly a factor of 2 to-
ward decadal scales, both for observations and models. In quali-
tative agreement with this are the results ofNorth et al. (2011) and
Rypdal et al. (2015), who demonstrate that in a simple diffusive
energy balance model (EBM) the decorrelation length scale in-
creases toward lower frequencies, which is consistent with fewer
ESDOFs at longer time scales. The latter study conÞrms this re-
sult also for a climate model simulation over a range of fre-
quencies from annual up to centennial time scales. These Þndings
motivate us to formulate a frequency-dependent ESDOF mea-
sure as a simple summarizing metric of climate variability.

Section 2 illustrates the frequency dependence of the spatial
correlation structure, using a paleoclimate model simulation. This
further motivates the formulation of a frequency-dependent
ESDOF measure to be introduced in section 3. Application
examples are presented insection 4, followed by a discussion
of the measure in section 5. The conclusions and potential
future applications are itemized in section 6.

2. Frequency dependence of the spatial correlation
structure

This section illustrates the fact that the spatial covariance
structure of climate variability may indeed exhibit a notable
frequency dependence. This is demonstrated, in particular,
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for near-surface temperature variability generated by a paleo-
climate model simulation, which allows us to investigate
a wide range of frequencies from monthly to millennial
time scales.

SpeciÞcally, we use monthly mean 2-m temperature Þelds
from the Transient Climate of the Last 21,000 Years (TraCE-
21ka) coupled general circulation model simulation (Liu et al.
2009; He 2011) with T31 atmospheric horizontal resolution.
We restrict our analysis to the preindustrial Holocene by se-
lecting the last 7000 years under preindustrial conditions (i.e.,
up to 1890 CE) of the simulation, including only natural (i.e.,
nonanthropogenic) external forcings [for a detailed description
of the forcings, seeHe (2011)]. Finally, the obtained time series
are linearly detrended at each grid point.

From these data we compute the spatial correlation func-
tion, deÞned asr (r, r0) 5 R(r, r0)/[s (r)s (r0)], where R(r, r0) is
the covariance between a reference locationr and any other
location r0on the globe, ands 2(r) 5 R(r, r) is the local variance.
To demonstrate frequency dependence, correlations are esti-
mated from the data within narrow frequency bands centered
at various frequenciesn. These frequency-dependent correla-
tion estimates are based on the smoothed and normalized co-
spectral density, as detailed in section 3d, including only
information on simultaneous correlation. Figure 1 shows the

spatial correlation function for three different frequencies,
which correspond to millennial, multidecadal, and interannual
time scales, and for three selected reference locations. These
are located over the northern North Atlantic, over central
Europe, and over the western tropical PaciÞc.

It turns out that the area that is positively correlated with the
reference location (red and yellow colors), which characterizes
the spatial extent of the temperature ßuctuations, increases with
time scale. In addition, the spatial extent varies with latitude,
most strikingly at interannual time scales. In this frequency band,
the largest positively correlated area is found for the tropical
reference location, extending over most of the tropical belt
around the globe, in contrast to the much smaller decorrelation
length scales found in the extratropics. These Þndings are con-
sistent with the results of Jones et al. (1997, see their Figs. 3 and
4), comparing decorrelation length scales at interannual and
decadal time scales, obtained from both observations and general
circulation models. Furthermore, for some reference locations,
most clearly for the tropical one at interannual and multidecadal
time scales, the spatial correlation function exhibits a large de-
gree of anisotropy, which is also in agreement with the analysis of
model temperature data by Jones et al. (1997, see their Fig. B1).

To quantify the spatial extent of the temperature ßuctua-
tions, Jones et al. (1997)Þt an exponential decay function

FIG . 1. Spatial correlation function r (r, r0) of 2-m temperature, obtained from the TraCE-21ka paleoclimate model simulation, using 7000
years until 1890 CE. Colors indicate the correlation between the reference locationr, marked by the black circle, and any other locationr0on
the globe. Reference locationsr are at (top) 57.58N, 45.08W, (middle) 53.88N, 11.38E, and (bottom) 9.38S, 161.38W. Correlations are shown for
three different frequency bands centered at (left) n 5 (1000 yr)2 1, (middle) n 5 (70 yr)2 1, and (right) n 5 (5 yr)2 1 (correlation estimates are
based onk 5 180 degrees of freedom). The global average (with respect tor0) of the correlation function, r (r), is speciÞed above each panel,
which can be interpreted as the fraction of the EarthÕs surface covered by the effective spatial extent of the ßuctuations associated withr. Thus,
the reciprocal of this average speciÞes how many times the effective spatial extent Þts onto the globe.
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to the estimated correlation as a function of spatial distance.
An alternative measure of the spatial extent is the global av-
erage (or integral) of the spatial correlation function. An ad-
vantage of this measure is its insensitivity to anisotropic
structures. In Fig. 1, the global average (with respect tor0) of
the spatial correlation function for a particular reference lo-
cation r, denoted by r (r), is speciÞed at the top of each panel.
This average can be interpreted as the fraction of EarthÕs surface
covered by the effective spatial extent of the ßuctuations asso-
ciated with r.1 The obtained values reconÞrm the above Þndings
regarding the dependence of the spatial extent on frequency and
location. For the reference location over the northern North
Atlantic (top row), for example, r (r) ranges from about 1/3 at
millennial time scales to 1/8 at multidecadal and 1/25 at inter-
annual time scales. Thus, the associated ßuctuations, at these
three different time scales, have an effective spatial extent that
Þts 3, 8, and 25 times onto the globe, respectively.

In addition to this frequency dependence of the effective
spatial extent, Fig. 1 also reveals an increased occurrence of
anticorrelations at short time scales. In particular, at interan-
nual time scales (right column), considerable areas are anti-
correlated with the reference location (blue colors), preferably
in the extratropics. Although some of those negative correla-
tion estimates might not be statistically signiÞcant, it suggests
that at those time scales and locations the correlation structure
is notably inßuenced by teleconnections, such as the North
Atlantic Oscillation, PaciÞcÐNorth American pattern, or El
NiñoÐSouthern Oscillation (ENSO) phenomenon [see, e.g.,

Wallace and Gutzler (1981) or Feldstein and Franzke (2017)
for an overview of atmospheric teleconnections]. In some cases
this may even lead to a negative global average of the correlation
function, an example of which is given by the reference location
over central Europe at interannual time scales (Fig. 1f). In these
cases the global average of the spatial correlation function has a
different interpretation, as to be explained in the next section in
the context of the ESDOF measures.

Whereas inFig. 1maps ofr (r, r0) are shown, with Þxedr and
varying r0, Fig. 2 (top row) shows maps ofr (r), with varying r,
again for the same three frequencies as before. These results
conÞrm the previous Þndings, namely that (i) the effective
spatial extent increases with time scale, (ii) it increases toward
the tropics, particularly at interannual time scales, and (iii)
anticorrelations occur preferably at these shorter time scales
and in the extratropics, suggesting an involvement of tele-
connections. At the top of each panel in Fig. 2 (top row) the
global average ofr (r) is speciÞed, deÞned as

r + 5
�

R(r, r0)
s (r)s (r0)

�
, (1)

where the Þrst averaging operator applies tor0 and the second
one to r. From the speciÞed values, the ßuctuations at millen-
nial, multidecadal and interannual time scales have an average
spatial extent that Þts roughly 4, 10, and 25 times onto the
globe, respectively.

According to (1), the average spatial extentr + is obtained
by Þrst normalizing the spatial covariance functionR(r, r0) in
amplitude, and then averaging it in space. An alternative
measure of the average spatial extent can be obtained by re-
versing the order of operations, deÞned as

R+ 5
R(r, r0)

s 2
, (2)

FIG . 2. (top) Maps of the global average of the spatial correlation function r (r) of 2-m temperature; model data and frequency bands
(from left to right) as in Fig. 1. The global average of this quantityr + is speciÞed above each panel. (bottom) As in the top row, but for the
normalized covariance function,R(r)/s 2, instead of the correlation function. The global average of this quantity R+ is speciÞed above each
panel. The reciprocals of r + and R+ are equal to the ESDOF measuresDr and DR, respectively, to be deÞned insection 3a.

1 This interpretation holds because the averager (r) would attain
the same value if r would be perfectly correlated with that area
fraction and fully uncorrelated with the remaining area (keeping
the integral of the spatial correlation function constant; see
section 3bfor further interpretation).
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where in the numerator the Þrst averaging operator applies
again to r0and the second one tor, ands 2 in the denominator is
the global average of the local variances 2(r). BecauseR+ is
based on the spatial distribution of covariance, rather than
correlation, it represents an average weighted by the local
variance, in contrast to r + . Thus, the correlation structure in
regions with large local variance has a greater impact on the
value of R+ than the structure in regions with small variance.

The effect of this variance weighting can be seen inFig. 2
(bottom row), showing maps of R(r)/s 2, which also has the
interpretation of an effective spatial extent; and where R(r) is
the global average (with respect to r0) of R(r, r0). Smallest
values are preferably found in the tropics, particularly at mil-
lennial to multidecadal time scales, and largest values in the
northern extratropics, which is consistent with typical spatial
variance patterns of near-surface temperature. The global av-
erage of this effective spatial extent is equal toR+ , the value of
which is speciÞed at the top of each panel. It turns out thatR+

also increases with time scale, but values are smaller than those
of r + (top row), consistent with the above Þnding that the
temperature ßuctuations in the extratropics have a smaller ef-
fective spatial extent and are more affected by anticorrelations
due to teleconnections. From the speciÞed values ofR+ , the
variance-weighted ßuctuations at millennial, multidecadal, and
interannual time scales have an average spatial extent that Þts
roughly 6, 16, and 53 times onto the globe, respectively. It is this
type of information that we intend to characterize and quantify
with a frequency-dependent ESDOF measure, to be deÞned in
the next section.

3. Effective spatial degrees of freedom

In this section a simple ESDOF measure is deÞned and its
interpretation is provided in terms of idealized spatial Þelds.
Subsequently, estimators of slightly different variants of the
measure are presented and their basic properties are speciÞed.
Finally, the measures are equipped with an explicit depen-
dence on frequency, allowing for the estimation of ESDOF-
frequency spectra, which can then serve to infer the basic
spaceÐtime scaling behavior of climate variability.

a. De�nition

Various ESDOF deÞnitions have been proposed in the liter-
ature, each of which has its speciÞc interpretation. Accordingly,
a number of ESDOF measures of different complexity have
been presented, depending on the purpose of application.
These range from simple variance ratios computed directly
from the time-varying spatial Þelds [as used by, e.g.,Smith
et al. (1994) and Jones et al. (1997)] to ratios of higher-
moment statistics, sometimes involving principal component
analysis, and moment matching approaches [seeWang and
Shen (1999) and Bretherton et al. (1999), and references
therein, for an overview]. Here we are adopting one of the
simplest ESDOF deÞnitions that is based on a variance ratio
and that is directly related to the average spatial extent of the
ßuctuations discussed in the previous section.

For a precise deÞnition, consider a zero-mean random Þeld
X(r), deÞned on a continuous spatial domainS of Þnite sizeA,

where r 2 S is a position vector and A 5
Ð

SdA(r), with
the Lebesgue measureA . Although, in general, the domain
S could be of any dimension, in the following we assume
the domain be two-dimensional and spherical (unless
otherwise noted), in which caseA is an area and the dif-
ferential dA(r) represents an area increment. For exam-
ple, X (r) could be a global temperature Þeld andA the
surface area of Earth. The spatial covariance function can
then be expressed asR(r, r0) 5 hX (r)X (r0)i , where h�i de-
notes the expected value operator with respect to the re-
alization of the random Þeld, and the spatial averaging
operator ( �) can be deÞned asx 5 A 2 1

Ð
Sx(r)dA(r) for any

spatial Þeld x(r).
As illustrated in the previous section, the averaged and

normalized spatial covariance function R+ , deÞned by(2),
represents the average spatial extent of the ßuctuations of
the Þeld, as a fraction of the sizeA of the domain. Thus, its
reciprocal can be interpreted as the effective number of
independent spatial samples. Accordingly, a simple ESDOF
measure can be deÞned as

DR 5 1/R+ (3)

5 s 2/s 2
0 , (4)

where s 2
0 denotes the variance of the spatial averageX , and the

second step follows from(2) and from the fact that s 2
0 5 hX 2i 5

A 2 2
Ð

S

Ð
ShX (r)X (r0)i dA (r0) dA (r) 5 A 2 1

Ð
S R(r) dA (r) 5 R .2

Thus, the ESDOF measure DR is given by the ratio of the
spatial average of the local variance to the variance of the
spatial average, and it is identical to the measure ofSmith
et al. (1994) [see their Eq. (7)] and of Jones et al. (1997)[see
their Eq. (10)]. Alternatively, an ESDOF measure can be
deÞned based on the averaged spatial correlation functionr + ,
deÞned by(1), as

Dr 5 1/r + . (5)

Note that for random Þelds with stationary variance, it
follows from (1) and (2) that R+ 5 r + and, thus, D R 5 D r ,
where here and in the following stationarity refers to the
spatial dimension (unless otherwise noted). For Þelds with
nonstationary variance, the measureD R depends on the
spatial distribution of the local variance, as discussed in the
previous section in the context of R+ . In practical applica-
tions to nonstationary Þelds, the measureD r can be ob-
tained by standardizing the Þeld at each location, as detailed
in section 3c.

Whereas the above ESDOF measures are based on the in-
tegral of the spatial covariance or correlation function, it can
sometimes be useful to construct alternative ESDOF measures
that are based on other aspects of the spatial correlation
structureÑfor example, the e-folding length scale of the cor-
relation function. In particular, for spherical domains, where

2 Note that, for a discrete spatial Þeld, the two averages involved
in R correspond to the (area weighted) sums over the rows and
over the columns of the covariance matrix.
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the distance between two locationsr and r0can be expressed in
terms of their angular distance u, one can deÞne the radial
covariance function R(u, r) 5 R(r, r0)(u) for a particular refer-
ence location r. Here, the operator ( �)(u) denotes the spatial
average over allr0with the same angular distanceurelative to r.
With this, one can then deÞne the normalized average radial
covariance function,

R+ (u) 5 R(u, r)/s 2, (6)

where the spatial average applies tor as previously deÞned.
Likewise one can deÞne the radial correlation function
r (u, r) 5 r (r, r0)(u) and, based thereon, the average radial
correlation function,

r + (u) 5 r (u, r). (7)

Note that R+ (0) 5 r + (0) 5 1 and that R+ (u), r + (u) # 1
for u . 0.

If, additionally, the spatial domain covers the entire sphere,
such that the domain is cyclic in each direction andu 2 [0, p ],
then the radial functions R+ (u) and r + (u) are directly re-
lated to the above ESDOF measuresD R and D r , respec-
tively. SpeciÞcally, by deÞning the global, area-weighted
mean of any radial function x(u) over the interval [0, p ] as
M[x(u)] 5

� Ðp
0 x(u)sinudu

�
/2, we can writeR+ 5 M[R+ (u)] and

r + 5 M[r + (u)], from which the ESDOF measures D R and
D r are readily obtained, according to (3) and (5), respec-
tively. Now, in order to construct an alternative ESDOF
measure, one can Þt a parametric correlation function, for
example, an exponential decay function, to eitherR+ (u) or
r + (u). If we denote the Þtted parametric radial functions
by R+ ,fit (u) and r + ,fit (u), respectively, we can deÞne the
ESDOF measures

DR,fit 5 1/M [R+ ,fit (u)] (8)

and

Dr ,fit 5 1/M [r + ,fit (u)], (9)

where the latter one corresponds to the second ESDOF mea-
sure of Jones et al. (1997)[see their Eq. (14)] if r + ,fit (u) is an
exponential decay function Þt to r + (u) over the entire interval
[0, p ]. Note that for random Þelds with stationary variance,
R+ (u) 5 r + (u) and, thus, DR,fit 5 Dr ,fit .

In the present study, we useDR as our main ESDOF mea-
sure. We compareDR to Dr to demonstrate possible effects of
data standardization, and we also compareDR to DR,Þt to il-
lustrate how various aspects of the radial correlation structure
may affect the measureDR in different ways. Furthermore,
becauseDR is identical to the Þrst ESDOF measure of Jones
et al. (1997) [see their Eq. (10)], we can compare estimates of
this measure between the two studies. Finally, one can loosely
compare estimates ofDR,Þt to the second ESDOF measure of
Jones et al. (1997)[see their Eq. (14)] because it corresponds to
the closely related measureDr ,Þt. An overview of the various
measures and their relation to those ofJones et al. (1997)is
provided by Table 1.

b. Interpretation

1) SENSITIVITY TO THE CORRELATION STRUCTURE

A few idealized example cases are presented to illustrate the
interpretation of the ESDOF measures DR and Dr for differ-
ent spatial correlation structures. Since only the correlation
structure varies between these cases, we can consider Þelds
with stationary variance, such thatDR 5 Dr , and simply write
D for the ESDOF measure. We distinguish between cases
without and cases with anticorrelations.

As an example without anticorrelations and with stationary
correlation function, consider the idealized case of a random
Þeld deÞned on the entire sphere, and which has a rotationally
symmetric correlation function, falling off from one at the
reference location to zero at the opposite point on the sphere,
according to a cosine bell-shaped structure [i.e., according to
cos2(u/2)], in which caser + 5 1/2. Thus, the ßuctuations of the
random Þeld have an average spatial extent ofA/2, which Þts
D 5 2 times onto the sphere. As an example with nonstationary
correlation function, consider the idealized case of coherent
but mutually uncorrelated hemispheres, that is, with a corre-
lation of one for all pairs of locations within a hemisphere, but
with zero interhemispheric correlation. Again r + 5 1/2, be-
cause each hemisphere has a spatial extent ofA/2. Likewise,
one could divide the entire domain S into Nbox equally sized
and uncorrelated boxes, such that r + 5 1/Nbox and, thus,
D 5 Nbox.

In cases without anticorrelations, it can be useful to introduce
an associated length scale measureL . For spherical domains, it
may be deÞned as the radius of a spherical cap, the area of which
covers that fraction of A that is equal to r + . As shown inappendix
A , this deÞnition implies that L 5 REarccos(12 2fA /D), where
RE is the radius of Earth, and fA 5 A/(4pR2

E) is the area fraction
of A relative to the surface of the entire sphere.

As an example with anticorrelations (and nonstationary
correlation function), consider the idealized case of a spa-
tial domain S of size A 5 1 that is divided into two
subsections of sizea and 1 2 a (with 0 # a # 1), and let all
locations within either subsection have a correlation of r (r,
r0) 5 1, and all cross correlations between the subsections be
equal to r (r, r0) 5 r (with 2 1 # r # 1). Performing the two
spatial averages involved in(1), or likewise (2), we obtain
r + 5 R+ 5 a[a1 (1 2 a)r] 1 (1 2 a)[(1 2 a) 1 ar]. Simplifying
and taking the reciprocal yields

D 5 [1 2 2a(1 2 a)(1 2 r)] 2 1 . (10)

TABLE 1. List of ESDOF measures deÞned in the present study
and their correspondence to those previously deÞned byJones
et al. (1997).

Symbol DeÞned by
Used in

this study
Corresponds to

Jones et al. (1997)

DR Eq. (4) Yes Their Eq. (10)
Dr Eq. (5) Yes Ñ
DR,Þt Eq. (8) Yes Ñ
Dr ,Þt Eq. (9) No Their Eq. (14)
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For r 5 0 anda5 1/2, this corresponds to the previous case with
D 5 Nbox 5 2. For r , 0 and 0, a , 1, the correlation structure
represents an idealized teleconnection dipole covering the
domain S. Setting a 5 1/2 yields D 5 2/(r 1 1), which shows
that for negative r the ESDOF measure grows beyondD 5 2,
and for r 5 2 1, corresponding to a ÔÔperfect teleconnection
dipoleÕÕ setting, it is not deÞned. Thus,D does not behave like a
conventional ESDOF measure in this case. In cases with per-
fectly anticorrelated subsections,r 5 2 1, the measure is rather
sensitive to the spatial partitioning a of the teleconnection di-
pole, D 5 [a 2 (1 2 a)]2 2. Hence, whenever signiÞcant anti-
correlations occur in the random Þeld, thenD is not an ESDOF
measure in the conventional sense, but a more general sum-
marizing metric of the spatial correlation structure. The use-
fulness of such a metric, for applications to Þelds describing
climate variability, is demonstrated in section 4.

Figure 3 illustrates a few of the abovementioned idealized
cases with stationary variance, and how the corresponding
value of D comes about. SpeciÞcally, a case with a stationary
Matérn class correlation function is shown in Fig. 3a, a case
with a nonstationary (box-shaped) correlation function, but
with the same value ofD, is shown inFig. 3b, and an example of
an idealized teleconnection dipole in Fig. 3c.

2) LOWER AND UPPER BOUNDS

Both DR and Dr attain their lowest possible values, denoted
by min(DR) and min(Dr ), respectively (under variation of the
spatial correlation function, given the spatial distribution of the
local variance), if the variability is spatially coherent. SpeciÞcally,

DR 5 min(DR) 5 s 2/s 2 $ 1 (11)

if r (r, r0) 5 1 for all r, r0 with s 2(r), s 2(r0) . 0, and

Dr 5 min(Dr ) 5 1 (12)

if r (r, r0) 5 1 for all r, r0. The lower bound of DR depends on the
spatial distribution of s (r). For example, if s (r) 5 1 over one
hemisphere and zero over the other, then min(DR) 5 (1/2)/
(1/4) 5 2.

Corresponding upper bounds, on the other hand, do not
exist. In cases withr (r, r0) $ 0 for all r, r0, both measures may
become arbitrarily large (Dr , DR / ‘ ) for random Þelds ap-
proaching continuous spatial white noise. However, we may
also have Dr , DR / ‘ in cases with nonzero decorrelation
lengths if the random Þeld exhibits anticorrelations,r (r, r0) , 0
for some r, r0, that is, if there is strong cancelation between
positive and negative ßuctuations (e.g., a perfect telecon-
nection dipole). This latter case occurs, for instance, if the
variability of the underlying Þeld X arises exclusively from
redistribution within the spatial domain S, such that the
spatial averageX is conserved (implying s 2

0 5 0). For exam-
ple, if the measures were applied to global surface pressure
Þelds, then, because mass conservation impliess 2

0 5 0, both
measures are undeÞned. Hence, the ESDOF measuresDr

and DR are meaningful (and, thus, applicable) only if X is not
conserved (implying s 2

0 6¼0), for example, for global tem-
perature or precipitation Þelds, or for regional Þelds of sur-
face pressure.

3) SENSITIVITY TO SPATIAL REDISTRIBUTION

In general, however, the presence of a process associated
with redistribution does not necessarily imply an (unbounded)
increase of the ESDOF measures. In particular, when the
process of redistribution is combined with a nonconservative

FIG . 3. Schematic illustration of different spatial correlation
structures, shown, for simplicity, for the case of a one-dimensional,
continuous, and cyclic spatial domain of sizeA 5 1. (a) Scenario with a
Matérn class correlation function r (x, x0) that is stationary in space; i.e., it
is identical for any reference locationx. Colored dots indicate 21 example
reference locations, for every third of which the correlation function is
shown by a line with the same color. Forx 5 1/2 (blue symbols) the
integral of r (x, x0) is illustrated by shading,and its value is speciÞed as a
number. This scenario hasD 5 7 spatial degrees of freedom. (b) As in
(a), but for a nonstationary scenario with seven equally sized and un-
correlated boxes with D 5 7. (c) Scenario of a spatial domain split into
two anticorrelated sections, representing an idealized teleconnection di-
pole. It corresponds to the settinga5 2/3,r 5 2 1, with D 5 9 according
to Eq. (10); with reference locations shown only for x , a.
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process (in the sense that it does not conserveX ), the effect of
the redistribution can be an increase or decrease of the ESDOF
measures, because the redistribution does not affects 2

0, but it
may increase or decreases 2.

For illustration, consider a simple energy balance model
(EBM) for global surface temperature Þelds (referred to
hereafter as the North-EBM; see North et al. 2011; Rypdal
et al. 2015). In this model, temperature variability is driven by a
spatiotemporal white noise forcing h (stationary in space and
time, implying DR 5 Dr ), and is modiÞed by local thermal
damping with time scale t , and by horizontal diffusion with
length scale l . The temporal evolution of this system is de-
termined by the equation

› X
› t

1
X
t

2
l 2

t
=2

sX 5 h , (13)

where =2
s denotes the Laplace operator in spherical

coordinates.
If the white noise forcing h is truncated at a given wave-

number NT (to ensure that spatial averaging over the random
ßuctuations leaves a nonzero residual, such thats 2

0 6¼0), and if
diffusion is switched off (l 5 0), then the resulting Þeld ofX is
associated with ÞniteDR and Dr according to the Þniteness of
NT. However, if diffusion is included ( l . 0), then the variance
of the local variability, s 2, is reduced, whereass 2

0 remains
unaffected because the diffusion only redistributes tempera-
ture in space. Thus, according to(4), DR (and, thus,Dr ) is also
reduced. If, on the other hand, diffusion is replaced by another
process of redistribution that is stochastically independent of
the forced variability, then s 2

0 is again unaffected, but s 2 is
increased, and so areDR and Dr in this case.

c. Estimation

To obtain estimators of the above ESDOF measures,
consider a set of realizations of a discrete random Þeld
X i 5 X (ri ), i 5 1, . . . , N, that is given at a Þnite number,N, of
positions ri, being a discrete subset of the spatial domainS. In
the following, we use the notation s 2

i 5 s 2(ri ) and r ij 5 r (ri , rj ),
and the spatial average of some discrete Þeldxi is then given by
the weighted sum ~x 5 � N

i5 1wixi , where the spatial weightswi

are normalized according to� N
i5 1wi 5 1. Using hat notation for

estimators, we can write the estimator of the measureDR as

D̂R 5 f̂s 2/ŝ 2
0 , (14)

where ŝ 2
0 is the estimated variance of ~X , and ŝ 2

i and ŝ 2
0 are

variance estimators.
To characterize the properties of D̂R in terms of its stan-

dard error, we consider its relative bias, bR 2 1, where
bR 5 hD̂R/DRi , and its relative scatter, dR 5 Var( D̂R/DR)1/2.
As shown in appendix B, both the bias and scatter vanish if
r + 5 1, that is, bR 5 1 and dR 5 0 if DR 5 min(DR). For the
case of the opposite limit, that is, if r + / 0 (such that DR /
‘ ), appendix B shows thatbR and dR increase monotonically,
but stay below an upper bound, given by

bR , bR,max 5 lim
DR/ ‘

bR 5 k/(k 2 2), (15)

dR , dR,max 5 lim
DR/ ‘
DR# N

dR 5 bR,max[2/(k 2 4)]1/2 , (16)

where k (. 4) denotes the degrees of freedom of the variance
estimates. HerebR,max is the expected value andd2

R,max is the
variance of a scaled-inv-x2(k, 1) distribution. These upper bounds
are based on the additional assumption thatX i ; N (0, s 2

i ), with
stationary s 2

i . It can be shown that, according to the above upper
bounds, the bias is always smaller than the scatter, speciÞcally, that
the ratio ( bR,max 2 1)2/d2

R,max , 1 and that it attains a maximum
value of 1/8 at k 5 8.

To estimate the measureD r from data with nonstation-
ary variance, one may use the standardized time series
(Xs )i 5 (X i 2 m̂i)/( ŝ 2

i )1/2, where m̂i denotes the estimated
mean of X i, to deÞne the estimator ofD r as

D̂ r 5 1/ŝ 2
0,s , (17)

where ŝ 2
0,s is the estimated variance of fX s . The derivation of

analytic expressions for the bias and scatter ofD̂ r is more in-
tricate, but it is found, from numerical simulations (see
appendix B), that the above upper bounds forD̂R, given by(15)
and (16), apply reasonably well also toD̂ r as long asDr # N.

Estimating the normalized average radial covariance func-
tion, R+ (u), directly from two- (or higher-) dimensional discrete
Þelds is not possible, because it involves the averaging operator
( �)(u) at constantu, whereas the discrete locationsri are generally
not aligned in circles around each other. However, this issue can
be circumvented by transforming the spatial Þelds into wave-
number space. SpeciÞcally, for the case of discrete Þelds cover-
ing the entire sphere, we can decompose the discrete Þelds into
their spherical harmonic components (with total wavenumber n
and zonal wavenumberm) and then estimate the variances 2

nm of
each spherical harmonic time series. By analogy withRypdal
et al. (2015)Ñsee their Eq. (10) where the same is done for the
case of the North-EBMÑwe can then write the estimator
R̂(u, r) 5 � NT

n5 0

h�
� n

m52 nŝ 2
nm

�
Pn(u)

i
in terms of the estimated

spherical harmonic component varianceŝs 2
nm. Here Pn(u) is the

nth-order Legendre polynomial3 and NT is the truncation
wavenumber (with, for example, NT 5 31 in the case of the
TraCE-21ka paleoclimate model simulation). This approach
shifts the discretization in the spatial dimension to a discretiza-
tion in wavenumber space, and the spatial dimension appears
now in the analytically given Legendre polynomials. With this
we can write the estimator of the normalized average radial
covariance function (for Þelds covering the entire sphere):

R̂+ (u) 5̂ R(u, r)=f̂s 2. (18)

Accordingly, we can express the estimator of the ESDOF
measureDR,Þt as

3 The Legendre polynomials are an orthogonal system if ex-
pressed asPn(cosu). Here they are expressed asPn(u) to facilitate
interpretation in spherical coordinates. To recover their orthogo-
nality, the Pn(u) have to be multiplied by the spherical area
weighting factor sinu.
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D̂R,fit 5 1/M [R̂+ ,fit (u)], (19)

where R̂+ ,fit (u) denotes a parametric correlation function Þt to
R̂+ (u). We do not characterize the properties of D̂R,fit , in terms
of its bias and scatter, because of their dependence on the
speciÞc Þtting procedure, which can be done in numerous
different ways.

d. Frequency dependence

1) DEFINITION

In the following, the above ESDOF measures are equipped
with an explicit dependence on frequency. For this purpose,
the variances s 2(r) and s 2

0 are interpreted as temporal vari-
ances, and are decomposed into their frequency components,
that is, they are effectively replaced by the corresponding
power spectral densities,S(n; r) and S0(n), respectively (with
frequencyn), assuming the Þeld is stationary in time. By analogy
with the relation s 2

0 5 R [see the explanation of (4)], we can
then write S0(n) 5 R(n), where R(n; r, r0) 5 Re[C(n; r, r0)] is the
covariance contribution from frequency n, given by the real
part of the cross-spectral densityC(n; r, r0). Accordingly, the
spatial correlation function at frequency n is given by
r (n; r, r0) 5 R(n; r, r0)/[S(n;r)S(n;r0)] 1/2. Note, that the maps in
Fig. 1 are indeed based on this quantity, and the maps in
Fig. 2 on r (n; r) and R(n; r)/S(n). From this we can deÞne the
frequency-dependent versions of the average spatial extent
of the ßuctuations, by analogy with (1) and (2), asr + (n) and
R+ (n), respectively.

Consequently, we can deÞne the frequency-dependent ver-
sion of DR, by analogy with (4), as

DR(n) 5 S(n)/S0(n) , (20)

and the frequency-dependent version ofDr , by analogy with
(5), as

Dr (n) 5 1/r + (n). (21)

If S(n; r) is stationary in space atn, then DR(n) 5 Dr (n) at that
frequency. Note, that the frequency-independent measureDR

can be recovered from the frequency-dependent version by
integration, performed separately on the numerator and the
denominator:

DR 5
ð‘

2‘
S(n) dn=

ð‘

2‘
S0(n) dn. (22)

Similarly, the measure DR valid for some limited frequency
band can be obtained by integration over that frequency range.
Note, however, that Dr can similarly be recovered from Dr (n)
only if X(r) is white noise (in time) at each location r. By
analogy with (11) and (12), the lower bounds of these measures
are given by

DR(n) 5 min[DR(n)] 5 S(n)/[S1/2(n)]
2
$ 1 (23)

if r (n; r, r0) 5 1 for all r, r0 with S(n; r), S(n; r0) . 0, and

Dr (n) 5 min[Dr (n)] 5 1 (24)

if r (n; r, r0) 5 1 for all r, r0. Finally, the frequency-dependent
version of the normalized average radial covariance function
can be deÞned, by analogy with(6), as

R+ (n;u) 5 R(n;u, r)=S(n), (25)

and the frequency-dependent version of the ESDOF measure
DR,Þt, by analogy with (8), as

DR,fit (n) 5 1/M [R+ ,fit (n; u)]. (26)

2) ESTIMATION

By analogy with (14), the estimator of DR(n) is given by

D̂R(n) 5 êS(n)/Ŝ0(n) , (27)

where Ŝ0(n) is the estimated power spectral density of ~X at n.
The relative bias and scatter of this estimator are identical to
those of the frequency-independent version, given by(15) and
(16), respectively, with the exception that k now denotes the
degrees of freedom of the spectral density (rather than vari-
ance) estimates.

Likewise, by analogy with (17), the estimator of Dr (n) is
given by

D̂ r (n) 5 1/Ŝ(0,s )n
(n), (28)

where Ŝ(0,s )n
(n) is the estimated power spectral density at

n of the spatial average of the standardized X i, but
now standardized and averaged in the Fourier domain.
SpeciÞcally, it is estimated using the standardized Fourier
transforms dF [X i ](nk)/[ Ŝi (n)] 1/2 at those discrete frequencies
nk that fall into the spectral smoothing window (centered
at n) involved in the estimation of Ŝi (n). Note that esti-
mating D r (n) directly using all the correlations r ij (n), that
is, according to D̂ r (n) 5

h
� N

i5 1w
2
i 1 2� N

i5 2�
i2 1
j5 1wiwj r̂ ij (n)

i
2 1

is also possible, but is computationally much more
expensive.

Finally, by analogy with (18), the estimator of R+ (n;u) is
given by (for Þelds covering the entire sphere)

R̂+ (n; u) 5̂ R(n; u, r)=êS(n), (29)

where the estimator̂R(n; u, r) 5 � NT

n5 0

nh
� n

m52 nŜnm(n)
i
Pn(u)

o

is now expressed in terms of the estimated power spectral
densities of the spherical harmonic time seriesŜnm(n). With
this we can express the estimator of the ESDOF measure
DR,fit (n), by analogy with (19), as

D̂R,fit (n) 5 1/M [R̂+ ,fit (n; u)], (30)

where R̂+ ,fit (n; u) denotes a parametric correlation function Þt
to R̂+ (n;u).

3) ILLUSTRATION

The frequency-dependent ESDOF measures are illustrated
for the case of the North-EBM (introduced at the end of
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section 3b), for which the true ESDOF spectrum can be de-
rived. SpeciÞcally, by decomposing the temperature ÞeldX

into spherical harmonics (seeNorth et al. 2011; Rypdal et al.
2015), we obtain an expression forDR of the North-EBM,

DR(ebm)(n) 5 11 [(2pnt )2 1 1] �
NT

n5 1

2n 1 1

(2pnt )2 1 [( l /RE)2n(n 1 1) 1 1]2
, (31)

with the total wavenumber index n and the truncation wave-
number NT. To obtain (31) from (20), note, that, for the case of the
North-EBM, (i) the power spectral density of the local variability
S(n) is given byRypdal et al. (2015)[see their Eq. (12)] and (ii) the
power spectral density of the globally averaged temperatureS0(n)
is given by the term with n 5 0 of the same expression.

The above ESDOF spectrum (31) is shown in Fig. 4 (solid
black line), for the North-EBM scaled to the dimensions of a
sphere with the radius of Earth, RE, and with the damping time
scale set tot 5 10 years and the diffusion length scale tol 5
1.25 3 RE, and using a truncation wavenumber ofNT 5 31
(corresponding to T31 horizontal resolution). The ESDOF
spectrum is shown for a frequency range from millennial to
monthly time scales. It turns out that the ESDOFs are strongly
decreasing, from a few hundred at monthly time scales to just
above one ESDOF at multidecadal time scales, following a power-
law scaling (i.e.,; np) with exponent p 5 1, and remain constantly
low at centennial and longer time scales according to a scaling
exponent of p 5 0. The break between these scaling regimes is
located at a time scale of 2pt ’ 63 years for the above parameter
choice. In the undamped regime [n . (2pt )2 1], the frequency
dependence of the ESDOFs is caused by the fact that structures
with smaller spatial scale (i.e., spherical harmonics with larger n)
are diffused away more quickly than larger-scale structures. Thus,
at higher frequencies, there are more small-scale structures con-
tributing to the total variance of the local variability, relative to the
variance contribution from the global average (given by the
spherical harmonic with n 5 0, which is not affected by diffusion at
all). In the damped regime [n , (2pt )2 1], the ESDOFs are con-
stant ast represents the longest time scale of the system (such that
in this regime, all spherical harmonics have the same frequency
scaling with p 5 0 in accordance with the white noise forcing).

The expected biased estimate in the limit of largeDR is given
by hD̂R(n)i 5 bR,max(k)DR(ebm)(n), according to (15), and is
shown in Fig. 4 by the central dashed black line. The expected
scatter of the estimate, in the same limit, is indicated by the
upper and lower 5% quantiles (upper and lower dashed black
lines) of a scaled-inv-x2[k, DR(ebm)(n)] distribution that has the
varianced2

R,max(k)D2
R(ebm)(n), in accordance with (16). Bias and

scatter are shown fork 5 18.9 degrees of freedom, consistent
with a modiÞed Daniell spectral smoothing window with 11
weights, which we also used forêS(n) and Ŝ0(n) when estimating
D̂R(n) from a numerical simulation of the North-EBM. From
this simulation, D̂R(n) is estimated using 7000 years of monthly
mean Þelds at T31 horizontal resolution, shown inFig. 4by the
red line. Additionally, from an ensemble of 1000 numerical
simulations, we estimated the mean and the upper and lower
5% quantiles at each frequency (green lines). This conÞrms and
illustrates both the coincidence of the bias and scatter with their

expected values in the limit of largeDR (at high frequencies) and
their waning in the opposite limit (at low frequencies).

e. Summary

A frequency-dependent ESDOF measure, denotedDR(n),
has been introduced in this section that is based on the inte-
gral of the spatial covariance function. It is identical, in its
frequency-independent version, to the ESDOF measure used
by Smith et al. (1994) and Jones et al. (1997), but here its in-
terpretation in the presence of anticorrelations has been clar-
iÞed. It has also been emphasized that its lower bound, that is
attained in the case of globally coherent ßuctuations, may still
be greater than one if the local variance varies in space. If this is
the case, the measure is more sensitive to those regions with
larger variance. This effect can be avoided by using a variant of
the measure, denotedDr (n), which involves a standardization at
each location and frequency, and the lower bound of which is
always equal to one. For spatial Þelds contaminated by noise (e.g.,
measurement noise), however, standardization may lead to noise
ampliÞcation in regions where the local variance of the underly-
ing Þeld is small, resulting in a biased ESDOF estimate. It has also
been shown how the average radial covariance function can be
estimated from gridded Þelds, and how this allows to construct
alternative ESDOF measures based on other aspects of the spa-
tial covariance function than its integral. The usefulness of these
measures lies in the possibility to investigate ESDOF-frequency
spectra from which the frequency scaling of the spatial covariance
structure may be estimated and visualized. It has been demon-
strated, by an application to the North-EBM, that this scaling
behavior may point to certain underlying physical processes.

4. Application to climate model temperature and
precipitation Þelds

This section demonstrates the applicability of the previously
deÞned ESDOF measures and their usefulness to characterize
the covariance structure of climate variability. The measures
are applied to 7000 years of monthly mean 2-m temperature
and precipitation Þelds, both obtained from the TraCE-21ka
paleoclimate model simulation and processed as described in
section 2for temperature.

As shown in Fig. 5a, the ESDOF estimator D̂R(n), computed
from global temperature Þelds, exhibits an almost uniform
power-law scaling with an exponent of roughlyp 5 1/2 across the
entire frequency range, that is, from monthly up to millennial
time scales. This scaling behavior is interrupted only by a small
drop at ENSO time scales between 2 and 5 years and by the
annual cycle (including its higher harmonics). According to this
measure, there are about 220 ESDOFs at monthly and about
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