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Overview

 Linear and nonlinear ensemble filters
 Hybrid nonlinear-Kalman filter
 Application tests
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Application Examples (different models utilizing PDAF)

RMS error in surface temperatureCoastal coupled 
physics/biogeoche-
mistry DA: 
CMEMS/BSH -
Improving forecasts 
with NEMO-ERGOM/ 
HBM-ERGOM: 
(S. Vliegen, A. 
Sathanarayanan)

Paleo-climate 
DA: improve 
simulation of last 
deglaciation with 
CLIMBER-X
(A. Masoum)

Coupled ocean-
atmosphere DA: 
Assimilate ocean 
observations into 
atmosphere with 
AWI-CM 
(Q. Tang)

759ECHAM6–FESOM: model formulation and mean climate
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2013) and uses total wavenumbers up to 63, which corre-
sponds to about 1.85 × 1.85 degrees horizontal resolution; 
the atmosphere comprises 47 levels and has its top at 0.01 
hPa (approx. 80 km). ECHAM6 includes the land surface 
model JSBACH (Stevens et al. 2013) and a hydrological 
discharge model (Hagemann and Dümenil 1997).

Since with higher resolution “the simulated climate 
improves but changes are incremental” (Stevens et al. 
2013), the T63L47 configuration appears to be a reason-
able compromise between simulation quality and compu-
tational efficiency. All standard settings are retained with 
the exception of the T63 land-sea mask, which is adjusted 
to allow for a better fit between the grids of the ocean and 
atmosphere components. The FESOM land-sea distribu-
tion is regarded as ’truth’ and the (fractional) land-sea mask 
of ECHAM6 is adjusted accordingly. This adjustment is 
accomplished by a conservative remapping of the FESOM 
land-sea distribution to the T63 grid of ECHAM6 using an 
adapted routine that has primarily been used to map the 
land-sea mask of the MPIOM to ECHAM5 (H. Haak, per-
sonal communication).

2.2  The Finite Element Sea Ice-Ocean Model (FESOM)

The sea ice-ocean component in the coupled system is 
represented by FESOM, which allows one to simulate 
ocean and sea-ice dynamics on unstructured meshes with 
variable resolution. This makes it possible to refine areas 
of particular interest in a global setting and, for example, 
resolve narrow straits where needed. Additionally, FESOM 
allows for a smooth representation of coastlines and bottom 
topography. The basic principles of FESOM are described 
by Danilov et al. (2004), Wang et al. (2008), Timmermann 
et al. (2009) and Wang et al. (2013). FESOM has been 
validated in numerous studies with prescribed atmospheric 
forcing (see e.g., Sidorenko et al. 2011; Wang et al. 2012; 
Danabasoglu et al. 2014). Although its numerics are fun-
damentally different from that of regular-grid models, 

previous model intercomparisons (see e.g., Sidorenko et al. 
2011; Danabasoglu et al. 2014) show that FESOM is a 
competitive tool for studying the ocean general circulation. 
The latest FESOM version, which is also used in this paper, 
is comprehensively described in Wang et al. (2013). In the 
following, we give a short model description here and men-
tion those settings which are different in the coupled setup.

The surface computational grid used by FESOM is 
shown in Fig. 1. We use a spherical coordinate system 
with the poles over Greenland and the Antarctic continent 
to avoid convergence of meridians in the computational 
domain. The mesh has a nominal resolution of 150 km in 
the open ocean and is gradually refined to about 25 km in 
the northern North Atlantic and the tropics. We use iso-
tropic grid refinement in the tropics since biases in tropi-
cal regions are known to have a detrimental effect on the 
climate of the extratropics through atmospheric teleconnec-
tions (see e.g., Rodwell and Jung 2008; Jung et al. 2010a), 
especially over the Northern Hemisphere. Grid refinement 
(meridional only) in the tropical belt is employed also in 
the regular-grid ocean components of other existing climate 
models (see e.g., Delworth et al. 2006; Gent et al. 2011). 
The 3-dimensional mesh is formed by vertically extending 
the surface grid using 47 unevenly spaced z-levels and the 
ocean bottom is represented with shaved cells.

Although the latest version of FESOM (Wang et al. 
2013) employs the K-Profile Parameterization (KPP) for 
vertical mixing (Large et al. 1994), we used the PP scheme 
by Pacanowski and Philander (1981) in this work. The rea-
son is that by the time the coupled simulations were started, 
the performance of the KPP scheme in FESOM was not 
completely tested for long integrations in a global setting. 
The mixing scheme may be changed to KPP in forthcom-
ing simulations. The background vertical diffusion is set 
to 2 × 10−3 m2s−1 for momentum and 10−5 m2s−1 for 
potential temperature and salinity. The maximum value of 
vertical diffusivity and viscosity is limited to 0.01 m2s−1.  
We use the GM parameterization for the stirring due to 

Fig. 1  Grids correspond-
ing to (left) ECHAM6 at T63 
(! 180 km) horizontal resolu-
tion and (right) FESOM. The 
grid resolution for FESOM is 
indicated through color coding 
(in km). Dark green areas of the 
T63 grid correspond to areas 
where the land fraction exceeds 
50 %; areas with a land fraction 
between 0 and 50 % are shown 
in light green

AWI-CM: ECHAM6-FESOM coupled model
Air-sea CO! flux

Coupled 
physics/biogeo-
chemistry DA:
Improving parameters 
& carbon flux in 
REcoM
(N. Mamnun, F. 
Bunsen, A. Broschke)

Mean sea surface change over proxy locations

(a) Exp_GLAC1D (b) Exp_PaleoMist

Figure 6: Mean surface temperature change (! MST) calculated by averaging over
the proxy locations for (a) Exp_GLAC1D and (b) Exp_PaleoMist. The orange,
green, and black lines illustrate trajectories for observation, DA ensemble, and prior
ensemble means, respectively.

To further analyze the deglacial dynamics, Figs.7 and 8 display the net North255

Atlantic surface freshwater ßux (FW), global sea surface salinity (SSS), Atlantic

meridional overturning circulation (AMOC) at 26! N, and ! GMSTs. Moreover,

we compare the ensemble mean of DA and prior states with the free run and a

DA-based reconstruction of LD conducted byOsman et al. (2021) (Figs. 7-d and

8-d). Comparing the prior ensemble mean and the free run in Exp_GLAC1D (Fig.260

7-d), the abrupt warming shift in the onset of YD reaches its maximum with a 300

years delay. However, the prior ensemble mean and free run trajectories are almost

similar in Exp_PaleoMist, except for a slightly warmer prior mean state during BA

(Fig. 8-d).
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Motivation

Data Assimilation (DA) into non-linear models (e.g. nonhydrostatic dynamics)
 Nonlinearity in DA → non-Gaussianity of error distributions
 For Gaussian distributions: (Ensemble) Kalman filter is optimal
 For non-Gaussian distributions: 

! Kalman filter suboptimal or failing
! Non-linear DA methods (e.g. particle filters): possibly better estimates, but higher 

sampling errors than KFs

Non-linear model dynamics lead to different degree of non-Gaussianity
! Aim for DA method that

 adapts to non-Gaussianity
 Allows to utilize optimality of KF for Gaussian distributions

! !"#$#%&'()*+#,'-./*#01"#.0'.2'34'10,'0.0$#0&1+'2#$"&+
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Linear and Nonlinear Ensemble Filters

5
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• Represent state and its error by ensemble      of states
(use ensemble perturbation matrix                            ) 

• 4.+&-15" :
• Integrate ensemble with numerical model

• 601$)5#5'5"&78

• update ensemble mean

• update ensemble perturbations

(both can be combined in a single step)

• Ensemble Kalman & nonlinear filters: Different definitions of

• weight vector          (dimension     )

• Transform matrix          (dimension                )

Linear and Nonlinear Ensemble Filters

X

÷w

W

xa = xf + X !f ÷w

X !a = X !f W

N

N
N ! N
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The Kalman Filter

Assume Gaussian distributions
fully described by

• mean state estimate
• covariance matrix 

! Strong simplification of estimation problem

Analysis is combination auf two Gaussian distributions computed as
• Correction of state estimate
• Update of covariance matrix

!  

Analysis

Observation y

State x!

State x"
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 Ensemble Transform Kalman filter 
 Assume Gaussian distributions
 Transform matrix

 Mean update weight vector 

(depends linearly on observation vector !"

ETKF (Bishop et al., 2001)

A ! 1 = ( m ! 1)I + ( HX "f )T R ! 1HX "f

÷w = A (HX !f )T R " 1
!

y ! H x f
"

N

!

 Transformation of ensemble perturbations

: mean-preserving random matrix or identity

<latexit sha1_base64="APmw4G+c5BIqeAfmAjmH0OeC7GI="></latexit>

W =
!

N " 1 A 1/ 2!

Note: ! depends only on " , not observation #
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Optimality of the Kalman Filter

Kalman filter was derived to minimize variance

Kalman filter is optimal only if
 Covariance matrices are known 

(they are not in high-dimensional systems)
 Errors have normal distribution

With a nonlinear model
 Initial Gaussianity not preserved by nonlinear transformation
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Particle filters: fully nonlinear

Just multiply probabilities:

… and normalize
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priorlikelihoodposterior
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p(x|y) ! p(y|x)p(x)
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probabilities are represented 
by ensembles and weights
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Alternative uses of Bayes law

!  

p (x i |y i ) =
p(y i |x i ) p(x i )

p(y i )

Bayes law: Probability density of # given !

Represent             by ensemble:p(x i )

p(x i |y i ) =
N!

j =1

! (x i ! x ( j )
i )

31$/10 2#$"&+8'
assume normal distributions

compute new ensemble states

xa( j )
i ; j = 1 , . . . , N

p(y i |x
( j )
i )

p(y i )
p(y i |x

( j )
i )

p(y i )

91+"#-$&'4#$"&+8
keep ensemble states 

but assign weights

w(j ) =
p(y i |x

( j )
i )

p(y i )

p(x i ) =
1
N

N!

j =1

! (x i ! x ( j )
i )
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 Nonlinear Ensemble Transform Filter
 Mean update from Particle Filter weights: 

for Gaussian observation errors for all particles !

NETF (Tödter & Ahrens, 2015)

÷wi ! exp
!

" 0.5(y " Hx f
i )T R ! 1(y " Hx f

i )
"

Tödter, J. and Ahrens, B. (2015) !"#$%&'( $%)'* $%!"# ,1347–1367

(nonlinear function of observations ! )  

 Ensemble update 
 Transform ensemble to fulfill analysis covariance

(like ETKF, but not assuming Gaussianity)
 Derivation gives

(    : mean-preserving random matrix; useful for stability)

W =
!

m
!
diag( ÷w) " ÷w ÷w T "1/ 2

!
!

N
!

!"#$%&'%(%')*+,- .+/-)/%)0(*1%2(/1&*3)%4&31)/



Lars Nerger – hybrid nonlinear-Kalman filter

 Analogous update schemes 
 Both filters can be localized (LETKF and LNETF)

 But
 ETKF

 very stable, even in nonlinear cases
 Optimal for Gaussian / sub-optimal for nonlinear cases 

 NETF
 accounts for nonlinearity (non-Gaussianity)
 higher sampling errors than LETKF
 needs very small localization radii

ETKF & NETF
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Test with Lorenz-96 model
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 State dimension 40

 Ensemble size " !"# =15

 Forecast: 8 time steps
(strongly nonlinear DA case)

 20 observations, 
obs. error 1.0

 LETKF better than LNETF 
at this " !"#

RMSE: LETKF RMSE: LNETF

RMSE min=1.606 RMSE min=1.754
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Stabilizing LNETF – Lorenz-96 model
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 State dimension 40

 Ensemble size 15

 Forecast: 8 time steps

 20 observations

 Standard LNETF needs 
very small localization 
radius (‘curse of 
dimensionality’ also holds 
with localization)

RMSE: LNETF - stabilized

min=1.754min=1.806

RMSE: LNETF - standard

Inflation: 
 forgetting factor

Inflation: 
 fixed inflation (! =0.85)
 Minimum effective sample size
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Nef f =
! 1

(wi )2
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Hybrid – LETKF-LNETF

Combine the stability of LETKF with nonlinear features of LNETF

16
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ETKF-NETF – Hybrid Filter Variants

: ;5"&7'<7,1"&'= !"#$% >

• : assimilation increment of a filter
• " : hybrid weight (between 0 and 1; 1 for fully ETKF)

X a
HSync = X

f
+ (1 ! ! )! X NET F + ! ! X ET KF

! X

?;5"&7'<7,1"&5

@1+#10"':'=!&' >8NETF followed by ETKF

• Both steps computed with increased $ according to "

@1+#10"'?'=!'& >8ETKF followed by NETF

÷X a
HNK = X a

NET F [X f , (1 ! ! )R ! 1]

X a
HNK = X a

ET KF [ ÷X a
HNK , ! R ! 1]

41-".+#%&'"(&'$#A&$#(..,8
=B"&/7&+#0CD>'
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p(y |x) = p(y |x)! p(y |x)(1 ! ! )



Lars Nerger – hybrid nonlinear-Kalman filter

Choosing hybrid weight !  

 Hybrid weight shifts filter behavior

Some possibilities:
 Fixed value
 Adaptive - According to which condition?

 Frei & Künsch (2013) suggested
using effective sample size 

 : Choose " so that is as small as possible but 
above minimum limit # (done iteratively)

 Adaptive alternative 

(close to 1 if           small; no iterations)

Neff

Nef f

<latexit sha1_base64="zqO/73v4hQu93abb1jX87rPf3KE=">AAACCnicbVDLSsNAFJ3UV42vqEs3g0Wom5IUURGEghtXUsE+oEnLZDpph04mYWailJCtKz/FlaAgbv0DV/6N0zYLbT1w4XDOvdx7jx8zKpVtfxuFpeWV1bXiurmxubW9Y+3uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64mfuueCEkjfqfGMfFCNOA0oBgpLfUseNNLSRBk8BK6MgmhGwiEUydLyw9detytZj2rZFfsKeAicXJSAjnqPevL7Uc4CQlXmCEpO44dKy9FQlHMSGa6iSQxwiM0IB1NOQqJ9NLpJxk80kofBpHQxRWcqr8nUhRKOQ593RkiNZTz3kT8z+skKjj3UsrjRBGOZ4uChEEVwUkssE8FwYqNNUFYUH0rxEOks1A6PNPUKTjzPy+SZrXinFac25NS7SLPowgOwCEoAwecgRq4BnXQABg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AnJKZVQ==</latexit>

Nef f =
! 1

(wi )2 (Usual choice for ’tempering’)

Issue: Using
 only ensures 

non-collapsing ensemble
 does not ensure good 

analysis result

<latexit sha1_base64="kOsJ8iaY+xgWiMUHesCZn4JmeLM=">AAAB73icdVDJSgNBEK2JWxy3qEcvjUHwNMwE0eAp4MWTRDALJEPo6dQkTXoWu3uEMOQjPAkK4tXv8eTf2FmEKPqg6cd7VVTVC1LBlXbdT6uwsrq2vlHctLe2d3b3SvsHTZVkkmGDJSKR7YAqFDzGhuZaYDuVSKNAYCsYXU391gNKxZP4To9T9CM6iHnIGdVGat30cgzDSa9Udp2KOwVZItU58ZzZ75ZhgXqv9NHtJyyLMNZMUKU6nptqP6dScyZwYnczhSllIzrAjqExjVD5+WzdCTkxSp+EiTQv1mSmLnfkNFJqHAWmMqJ6qH57U/Evr5PpsOrnPE4zjTGbDwozQXRCpreTPpfItBgbQpnkZlfChlRSpk1Ctm1S+D6V/E+aFcc7d7zbs3LtcpFHEY7gGE7BgwuowTXUoQEMRvAIz/Bi3VtP1qv1Ni8tWIueQ/gB6/0L+JaPsA==</latexit>

Nef f

<latexit sha1_base64="bhEjeTxbsOoy6XawZcqDoRcMUe8=">AAAB9XicdVDLSsNAFJ3UV42vqks3g0VwFZIiWlwV3LisYB/QhHIznbRDZ5I4M1FK6He4EhTErR/jyr9x0laoogcu93DOvcydE6acKe26n1ZpZXVtfaO8aW9t7+zuVfYP2irJJKEtkvBEdkNQlLOYtjTTnHZTSUGEnHbC8VXhd+6pVCyJb/UkpYGAYcwiRkAbKfCHIAT0feDpCPqVquvU3AJ4idTnxHNm3a2iBZr9yoc/SEgmaKwJB6V6npvqIAepGeF0avuZoimQMQxpz9AYBFVBPjt6ik+MMsBRIk3FGs/U5Y0chFITEZpJAXqkfnuF+JfXy3RUD3IWp5mmMZk/FGUc6wQXCeABk5RoPjEEiGTmVkxGIIFok5NtmxS+v4r/J+2a45073s1ZtXG5yKOMjtAxOkUeukANdI2aqIUIukOP6Bm9WA/Wk/Vqvc1HS9Zi5xD9gPX+BWeckjY=</latexit>! !

<latexit sha1_base64="gvNtL7+ggXsBPftFThmiOESCupY=">AAACEHicdVDLSgMxFM3UV62vqks3waK4scwU0SIIBTeupIJ9QFuGTHqnDU1mhiQjlGH+wJWf4kpQELduXfk3ZtoKVfRAyOGce29yjxdxprRtf1q5hcWl5ZX8amFtfWNzq7i901RhLCk0aMhD2faIAs4CaGimObQjCUR4HFre6DLzW3cgFQuDWz2OoCfIIGA+o0QbyS0edgdECOImZkCKL7CDj3HXl4Qm124Cvp+mhkDqFkt2uWJnwHOkOiVOeXLbJTRD3S1+dPshjQUEmnKiVMexI91LiNSMckgL3VhBROiIDKBjaEAEqF4y2SfFB0bpYz+U5gQaT9T5joQIpcbCM5WC6KH67WXiX14n1n61l7AgijUEdPqQH3OsQ5yFg/tMAtV8bAihkpm/YjokJg1tIiwUTArfq+L/SbNSdk7Lzs1JqXY+yyOP9tA+OkIOOkM1dIXqqIEoukeP6Bm9WA/Wk/VqvU1Lc9asZxf9gPX+Ba7anCU=</latexit>

! lin = 1 !
Neff

Ne
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Effect of hybrid weight "

 Lorenz-96 model, size 80
 Examine single analysis step

1. Run 33 analysis steps with ! =1 (LETKF)
2. Run analysis step 34 with one of

a) ! =1
b) ! =0.8

3. Examine N!"" and analysis errors

No obvious relation 
between ! '++ and " !
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Additional experiment:
c) Adjust ! at each grid point to get 

minimum error



Lars Nerger – hybrid nonlinear-Kalman filter

Other works using hybrid filters

Frei & Künsch, 2013 (!"#$ )
• Derived combined KF with resampling PF; KF before PF (with covariance localization)

• Hybrid weight from N!"" /N!

Chustagulprom/Reich/Reinhardt, 2016
• Ensemble square-root filter (ESRF) + ensemble transform PF solving linear transport problem
• KF before PF, PF before KF (better results if PF before KF); hybrid weight from FK13

Robert/Leuenberger/Künsch, 2018
• Update of FK13 using ETKF; application to convective-scale setup of COSMO
• KF before PF; hybrid weight from FK13

Grooms & Robinson, 2021
• EnSRF + SIR-PF without localization; PF before KF; hybrid weight from FK13

Poterjoy, 2022; Kurosawa & Poterjoy, 2023
• Multi-step (tempered) Local PF + final EnKF step

• Poterjoy(2022): Hybrid weight using FK13; Kurosawa/Poterjoy(2023): Shapiro-Wilk test

<latexit sha1_base64="wWMSP4GPHa6PeSGvRrfdfRQwvzQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2A9oQ9lsJ+3azSbuboQS+h88CQri1f/jyX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJb3ZpygH9GB5CFn1Fip2R3gI6G9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2bUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU145WdcJqlByeaLwlQQE5Pp66TPFTIjxpZQpri9lbAhVZQZG1CxaFPwFn9eJs3ziletVO8uyrXrPI8CHMMJnIEHl1CDW6hDAxg8wDO8wpuTOC/Ou/Mxb11x8pkj+APn8wej0Y7j</latexit>

! a



Lars Nerger – hybrid nonlinear-Kalman filter

Account for non-Gaussianity: Skewness and Kurtosis

 E&10 – 1st moment
 @1+#10-&– 2nd moment
 FA&G0&55– 3rd moment

 3<+".5#5 – 4th moment

<latexit sha1_base64="opUh1gEaBf5FX+muWInFs/CPea0="></latexit>

skew =
1

N e

! N e
i =1

"
x i ! x

#3

$
1

(N e ! 1)

! N e
i =1 (x i ! x)2

%3/ 2

<latexit sha1_base64="2ZXqcQqvbXxM0hdRfMKQ8H+tzCs="></latexit>

kurt =
1

N e

! N e
i =1

"
x i ! x

#4

$
1

(N e )

! N e
i =1 (x i ! x)2

%2 ! 3

 Skewness and kurtosis 
 generally not bounded

! but limits depend on ensemble size
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Lars Nerger – hybrid nonlinear-Kalman filter

Finding bounds: Asymptotic properties of skewness and kurtosis

 Bounds of skewness and kurtosis depend on ensemble size
 Assess extreme cases

a-d a a+d

i



Lars Nerger – hybrid nonlinear-Kalman filter

Using skewness and kurtosis to define hybrid weight !  

 Sampling errors are larger in NETF than ETKF 
! Always use ETKF for Gaussian (linear) cases

 Skewness and kurtosis describe deviation from Gaussianity

 mean absolute skewness (    ) and kurtosis (     ) of observed ensemble
(with localization: use locally assimilated observations)

 Use normalized means:<latexit sha1_base64="3fVO9qG48sewJZNnn3lLyZMCUUk=">AAACDHicbVBNS8NAEN34WeNX1KOXpUXwVBIRFUEoePFYwX5AU8pku2mXbjZxdyOUkLsnf4onQUG8+gc8+W/ctjlo64OBx3szzMwLEs6Udt1va2l5ZXVtvbRhb25t7+w6e/tNFaeS0AaJeSzbASjKmaANzTSn7URSiAJOW8HoeuK3HqhULBZ3epzQbgQDwUJGQBup55RFBApfYT+UQDIvz3x1L3XmjyBJIM+xcXtOxa26U+BF4hWkggrUe86X349JGlGhCQelOp6b6G4GUjPCaW77qaIJkBEMaMdQARFV3Wz6S46PjNLHYSxNCY2n6u+JDCKlxlFgOiPQQzXvTcT/vE6qw4tuxkSSairIbFGYcqxjPAkG95mkRPOxIUAkM7diMgSTijbx2bZJwZv/eZE0T6reWdW7Pa3ULos8SugQldEx8tA5qqEbVEcNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/K8ps6</latexit>

nmas =
1

!
!

mas
<latexit sha1_base64="3QafMf7kCXHNz45sl7DA0DpqJog=">AAACB3icbVDLSgNBEJyNrxhfUY8iDAbBU9gVURGEgBePEcwDkiX0TmaTYWdnh5lZISx78uSneBIUxKvf4Mm/cfI4aGJBQ1HVTXdXIDnTxnW/ncLS8srqWnG9tLG5tb1T3t1r6iRVhDZIwhPVDkBTzgRtGGY4bUtFIQ44bQXRzdhvPVClWSLuzUhSP4aBYCEjYKzUKx+KGCJ8jbuhApJ5eZZ1I5AS8hxbo1euuFV3ArxIvBmpoBnqvfJXt5+QNKbCEA5adzxXGj8DZRjhNC91U00lkAgGtGOpgJhqP5u8keNjq/RxmChbwuCJ+nsig1jrURzYzhjMUM97Y/E/r5Oa8NLPmJCpoYJMF4UpxybB40xwnylKDB9ZAkQxeysmQ7CBGJtcqWRT8OZ/XiTN06p3XvXuziq1q1keRXSAjtAJ8tAFqqFbVEcNRNAjekav6M15cl6cd+dj2lpwZjP76A+czx92rZjS</latexit>

nmak =
1
!

mak

Now define

Note: There are sampling errors, e.g. for skewness
! For " ! =25: ~10% error in 

standard value:
<latexit sha1_base64="wufgIVH6K3hd7INAJC3BCECHROA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjLtdCyCUHDjSirYB7SlZNK0Dc1kQpIplKG/4UpQELf+jCv/xvQhqOiBC4dz7uXee0LJmTYIfTiZtfWNza3sdm5nd2//IH941NBxogitk5jHqhViTTkTtG6Y4bQlFcVRyGkzHF/P/eaEKs1icW+mknYjPBRswAg2Vup0xlhKDK/gbY/28gXkBigolcoQucj3K4E/J+Ui8orQc9ECBbBCrZd/7/RjkkRUGMKx1m0PSdNNsTKMcDrLdRJNJSZjPKRtSwWOqO6mi5tn8MwqfTiIlS1h4EL9PpHiSOtpFNrOCJuR/u3Nxb+8dmIGlW7KhEwMFWS5aJBwaGI4DwD2maLE8KklmChmb4VkhBUmxsaUy9kUvl6F/5NG0fUC17vzC9XLVR5ZcAJOwTnwwAWoghtQA3VAgAQP4Ak8OxPn0XlxXpetGWc1cwx+wHn7BL4+kTM=</latexit>

! = Ne

<latexit sha1_base64="pEcaPstq75Ec7RGxGklIMDzq1nY=">AAAB/HicdVDLSsNAFJ3UV62vWJduBovgQkJSRIurghuXFewD2lBuppN26EwSZiZiCfVTXAkK4tYfceXfOGkrVNEDl3s4517mzgkSzpR23U+rsLK6tr5R3Cxtbe/s7tn75ZaKU0lok8Q8lp0AFOUsok3NNKedRFIQAaftYHyV++07KhWLo1s9SagvYBixkBHQRurb5d4QhIB+psanPeDJCKZ9u+I6VTcHXiK1OfGcWXcraIFG3/7oDWKSChppwkGprucm2s9AakY4nZZ6qaIJkDEMadfQCARVfja7fYqPjTLAYSxNRRrP1OWNDIRSExGYSQF6pH57ufiX1011WPMzFiWpphGZPxSmHOsY50HgAZOUaD4xBIhk5lZMRiCBaBNXqWRS+P4q/p+0qo537ng3Z5X65SKPIjpER+gEeegC1dE1aqAmIugePaJn9GI9WE/Wq/U2Hy1Yi50D9APW+xfDlZSb</latexit>! sk, !
<latexit sha1_base64="FtOdThM5kRUjvBia9uVJOX07IQE=">AAAB+XicdVDLSgMxFL1TX7U+OurSTbAILmSYKaLFVcGNywr2Ae0wZNJMG5rMDElGKEO/xJWgIG79FFf+jZm2QhU9EHI4596bmxOmnCntup9WaW19Y3OrvF3Z2d3br9oHhx2VZJLQNkl4InshVpSzmLY105z2UkmxCDnthpObwu8+UKlYEt/raUp9gUcxixjB2kiBXR2MsBA4yNXk3MyYBXbNdepuAbRCGgviOfPbrcESrcD+GAwTkgkaa8KxUn3PTbWfY6kZ4XRWGWSKpphM8Ij2DY2xoMrP54vP0KlRhihKpDmxRnN1tSPHQqmpCE2lwHqsfnuF+JfXz3TU8HMWp5mmMVk8FGUc6QQVKaAhk5RoPjUEE8nMroiMscREm6wqFZPC91fR/6RTd7xLx7u7qDWvl3mU4RhO4Aw8uIIm3EIL2kAgg0d4hhcrt56sV+ttUVqylj1H8APW+xeNc5Ne</latexit>! sk,lin

<latexit sha1_base64="leqZmHt0dlmcmV75uPqWJRnKF8s=">AAAB63icdVDLSgMxFM3UVx1fVZdugkVwNSSifbgquHFZ0T6gHUomzbShSWZIMkIp/QRXgoK49Ytc+TemD0FFD1w4nHMv994TpYIbi9CHl1tZXVvfyG/6W9s7u3uF/YOmSTJNWYMmItHtiBgmuGINy61g7VQzIiPBWtHoaua37pk2PFF3dpyyUJKB4jGnxDrpVhLTKxRRUMXlCqpAFKByFWHsCEaodHEOcYDmKIIl6r3Ce7ef0EwyZakgxnQwSm04IdpyKtjU72aGpYSOyIB1HFVEMhNO5qdO4YlT+jBOtCtl4Vz9PjEh0pixjFynJHZofnsz8S+vk9m4Ek64SjPLFF0sijMBbQJnf8M+14xaMXaEUM3drZAOiSbUunR836Xw9Sr8nzTPAlwK8M15sXa5zCMPjsAxOAUYlEENXIM6aAAKBuABPIFnT3qP3ov3umjNecuZQ/AD3tsnRxyOKg==</latexit>mas
<latexit sha1_base64="PMZYBA3MwGexvmdmzJ5oaexB4Cw=">AAAB63icdVDLSgMxFM3UVx1fVZdugkVwNSSifbgquHFZ0T6gHUomzbShSWZIMkIp/QRXgoK49Ytc+TemD0FFD1w4nHMv994TpYIbi9CHl1tZXVvfyG/6W9s7u3uF/YOmSTJNWYMmItHtiBgmuGINy61g7VQzIiPBWtHoaua37pk2PFF3dpyyUJKB4jGnxDrpVpJRr1BEQRWXK6gCUYDKVYSxIxih0sU5xAGaowiWqPcK791+QjPJlKWCGNPBKLXhhGjLqWBTv5sZlhI6IgPWcVQRyUw4mZ86hSdO6cM40a6UhXP1+8SESGPGMnKdktih+e3NxL+8TmbjSjjhKs0sU3SxKM4EtAmc/Q37XDNqxdgRQjV3t0I6JJpQ69LxfZfC16vwf9I8C3ApwDfnxdrlMo88OALH4BRgUAY1cA3qoAEoGIAH8ASePek9ei/e66I15y1nDsEPeG+fOvSOIg==</latexit>

mak

<latexit sha1_base64="8rajDBVRuczHp5KjE4LjwFr7oHE="></latexit>

! sk, ! = max [min(1 ! nmak, 1 ! nmas), ! ! ]
<latexit sha1_base64="A2cjDku0VhX+d4FL7p9ksvMKbm4="></latexit>

! sk,lin = max [min(1 ! nmak, 1 ! nmas), ! lin ]

stronger influence of    
and 

limited by  dsss

<latexit sha1_base64="t3qc8bmgqZL5THGzsv43VhzzU3c=">AAAB7HicdVDLSsNAFJ34rPFVdelmsAiuwqRNY3FVcOOygn1AG8pkOmmHTiZhZiKU0F9wJSiIW3/IlX/jpK2gogcuHM65l3vvCVPOlEbow1pb39jc2i7t2Lt7+weH5aPjjkoySWibJDyRvRArypmgbc00p71UUhyHnHbD6XXhd++pVCwRd3qW0iDGY8EiRrAuJBFjNSxXkOMjv1arQ+Qgz2v4XkHqVeRWoeugBSpghdaw/D4YJSSLqdCEY6X6Lkp1kGOpGeF0bg8yRVNMpnhM+4YKHFMV5Itb5/DcKCMYJdKU0HChfp/IcazULA5NZ4z1RP32CvEvr5/pqBHkTKSZpoIsF0UZhzqBxeNwxCQlms8MwUQycyskEywx0SYe2zYpfL0K/yedquP6jnvrVZpXqzxK4BScgQvggkvQBDegBdqAgAl4AE/g2RLWo/VivS5b16zVzAn4AevtEwi6jpo=</latexit>nmas
<latexit sha1_base64="cgAfjMJrPCddoUi85sheeX5+WFE=">AAAB7HicdVDLSsNAFJ34rPFVdelmsAiuwqRNY3FVcOOygn1AG8pkOmmHzkzCzEQoob/gSlAQt/6QK//GpK2gogcuHM65l3vvCRPOtEHow1pb39jc2i7t2Lt7+weH5aPjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9Lrwu/dUaRbLOzNLaCDwWLKIEWwKSQo8HZYryPGRX6vVIXKQ5zV8ryD1KnKr0HXQAhWwQmtYfh+MYpIKKg3hWOu+ixITZFgZRjid24NU0wSTKR7Tfk4lFlQH2eLWOTzPlRGMYpWXNHChfp/IsNB6JsK8U2Az0b+9QvzL66cmagQZk0lqqCTLRVHKoYlh8TgcMUWJ4bOcYKJYfiskE6wwMXk8tp2n8PUq/J90qo7rO+6tV2lerfIogVNwBi6ACy5BE9yAFmgDAibgATyBZ0taj9aL9bpsXbNWMyfgB6y3T/yDjpI=</latexit>

nmak
<latexit sha1_base64="qzUpcdkON+wQ39bhXHnl22JHhO0=">AAAB73icdVDLSsNAFJ3UV42vqks3g0VwFSZtGourghtXUsHaQhvKZDpph04mcWYilNCPcCUoiFu/x5V/4/QhqOiBC4dz7uXee8KUM6UR+rAKK6tr6xvFTXtre2d3r7R/cKuSTBLaIglPZCfEinImaEszzWknlRTHIaftcHwx89v3VCqWiBs9SWkQ46FgESNYG6l91c9pFE37pTJyfORXqzWIHOR5dd+bkVoFuRXoOmiOMlii2S+99wYJyWIqNOFYqa6LUh3kWGpGOJ3avUzRFJMxHtKuoQLHVAX5/NwpPDHKAEaJNCU0nKvfJ3IcKzWJQ9MZYz1Sv72Z+JfXzXRUD3Im0kxTQRaLooxDncDZ73DAJCWaTwzBRDJzKyQjLDHRJiHbNil8vQr/J7cVx/Ud99orN86XeRTBETgGp8AFZ6ABLkETtAABY/AAnsCzdWc9Wi/W66K1YC1nDsEPWG+fPVmP3w==</latexit>

Nef f
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Numerical Experiments
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Lars Nerger – hybrid nonlinear-Kalman filterL. Nerger, W. Hiller, Computers & Geosciences 55 (2013) 110-118

A unified tool for interdisciplinary data assimilation …
 provide support for parallel ensemble forecasts
 provide DA methods (EnKFs, smoothers, PFs, 3D-Var) - fully-implemented & parallelized 
 provide tools for observation handling and for diagnostics
 easy implementation with (probably) any numerical model (<1 month)
 a program library (PDAF-core) plus additional functions & templates
 run from notebooks to supercomputers (Fortran, MPI & OpenMP – model compatibility)
 ensure separation of concerns (model – DA method – observations – covariances)
 first release in year 2004; continuous further development

H7&0'5.<+-&8'
Code, documentation, and tutorial available at 

https://pdaf.awi.de

https://github.com/PDAF/PDAF

PDAF – Parallel Data Assimilation Framework



Lars Nerger – hybrid nonlinear-Kalman filter

Assimilation with Lorenz-63 model

• Observe full state
• Time step size 0.05
• Vary forecast duration $t to vary nonlinearity
• Ensemble size " !$=25
• HNK filter variant (nonlinear before Kalman)
• Implemented with PDAF

• Error of NETF > ETKF due to sampling errors
• Effect of hybrid filter grows with nonlinearity of 

assimilation problem (forecast length)
• Hybrid weight                yield smallest errors

without any tuning 
! Errors are reduced up to 28%

• Note: Hybrid weight             is suboptimal unless optimally tuned
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EKTF & NETF with Lorenz-63 model

Dependence on ensemble size

 NETF yields smaller errors than ETKF if 
ensemble size large enough
! Size limit decreases for larger nonlinearity
! Improvement by NETF stronger for higher 

nonlinearity

ETKF and NETF for 
3 different nonlinearities

(weak Δt=0.1, medium Δt=0.4, strong Δt=0.7)
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Assimilation with Lorenz-63 model

 Hybrid filter HNK
 particular strong effect for small " !

 CRPS from NETF and HNK converge for 
large " !

 errors reduced up to 28%
 Particle Filter

• comparable CRPS for large " !

• PF expected to be superior if " !

sufficiently large (the full nonlinear filter)

• Note: Easy to use large ensemble for Lorenz-63, 
difficult for higher dimensional models
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Test with Lorenz-96 model
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RMSE: hybrid HNK,  = 0.9
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RMSE: hybrid HKN,  = 0.9
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• Show RMS errors as function 
of inflation (forgetting factor 
or ! ) and localization radius

• Smallest errors: Hybrid HNK
(10% error reduction)

! hybrid filter able to utlize 
non-Gaussian information

• Other hybrid variants also 
improve the state estimate

RMSE: LETKF

hybrid HNK hybrid HKN hybrid HSync

RMSE: LNETF

min=1.606 min=1.754

min=1.447 min=1.599 min=1.549 
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Lorenz-96: Influence of !  – using skewness and kurtosis

• When accounting for skewness/kurtosis filter is more stable
• yields smallest (" ! =15) or nearly smallest (" ! =40) errors
• smallest errors with            for optimal tuning
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Lorenz-96: Influence of !  – cases ! !  and ! $%& (account only for N'(( )

• Stronger effect of hybrid filter for " ! =40
• yields optimal (N=15) or nearly optimal (N=40) errors
• requires tuning; increased errors for small # compared to 

N=15 N=40
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Lorenz-96, Hybrid HNK, dependence on $

%can be chosen dependent on ensemble size
 Limits of skewness and kurtosis depend on " !

 but actual skewness and kurtosis do not depend on system, not on " !

 Standard value =" ! ./but smaller large large " !
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Application example

 Ocean-biogeochemical model:
 NEMO + ERGOM

 Configuration: NORDIC 2.0
 1.8km resolution, 56 layers, 90s time step 
 North Sea & Baltic Sea 
 Operational use in CMEMS for the Baltic Sea

 DA implementation
 augment NEMO-ERGOM with DA functionality by PDAF

(online-coupling in memory)
 State vector: 

 physics + biogeochemistry
State vector size ~153 million

 Assimilate satellite chlorophyll data

Chlorophyll: CMEMS NEMO-ERGOM

!"#$%&'()*+,%"-$%'*+*#.*/%012/#23%0'(4%,"*%51'(&*-2%62#(27$%8('#9(2%:;:;%
'*$*-'+"%-2/%#22(.-,#(2%&'(3'-44*%12/*'%3'-2,%-3'**4*2,%<(%==>?@;

ocean and biogeochemical 
dynamics are nonlinear and 
distributions non-Gaussian
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Assimilation using rule

Effect of hybrid filter in high-dimensional application

RMS deviation for log-Chlorophyll
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Stronger assimilation effect 
of LKNETF

We still don’t know optimal 
choice of rule for "

Regional model setup

Only assimilate chlorophyll 
observations



Lars Nerger – hybrid nonlinear-Kalman filter

Summary

Introduced hybrid nonlinear-Kalman ensemble transform filter
 Combine LETKF and LNETF methods
 hybrid weight & shifts filter behavior
 Cost of analysis step ~2x LETKF

Experiments with Lorenz models
 Hybrid filter successfully reduces errors compared to LETKF and LNETF
 Best results for variant HNK: LNETF applied before LETKF
 Can compute & from skewness and kurtosis

! allows to control nonlinearity of filter based on non-Gaussianity
! Improved stability & reduced errors compared to tempering rule on " !%%

Nerger, Q. J. Meteorol. Soc., 148 (2022) 620-640, doi:10.1002/qj.4221
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Next steps

Need to
 improve understanding of effect of &

 mathematical basis
 Are skewness & kurtosis good choices?
 Is linear dependence of skewness & kurtosis right?

 asses for which nonlinear cases hybrid filter is superior
 only 3% lower errors in test with ocean physics at 0.25# resolution

Nerger, Q. J. Meteorol. Soc., 148 (2022) 620-640, doi:10.1002/qj.4221


