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Abstract

Die Rekonstruktion historischer Bodenoberflächentemperaturen (GST) aus Permafrost-Bohrlochdaten

stellt ein starkes inverses Problem dar, bei dem Unsicherheiten in den Messungen, den Un-

tergrundeigenschaften und den Modellannahmen die Zuverlässigkeit der rekonstruierten

Temperaturverläufe begrenzen. Die meisten bestehenden Inversionsstudien auf Basis von

Bohrlochdaten verwenden lediglich ein einzelnes Temperatur-Tiefen-Profil pro Standort und

nutzen daher die in wiederholten Messungen enthaltene Information nicht aus.

Aus numerischer und rechentechnischer Sicht handelt es sich um ein stark gestelltes Inversion-

sproblem, dessen Lösungsstabilität stark von den Priorannahmen, der Struktur der Likelihoods

und der Modellierung des Beobachtungsrauschens abhängt. Die vorgeschlagene Multiple-

Likelihood-Formulierung verändert das Inferenzproblem selbst, indem bedingt unabhängige

Datenrestriktionen eingeführt werden, was sich direkt auf die posteriori Unsicherheit, die

numerische Stabilität und die Sensitivität gegenüber Modell-Daten-Abweichungen auswirkt.

Aufbauend auf dem Ensemble-Kalman-Sampling-Framework (EKS) von Groenke et al. [1]

adressiert diese Arbeit diese Lücke durch die Einführung einerMultiple-Likelihood-Formulierung,

die mehrere, potenziell nicht-aufeinanderfolgende Bohrloch-Temperaturprofile desselben

Standorts innerhalb einer einzelnen bayesianischen Inversion integriert. Zusätzlich wird ein

datengetriebener GST-Prior konstruiert,der auf Lufttemperaturen (bspw. von ERA5) basiert,

die mithilfe eines n-Faktor-Ansatzes zur Beschreibung der Luft-Boden-Kopplung transformiert

werden.

Die Methode wird auf drei Permafrost-Bohrlochstandorte im Lena-Delta angewendet (Sardakh,

Samoylov und Tiksi). Eine systematische Sensitivitätsanalyse untersucht den Einfluss von

Annahmen zum Messrauschen, der Anzahl und zeitlichen Verteilung der Likelihood-Profile

sowie der Bohrlochtiefe auf die Stabilität und Unsicherheit der Rekonstruktionen.

Die Ergebnisse zeigen, dass die Einbeziehung mehrerer Likelihoods die posteriore Variabilität

verringern und die zeitliche Stabilität der rekonstruierten GST-Verläufe verbessern kann. Quan-

titative Fehlermetriken wie RMSE und normalisierte Log-Likelihood verbessern sich jedoch für

realistische Rauschannahmen nicht konsistent, was darauf hindeutet, dass der Hauptnutzen in

einer Stabilisierung der Rekonstruktion und nicht in systematischen Genauigkeitsgewinnen

liegt. Der datengetriebene Prior verbessert zusätzlich die physikalische Plausibilität, indem er

die Rekonstruktionen an lokale klimatologische Bedingungen koppelt.Des Weiteren Ergeb-

nisse zeigen, dass wiederholte Bohrlochmessungen zeitliche Information enthalten, die in

traditionellen Inversionsansätzen typischerweise ungenutzt bleibt.

Auch wenn der Ansatz weder die durch thermische Diffusion gesetzten physikalischen Gren-

zen noch die Einschränkungen vereinfachter Modelle überwindet, stellt er ein praktikables

Framework dar, um stabilere und besser interpretierbare GST-Rekonstruktionen aus beste-

henden Bohrlochdatensätzen zu gewinnen, und weist zugleich auf zentrale Ansatzpunkte für

zukünftige Modellweiterentwicklungen und Validierungsstudien hin.





Abstract

Reconstructing historical ground surface temperatures (GST) from permafrost borehole data

is a strongly ill-posed inverse problem, where uncertainties in measurements, subsurface

properties, and model assumptions limit the reliability of inferred temperature histories. Most

existing borehole inversion studies rely on a single temperature–depth profile per site and

therefore do not exploit information contained in repeated measurements.

From a computational and numerical perspective, the problem constitutes a ill-posed inverse

problem, where solution stability strongly depends on prior assumptions, likelihood structure,

and noise modeling. The proposed multiple-likelihood formulation modifies the inference

problem itself by introducing conditionally independent data constraints, which directly af-

fects posterior uncertainty, numerical stability, and sensitivity to model–data mismatch.

Building upon the Ensemble Kalman Sampling (EKS) framework of Groenke et al. [1], this

thesis addresses this gap by introducing a multiple-likelihood formulation that incorporates

several, potentially non-consecutive borehole temperature profiles from the same site within

a single Bayesian inversion. In addition, a data-driven GST prior is constructed using either

in-situ GST observations or ERA5 air temperatures combined with an n-factor approach to

represent air–ground coupling.

The method is applied to three permafrost borehole sites in the Lena River Delta (Sardakh,

Samoylov, and Tiksi). A systematic sensitivity analysis investigates the influence of measure-

ment noise assumptions, the number and temporal spacing of likelihood profiles, and borehole

depth on reconstruction stability and uncertainty.

The results show that incorporating multiple likelihoods can reduce posterior variability

and improve the temporal stability of reconstructed GST histories. However, quantitative

error metrics such as RMSE and normalized log-likelihood do not improve consistently for

realistic noise levels, indicating that the main benefit lies in stabilisation rather than systematic

accuracy gains. The data-driven prior further improves physical plausibility by anchoring re-

constructions to local climatological conditions. Furthermore, these findings demonstrate that

repeated borehole measurements contain exploitable temporal information that is typically

ignored in traditional inversions.

While the approach does not overcome the physical limits imposed by thermal diffusion

or model simplifications, it provides a practical framework for extracting more stable and

interpretable GST histories from existing borehole datasets and highlights key directions for

future model development and validation.
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1 Introduction

1.1 Motivation
In recent decades, the Arctic has experienced a strong and continuous rise in air and ground

surface temperatures, leading to widespread permafrost thaw. Permafrost is defined as ground

material that remains at or below 0 °C for at least two consecutive years[2–5]. This process is

not only a clear indicator of climate change, but also acts as a powerful feedback mechanism,

amplifying warming through the release of greenhouse gases such as carbon dioxide and

methane. Understanding the long-term evolution of permafrost temperatures is therefore

critical for climate research [6].

However, direct temperature measurements in permafrost regions are only available for the

past few decades, which makes it difficult to assess the full extent of long-term warming

trends [7]. Borehole temperature profiles offer a unique opportunity to reconstruct past

ground surface temperatures (GST) over several centuries [7]. Yet, this reconstruction is

mathematically challenging, as it constitutes an ill-posed inverse problem that is sensitive to

noise and missing data [1, 8].

Early studies demonstrated that borehole temperature profiles can be used to infer past ground

surface temperature changes using linear inversion techniques. For example, Lachenbruch and

Marshall [9] successfully applied linear regularization methods to identify long-term warming

trends in Alaskan permafrost. Clow [10] further refined this approach by analyzing the

temporal smearing inherent in borehole-based reconstructions, highlighting the ability of these

methods to capture low-frequency climate signals. Despite these early successes, traditional

inversion techniques, such as Tikhonov regularization or deterministic optimizations, often

provide only a single solution and do not properly capture the uncertainty in the reconstructed

temperature history. In contrast, probabilistic methods based on Bayesian inference allow

the reconstruction to be described using probability distributions [11]. One such method is

Ensemble Kalman Sampling (EKS), which is used in this study.

This study explores the use of EKS for reconstructing historical GST from borehole data in the

Lena Delta, one of the most rapidly warming permafrost regions in the Arctic. The goal is not

only to estimate the past temperature evolution, but also to quantify the uncertainty of the

reconstruction and assess the reliability of borehole data for long-term climate analysis.
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1 Introduction

1.2 Contribution

Reconstructing past ground surface temperatures (GST) from borehole data is an important
method to understand how the climate and permafrost have changed over time. When the
surface gets warmer or colder, thermal energy is transferred into or out of the ground through
the process of heat conduction. These changes leave small signals in the temperature�depth
pro�le of the borehole. By looking at these signals, it is possible to �nd out how the surface
temperature changed in the past.
Over the years, various inversion techniques have been applied to reconstruct past ground
surface temperatures from these temperature�depth signals measured in boreholes. One of
the most popular technique for Ground Surface Temperatures (GST) reconstruction is the
acsvd ([12], [13], [14], [15], [16]). However, these deterministic methods face problems in
integrating uncertainties and are not designed to represent complex physical processes such
as latent heat release or phase changes in permafrost environments [1]. In contrast, Bayesian
inversion frameworks o�er a probabilistic formulation that naturally accounts for uncertainty
and allows the integration of prior knowledge and multiple sources of variability [17]. Among
Bayesian approaches, Markov Chain Monte Carlo (MCMC) methods and Bayesian hierarchical
models have been applied to reconstruct past ground surface temperatures from borehole data
[8, 18]. These methods allow an explicit treatment of uncertainty but are often computationally
expensive. Nonetheless, only a few Bayesian GST reconstruction studies have been applied to
permafrost regions in the Arctic, despite the fact that these areas have experienced some of
the strongest warming trends over the past decades [19]. Moreover, many of the inversion
methods, which were applied in permafrost sites, neglect important physical processes such
as the presence of an active layer or the role of latent heat. A notable exception is the recent
work by Groenke et al. (2024) [1], who introduced a stochastic inversion framework based on
Ensemble Kalman Sampling (EKS).
A key innovation of this work is that it considers the seasonal freezing and thawing of the
active layer and the e�ects of latent heat in the inversion of ground surface temperature histo-
ries. The reconstructed GST are based on temperature pro�les of boreholes. This represents a
signi�cant step toward more physically realistic GST reconstructions in permafrost environ-
ments. However, Groenke's method [1] was applied to a single temperature�depth pro�le
from one borehole and did not investigate how integrating multiple temperature pro�les
measured at di�erent times from the same borehole could a�ect the robustness and accuracy
of the reconstruction. Other studies, such as Guglielmin et al. (2018) [20], have used multiple
temperature pro�les from consecutive years to reduce observational noise through averaging.
Yet, these pro�les were not treated as independent constraints within the inversion and were
based on classical linear methods, without accounting for processes such as latent heat e�ects
or active layer dynamics. To date, no study has combined physically detailed, stochastic
inversion methods with multiple borehole temperature pro�les measured at di�erent times,
whether these measurements are taken in consecutive years or not.
First, relying on a single temperature pro�le makes the reconstruction sensitive to year-speci�c
disturbances or random measurement noise. Using more than one pro�le reduces this depen-
dence on a single observation year. When several pro�les are treated as separate likelihood
terms, random e�ects may be partially averaged out, reducing the in�uence of individual
outliers on the overall reconstruction.

2



1.2 Contribution

Second, the proposed approach does not attempt to bypass the physical constraints imposed
by thermal di�usion in the subsurface. Instead, it uses repeated measurements to make more
consistent use of the available thermal information within the same physical model. Any ex-
tension of the recoverable past therefore remains limited by borehole depth and the governing
heat conduction processes, while allowing the available data to be exploited more e�ectively
within these physical bounds.
Finally, the approach is motivated by the practical characteristics of borehole data in Arctic
permafrost regions. Long and continuous temperature records are often unavailable due to
harsh environmental conditions and sensor failures. In practice, available data may therefore
consist of only a few observation years with complete temperature�depth pro�les, while
other years may contain gaps or missing measurements. The proposed formulation does not
require all measurement years to be complete or temporally consecutive, as long as some
years contain fully observed borehole temperature pro�les that can be used in the inversion.
In this thesis, I extend the EKS framework of Groenke et al. (2024) [1] by introducing a
multiple-likelihood approach that makes it possible to use several temperature�depth pro�les
from the same borehole, measured in di�erent years. The objective of this extension is to in-
vestigate whether integrating multiple, possibly non-consecutive, temperature�depth pro�les
from the same borehole can enhance GST reconstructions from permafrost boreholes.
I hypothesize that extending the EKS framework to use multiple temperature pro�les from dif-
ferent years, possibly non-consecutive, leads to more robust and accurate GST reconstructions
from permafrost boreholes. In particular:

1. Integrating multiple reference temperature pro�les into the EKS framework reduces
posterior uncertainty and decreases the Root Mean Square Error (RMSE) of reconstructed
GST relative to observed GST, compared to a single-pro�le inversion.

2. Using multiple reference temperature pro�les improves GST reconstructions from shal-
lower borehole temperature pro�les compared to a single-pro�le approach.

Based on this objective, the following research questions are formulated:

1. RQ1: How does integrating multiple, non-consecutive borehole temperature pro�les
into the EKS framework improve ground surface temperature reconstructions in per-
mafrost regions, by reducing their variability (standard deviation) and error compared
to measured GST data (RMSE)?

2. RQ2: How does the number and temporal distribution of available pro�les a�ect the
variability (standard deviation) and temporal resolution (ability to resolve annual to
decadal trends) of the reconstruction?

3. RQ3: How does this method a�ect the depth-dependence of GST reconstructions, and
how does it a�ect the performance for shallower borehole temperature pro�les compared
to that of deeper reference pro�les?

4. RQ4: How sensitive are the multiple-likelihood EKS reconstruction results to core
con�guration parameters, such as the assumed measurement noise, in terms of variability
and error compared to measured GST data?
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2 Background and Theoretical Foundations

2.1 Permafrost and its Role in the Changing Climate

2.1.1 Definition and Global Distribution

The cryosphere includes all areas of the Earth where water remains frozen for long periods,
such as glaciers, snow, sea ice, and permafrost. One of the main components of the cryosphere
is permafrost, which was termed by S. W. Muller, a Professor of Geology at Stanford University
[2]. Permafrost is de�ned on the basis of temperature and time, that is, when the ground
remains at or below 0°C for at least two consecutive years [2]. According to current estimates,
it covers around 11% of the earth surface [4]. The majority of permafrost is found in the
Northern Hemisphere, where it underlies nearly 15% of the exposed land area [4]. In addition
to polar regions, smaller areas of permafrost are found in high mountain sites such as the Alps
and the Himalayas.
Over the past decades, global temperatures have risen at an unprecedented rate, with the
Arctic and subarctic regions warming nearly four times as fast as the global average [19]. As a
result, permafrost has been gradually thawing due to rising air temperatures, which in turn
leads to increased ground surface temperatures. This ongoing temperature increase not only
drives further permafrost thaw but also ampli�es feedback mechanisms, such as the release
of methane and carbon dioxide from thawing organic material, that signi�cantly accelerate
global warming and further enhance permafrost degradation [4].

2.1.2 Permafrost Warming and Observed Temperature Trends

Recent studies provide strong evidence for a persistent increase in temperature in permafrost
sites [6, 9, 21]. For example, Biskaborn et al. [6] identi�ed a global average increase of
.0:29 , 0:12/ýC in near-surface permafrost temperatures between 2007 and 2016, with the
strongest warming observed in the cold, continuous permafrost zones [6]. If this process
continues, ongoing permafrost degradation and the release of carbon dioxide and methane
could amplify global warming by an additional0:13ýC to 0:27ýC by 2100 [6].
To better understand spatial variability, permafrost regions are commonly categorized accord-
ing to the areal extent of frozen ground. According to Obu et al. [3], continuous permafrost
refers to regions where 90�100% of the ground is underlain by permafrost. In contrast, discon-
tinuous permafrost is present in 50�90% of the area, often interrupted by unfrozen zones due
to local heat sources or vegetation. Sporadic permafrost covers only 10�50% of the landscape.
Lastly, isolated patches of permafrost are found in less than 10% of the area and exist only
under very speci�c conditions.
These di�erent permafrost zones also respond di�erently to climate warming. Previous studies
have reported a pronounced warming trend in Arctic permafrost regions, with continuous
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2 Background and Theoretical Foundations

permafrost zones showing particularly strong increases in mean annual ground temperatures
over recent decades [6]. This is especially relevant for sites such as Samoylov and Sardakh in
the Lena River Delta, which are located in continuous permafrost regions and are therefore
highly sensitive to atmospheric warming.
Reconstructions of past ground surface temperatures (GST) from boreholes play a key role
in permafrost research, as they provide the long-term perspective required to assess per-
mafrost�climate interactions beyond the instrumental period [7]. Several methods and models
have been developed to infer historical GST from permafrost boreholes, each with di�erent
approaches to handling borehole data [10, 20, 22].
However, traditional approaches often struggle to account for latent heat e�ects caused by
seasonal freeze�thaw processes in the active layer, which can introduce systematic biases
in the reconstructions. To address this, Groenke et al. [1] proposed a novel framework that
couples a two-phase heat transport model with ensemble-based Bayesian inference. This
approach explicitly incorporates the thermal dynamics of the active layer, resulting in more
robust reconstructions.
The methodological framework introduced by Groenke et al. forms the basis of the forward
model and inversion strategy employed in this thesis. Its components, including the two-phase
heat transport formulation and the ensemble-based Bayesian inference scheme, are described
in detail in the following sections.

2.2 Heat Conduction in Frozen Soils

Heat conduction in frozen soils controls how surface temperature variations propagate into
the subsurface, making it a fundamental component of GST reconstruction from borehole data.
In permafrost, heat transfer is strongly in�uenced by the presence of ice and thin layers of
unfrozen water surrounding soil particles, which modify the thermal properties of the ground
[23].
Di�erences in thermal conductivity between frozen and unfrozen soil lead to distinct heat
transfer behaviour, while latent heat e�ects during freezing and thawing further slow down or
accelerate temperature changes. Since temperature variations at the surface di�use gradually
into the ground, the thermal characteristics of frozen soil determine how past climate signals
are preserved and interpreted.
This process is commonly described by the heat conduction equation (Eqn. 2.2), which forms the
basis of forward models used to simulate vertical temperature propagation in the subsurface.

2.2.1 Heat Conduction Equation

Heat conduction in soil transfers thermal energy from warmer to cooler regions, driven by
temperature gradients [23]. The general mathematical formulation for heat conduction follows
Fourier's Lawand in three dimensions, the equation is written in vector notation as follows[24,
25]:

q = * k � ( T (2.1)

6



2.2 Heat Conduction in Frozen Soils

where q (W m*2 ) is the heat �ux vector andT = T.x; y; z/ is the temperature �eld. The
coe�cient k with the unit W m*1 K*1 is called thermal conductivity and it determines how
e�ciently heat is conducted through the medium. The equation 2.1 describes a vector quantity
that is proportional to and opposite in direction to the temperature gradient( T [24].
To describe how temperature evolves over time within the subsurface, Fourier's law is com-
bined with conservation of energy, leading to the transient heat conduction equation. The
equation takes the form [26]:

( � .k( T/ = c
)T
)t

; (2.2)

wherec (J m*3 K*1 ) is the volumetric heat capacity, andt is time. Equation(2.2)expresses that
temporal changes in temperature are governed by spatial gradients in conductive heat �ow.
Both k andc depend strongly on whether the soil is frozen or unfrozen. Frozen soil generally
exhibits higher thermal conductivity due to the presence of ice, whereas unfrozen soil contains
liquid water, which has lower conductivity but increases the e�ective heat capacity. This di�er-
ence leads to pronounced thermal asymmetry between freezing and thawing conditions�an
essential feature of permafrost ground.
In permafrost regions, phase change processes further modify the thermal response of the
subsurface. To account for latent heat e�ects associated with freezing and thawing of pore
water, Equation(2.2)is often reformulated in terms of volumetric enthalpy (e.g., [1, 27]), which
incorporates both sensible and latent heat contributions.

One-Dimensional Heat Conduction in Permafrost

For GST reconstructions based on boreholes, heat transfer is commonly approximated as one-
dimensional and purely vertical. This assumption is justi�ed for long-term reconstructions,
where lateral temperature gradients are expected to be small compared to the dominant
surface�depth gradient. Under this assumption, Fourier's law reduces to the one-dimensional
form [23]:

q = * k
dT
dz

(2.3)

Here dT
dz is the temperature gradient in the z-direction, and it describes how temperature

changes with depth.
The thermal conductivity of frozen soil depends strongly on its frozen or unfrozen state. Ice
increases thermal conductivity, whereas liquid water reduces it, leading to a strong contrast
between frozen and thawed conditions. This contrast plays an important role in how tem-
perature signals propagate downward in permafrost. This assumption underlies the forward
model used throughout this thesis.

2.2.2 Thermal Di�usivity

Another key factor in the reconstruction of GST from permafrost is the thermal di�usivity� .
Thermal di�usivity describes the speed at which a material responds to changes in temperature.

7



2 Background and Theoretical Foundations

It is de�ned as the ratio of thermal conductivity, which is explained in the previous chapter, to
volumetric heat capacity [23]:

� =
k
c

=
k

cp�
(2.4)

where:

ˆ k is the thermal conductivity (W m*1 K*1 ),

ˆ � is the density of the material (kg m*3 ),

ˆ cp is the speci�c heat capacity (J kg*1 K*1 ).

A material with high thermal di�usivity allows temperature changes to spread quickly, while
a material with low thermal di�usivity slows down temperature changes.
In frozen soils, thermal di�usivity depends on temperature, moisture, and phase changes. Ice
has a higher di�usivity (� = 1:12mm2 s*1 ) than water (� = 0:14mm2 s*1 ), so frozen soil reacts
faster to temperature changes than thawed soil [23]. However, when ice melts or water freezes,
latent heat e�ects can slow down heat transfer, causing a delay in temperature changes.
These properties in�uence how quickly surface temperature signals penetrate permafrost,
which is critical for interpreting borehole data in GST models.

2.2.3 Latent Heat in Frozen Soil

Latent heat plays a signi�cant role in the thermal response of frozen ground. During freezing
and thawing, energy is absorbed or released without a change in temperature, which modi�es
how heat propagates through permafrost. In frozen soils, the total amount of energy in the
phase change process depends on the total amount of water in the given soil volume and
the fraction of this water that changes phase. In the following, we can see the mathematical
expression for the latent heat of fusion in frozen soil [23]:

L = � dL¨.w * wu/ (2.5)

In equation 2.5,L denotes the soil volumetric latent heat of fusion with units ofkJ m*3 ,
L¨ = 333:7 kJ kg*1 is the speci�c latent heat of fusion of water,� d with units of kg m*3 is the
dry soil density,w is the total water content, andwu is the unfrozen water content of the
frozen soil.
The release or absorption of latent heat leads to a delay in temperature propagation within the
soil [28]. This e�ect must be considered in ground surface temperature (GST) reconstructions,
as it can cause deviations between actual and modeled temperature pro�les.

2.2.4 Two-Phase Heat Transport and Latent Heat in Permafrost

This study uses the two-phase heat transport model, which was also employed by Groenke et
al. [1], to reconstruct GST from permafrost borehole data.
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2.2 Heat Conduction in Frozen Soils

In this approach, the temperature �eldT.z; t/ is represented as a deviation from a quasi-linear
steady-state solution, which separates the long-term geothermal background from transient
climate signals:

T.z; t/ = T0 +
Qgeo

k.z/
z + � T.z; t/ (2.6)

Here,T0 is a reference temperature at the surface,Qgeo is the geothermal heat �ux,k.z/ is the
depth-dependent thermal conductivity, and� T.z; t/ captures the time-dependent deviations
due to past climate variations.
Furthermore, to model the latent heat, we use the enthalpy method. It combines sensible heat
(from temperature) and latent heat of fusion (from phase change) in one formula:

)
)z 0

k.T/
)T
)z 1

+
)h .T/

)t
= S.z; t/ (2.7)

Here,h.T/ is the enthalpy, andS.z; t/ is a possible heat source or sink. The thermal conductivity
k.T/ depends on temperature and soil type.
The enthalpy function combines sensible and latent heat:

h.T/ = c.T/. T * Tref/ + L� w.T/

wherec.T/ is the volumetric heat capacity,Tref = 0ýC the freezing point,L the latent heat of
fusion, and� w.T/ the temperature-dependent unfrozen water content. This model does not
include groundwater �ow or lateral heat transport. It only models vertical heat conduction.
Boreholes with strong groundwater e�ects should not be used with this method [1].
We calculate the thermal conductivityk.T/ and heat capacityc.T/ of the soil as a mixture
of four components: unfrozen water� w, ice� i, organic matter� o, and mineral particles� m.
Their sum must be equal to 1:

� w + � i + � o + � m = 1 (2.8)

The total water content is de�ned as� tot = � w + � i. The organic fraction! de�nes how much
of the dry part of the soil is organic. Based on this, we use:

ˆ � i = � tot * � w (volumetric ice content)

ˆ � o = .1 * � tot/ � ! (organic content)

ˆ � m = .1 * � tot/ � .1 * ! / (mineral content)

We assume saturated conditions, so the total water content is equal to the porosity of the soil.
This way, the thermal properties can be calculated based on soil composition and temperature.
The �nal representation of the GST history combines both seasonal variations and long-term
changes. It consists of a sinusoidal annual cycle and a piecewise linear trend function that
models past temperature deviations. The complete formula is given by:

T.0; t/ = T0 + A � sin
0

2�
P

.t * t0/1
+

N

É
i=1

 i.t / �
4
� i +

� i+1 * � i

t i+1 * t i
.t * t i/5

(2.9)

In this equation,T0 is the initial surface temperature at the start of the simulation period. The
term A�sin� 2�

P .t * t0/� represents the annual temperature cycle, whereA is the amplitude and
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P is the period, typically set to one year. The second term models the long-term temperature
trend using a piecewise linear function. Here,� i are the surface temperature values de�ned at
speci�c time pointst i, and the function i.t / is equal to 1 within the interval[t i; ti+1/, and 0
elsewhere. If the annual cycle is not considered, the amplitudeA is set to zero
To account for the limited temporal resolution of borehole data caused by di�usive heat
transport, the time intervals[t i; ti+1/ are chosen such that each interval spans a time range
of approximately, 1

3t ¨, wheret ¨ is the time before the borehole measurement, following the
approach by [22].
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2.3 Inversion Techniques for Reconstructing Temperature
Profiles

The reconstruction of past GST from borehole temperature measurements is a classic inverse
problem in geophysics. In particular, instrumental temperature records have not been available
for more than the past 150 years, making the reconstruction of past ground surface temperature
crucial [7]. Furthermore, reconstructing past ground surface temperatures provides important
information on long-term climate trends and can help assess whether recent warming is
primarily driven by industrialization or in�uenced by natural climate variability.
Since this study employs an inverse method, it is necessary to �rst clarify what an inverse
method is. In general, an inverse problem can be described mathematically as follows:

y = G.u/ + �

where:

ˆ G: denotes the forward model

ˆ � is the observational noise

ˆ y is the observed data

The goal of the inverse problem is to recover the unknownu from observationy. However,
such problems are often ill-posed, meaning that small variations iny can lead to large uncer-
tainties in u, requiring additional constraints or regularization techniques to obtain stable
solutions [29�31].
Borehole temperature pro�les are valuable records of past climate changes because thermal
di�usion in the subsurface naturally smooths temperature variations over time. This property
allows for the reconstruction of past surface temperatures, where deeper borehole measure-
ments correspond to older climatic conditions. In the classical sense of inverse problems, a
well-posed problem requires three conditions [32]:

1. Existence: A solution exists for all given data.

2. Uniqueness: The solution is unique.

3. Stability: Small errors in the data lead only to small changes in the solution.

If any of these conditions fail, the problem is then ill-posed. Because thermal di�usion acts as
a low-pass �lter, high-frequency variations in past temperatures are smoothed out, making
direct inversion highly sensitive to noise and missing data, which is common in borehole
measurements.
To overcome these challenges, various regularisation-based inversion methods have been
developed.
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2.3.1 Overview of GST Inversion Methods

In classical approaches, to overcome challenges from inverse problems is achieved through
explicit regularisation methods such as Tikhonov regularisation. Within a Bayesian inference
framework, regularisation is introduced implicitly through prior assumptions, and the solution
is described probabilistically. In this study, inference is performed using Ensemble Kalman
Sampling (EKS) as a computational method to approximate the Bayesian posterior distribution.
Classical GST reconstruction approaches often rely on linear regularization techniques, such as
Tikhonov regularization, to stabilize the inversion of ill-posed borehole temperature problems.
These methods enforce smoothness constraints on the reconstructed temperature history and
are well suited for recovering long-term, low-frequency climate signals from borehole data.
However, linear regularization methods typically yield a single deterministic solution and
are sensitive to measurement noise as well as to inaccuracies in the assumed forward model.
In particular, model discrepancies arising from simpli�ed physical assumptions in practical
implementations, such as neglecting latent heat e�ects or active layer dynamics, are not
explicitly represented within the inversion framework. As a result, uncertainties related to
data noise, modeling errors, and non-uniqueness of the solution cannot be quanti�ed in a
systematic way, which may lead to overly con�dent reconstructions [33]. These limitations
motivate the use of probabilistic inversion approaches, which are discussed as follows.
Bayesian inversion provides a probabilistic way to reconstruct past ground surface tempera-
tures (GST) from borehole measurements. Unlike classical methods that produce only one
�best� solution, Bayesian methods describe a distribution of possible GST histories. They
combine a prior (knowledge before seeing the data), a likelihood (how well the model �ts the
data), and a posterior (updated knowledge after including the data). A widely used Bayesian
approach is Markov Chain Monte Carlo (MCMC). MCMC generates samples from the posterior
distribution by constructing a Markov chain that explores the space of possible GST histories.
Some studies have used advanced versions such as reversible-jump Markov Chain Monte
Carlo (rjMCMC), which can automatically adjust the complexity of the GST model during
sampling [18].
Other Bayesian approaches include empirical Bayes and hierarchical Bayes methods. These
techniques estimate model parameters�such as noise levels or smoothing strength�directly
from the data. For example, Woodbury and Ferguson used information-based criteria (ABIC)
to select prior settings in a Bayesian framework for GST reconstruction [34]. Overall, Bayesian
inversion methods provide a powerful framework for uncertainty quanti�cation, but classical
Bayesian inference algorithms such as Markov Chain Monte Carlo (MCMC) can become
computationally expensive when the forward model is costly to evaluate, since each step
typically requires solving the heat conduction model [35].

2.3.2 Ensemble Kalman Sampling

To address the high computational cost of classical Bayesian inference methods, this thesis em-
ploys Ensemble Kalman Sampling (EKS) as the primary inversion technique for reconstructing
past GST from borehole temperature pro�les [1].
Ensemble Kalman Sampling is an ensemble-based Bayesian inference method that builds on
Bayes' theorem and extends the classical Kalman �lter, originally developed for linear state
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estimation. A key development was the Ensemble Kalman Filter (EnKF), which introduced
Monte Carlo techniques to handle nonlinear and high-dimensional systems. EKS further
extends the EnKF by incorporating stochastic Langevin dynamics, enabling the sampling of
the full posterior distribution rather than producing a single state estimate.
In the following sections, the theoretical foundations of EKS are outlined to provide a clear
understanding of the method and its application to GST reconstruction [36].

Bayes' Theorem

Bayes' theorem forms the mathematical foundation for probabilistic state estimation and
inverse problems, including the reconstruction of GST from borehole data. In this work, the
notation p.�/ denotes probability density functions. The priorp.X/ describes the uncertainty
about the unknown parameters before including data, the likelihoodp.Y ÝX/ expresses how
probable the observed dataY are under a given parameter setX, and the posteriorp.X ÝY/
combines prior knowledge with observational information.

p.XðY/ =
p.YðX/p.X/

p.Y/
; (2.10)

p.Y/ = ‰
xËX

p.Y ÝX = x/ p.X = x/ dx; (2.11)

The termp.Y/ is the marginal likelihood (or evidence) and ensures that the posterior density
integrates to one. In the context of Bayesian inversion,X represents the unknown parameters
(e.g., the ground surface temperature history), andY represents the evidence (borehole tem-
perature measurements) [37]. This principle underpins recursive methods like the Bayes �lter
and its extended versions, such as the Kalman �lter and Ensemble Kalman Sampler (EKS), by
combining prior knowledge with observational data [38].

Kalman Filter

The Kalman �lter is the classical solution for linear-Gaussian state estimation, based on the
bayes �lter, and can be viewed as a recursive application of Bayes' theorem. It provides an
optimal estimate of a hidden state when the system dynamics and the observation model
are both linear and the uncertainties are Gaussian [39]. In its prediction step, the state is
propagated through a linear model

„xt = At xt *1 + Bt ut ; „Pt = At Pt *1 Añ
t + Qt ;

whereQt is the process noise covariance. The correction step incorporates a new measurement

zt = Ct xt + � t ; � t í N .0; R/;

using the Kalman gain
Kt = „Pt Cñ

t .Ct „Pt Cñ
t + R/ *1 :

The updated state estimate becomes

xt = „xt + Kt .yt * Ct „xt /; Pt = . I * Kt Ct / „Pt :
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Although Kalman Filter (KF) itself is not used directly in this study, it forms an important
conceptual foundation for ensemble-based methods. The Ensemble Kalman Filter (EnKF)
generalizes the KF to nonlinear and high-dimensional systems by replacing covariance matrices
with ensemble statistics. The Ensemble Kalman Sampling (EKS) method applied in this work
builds on this extension and adapts it to inverse problems.

Ensemble Kalman Filter

While the Kalman �lter works really well for linear systems with Gaussian noise, it tends
to struggle when models become nonlinear or when the state space is very large, which
leads to huge computational demands [40][41]. In the case of reconstructing ground surface
temperatures, the underlying processes, like heat conduction in permafrost, are often nonlinear
and a�ected by many uncertain parameters. This makes it di�cult to apply the classical Kalman
�lter directly.
To avoid these issues, the Ensemble Kalman Filter was developed, which is also the foundation
for the Ensemble Kalman Sampling approach used in this study. Instead of representing
uncertainty through a big covariance matrix, it uses an ensemble of model states, which means
you run several model simulations and use their spread to represent the uncertainty. This
makes it more �exible, especially when dealing with non-linear models or complex systems
where computing analytical derivatives is not really feasible.
Furthermore, it should be mentioned that the EnKF is an approximation of the standard
Kalman Filter based on Monte Carlo sampling [40]. As the number of ensemble members
N increases, the sampling error decreases proportionally to1ù

N . In the limit N E Ø , the
Ensemble Kalman Filter converges to the exact Kalman �lter solution [40].
The main idea behind the EnKF is to propagate each of these ensembles individually during
the analysis step instead of then-dimensional estimatexkðk and then • n covariancePkðk of
the KF [41].

x tðt =
1
N

N

É
j =1

x . j /
t (2.12)

The equation 2.12 approximates the true posterior estimate‚xkðk in the limit N E Ø.

Ptðt =
1

N * 1

N

É
j =1

� x . j /
t * x tðt � � x . j /

t * x tðt �
T

ù Ptðt (2.13)

These sample-based approximations re�ect the mean ((2.12)) and uncertainty (covariance,
(2.13)) of the updated ensemble after assimilating new observations at time stepk. As the
ensemble sizeN increases, the approximations converge to the exact Bayesian posterior mean
and covariance [40].

Ensemble Kalman Sampling

Ensemble Kalman Filter, which was introduced in Chapter 2.3.2, is primarily designed for
sequential state estimation in dynamical systems, it has also been adapted to solve inverse
problems. There, the goal is not to follow how a system makes progress over time, but instead
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to recover unknown, time-independent quantities�like physical parameters or boundary
conditions with using of available data.
In the context of reconstructing past GST from borehole temperature pro�les, such inverse
approaches are very important. The reconstruction process involves estimating past surface
conditions based on the temperature pro�le of a permafrost borehole, which requires dealing
with uncertain and incomplete information, because of sensor uncertainties and more. For
this purpose, Ensemble Kalman Inversion (EKI) derived from the EnKF framework [30], has
proven particularly useful.
A disadvantage of methods, such as EKI, is the aim to �nd a single �best� solution, which can
be problematic in real-world inverse problems. The reason for the problems are the simpli�ed
physical models (e.g., the one-dimensional heat conduction equation) and the observational
data (e.g., borehole temperatures) are both approximations of reality. Model simpli�cations,
unknown boundary conditions, and measurement noise can lead to multiple temperature
histories that all �t the observed data equally well (ill-posed problem).
Therefore, it is not su�cient to focus only on one �optimal� solution, as this is not possible due
to the existing uncertainties, model inaccuracies, and the inherently ill-posed nature of the
problem as mentioned before. Instead, it is crucial to use a probabilistic approach that captures
the full range of plausible solutions and quanti�es the associated uncertainty. Especially in the
context of reconstructing historical GST, it is crucial to not only identify a plausible trajectory
but also to understand how uncertain it is and whether alternative explanations might exist.
The EKS approach builds on the connection between Langevin dynamics, Bayesian inference
and the EKI. In the Bayesian framework, we de�ne the posterior distribution over the parameter
space as [36]

� .u/ × exp.*�. u// � 0.u/; (2.14)

where� 0.u/ is the prior,exp.*�. u// the likelihood and�. u/ denotes the data mis�t functional
(also called negative log-likelihood), typically de�ned as

�. u/ =
1
2

ñy * G.u/ñ2
� ; (2.15)

with G.u/ being the forward model (e.g. heat transport in permafrost boreholes) and� the
covariance matrix of the observational noise.
To sample from this posterior distribution, one can theoretically use the overdamped Langevin
dynamics [36] [42]:

†u= *(� R.u/ +
ù

2 †W ; (2.16)

where †W is the standard Brownian motion and� R.u/ = �. u/ + 1
2ñuñ2

� 0
includes a Tikhonov-

type regularization from the Gaussian prior and is the regularized negative log-posterior [36].
However, computing the gradient(�. u/ typically requires evaluating the derivative of the
forward modelG.u/, which is often unavailable or computationally expensive.
To address this, the EKI method�originally introduced as a derivative-free optimization
algorithm for inverse problems [30]�uses ensemble statistics to approximate the gradient
direction. More precisely, the directional derivative(�. u/ is replaced by a regression estimate
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using empirical covariances. In continuous time, this leads to the following deterministic
update equation for each ensemble member:

†u. j / =
1
J

J

É
k=1

êG.u.k/ / * „G; y * G.u. j / /ë� � .u.k/ /; (2.17)

where „G and „u denote the ensemble means of model outputs and parameters, respectively.
This formulation avoids the explicit computation of the JacobianG¨.u/ and is mathematically
equivalent to a preconditioned gradient �ow using ensemble-based approximations.
Based on this idea, the Ensemble Kalman Sampler (EKS) introduces an additional stochastic
noise term to transform the optimization dynamics into a sampling procedure. The resulting
interacting particle system takes the form [36]:

†u. j / = * C.U/(� R.u. j / / +
t

2C.U/ †W . j / ; (2.18)

whereC.U/ is the empirical ensemble covariance matrix and� R.u/ denotes the regularized
negative log-posterior. Although a gradient symbol appears, the actual implementation of EKS
does not require the derivative ofG.u/; instead,(� R.u/ is again approximated using ensemble
covariances in analogy to the EKI formulation. This makes the method fully derivative-free
with respect to the forward model, while preserving the structure of a preconditioned Langevin
di�usion. The key idea of EKS is to replace exact gradients with ensemble di�erences, yielding
the derivative-free update [36]:

†u. j / = *
1
J

J

É
k=1

êG.u.k/ / * „G; G.u. j / / * yë� .u.k/ * „u/ * C.U/� *1
0 u. j / +

t
2C.U/ †W . j / ; (2.19)

whereC.U/ is the empirical covariance matrix of the ensemble, and„G; „udenote ensemble
means.
This formulation ensures that, in contrast to EKI, the system does not collapse to a single
point but instead asymptotically approaches the posterior distribution. The added noise term
is crucial for enabling exploration of the posterior with uncertainty quanti�cation.
The EKS approach directly addresses this issue by producing not just one solution, but an
ensemble of solutions that collectively approximate the posterior distribution. This allows for
a probabilistic interpretation of the results � for example, in the form of con�dence intervals,
expected values, or variances. These uncertainty estimates provide a clear advantage over
deterministic methods, particularly in scienti�c contexts where a transparent treatment of
uncertainty is essential.
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2.4 Sources of Uncertainty and Challenges

Reconstructing past ground surface temperatures (GST) from borehole temperature mea-
surements involves several sources of uncertainty. These uncertainties arise from physical
limitations of heat transfer, measurement errors, environmental e�ects, and simplifying model
assumptions. Together, they a�ect the accuracy and timing of reconstructed GST signals. A
fundamental limitation comes from heat di�usion in the ground. Heat conduction acts as
a low-pass �lter, meaning that short-term surface temperature variations are smoothed out
with depth. As a result, borehole temperature pro�les mainly preserve long-term temperature
trends, while short or abrupt surface temperature changes are strongly reduced or completely
lost. This makes the inverse problem ill-posed, because di�erent GST histories can lead to very
similar temperature pro�les in the borehole. Long-term temperature changes can therefore
be reconstructed more reliably than short-term events [22, 37]. GST reconstructions also
rely on simpli�ed physical models. Many methods assume one-dimensional vertical heat
conduction and ignore lateral heat �ow or subsurface heterogeneity. In addition, thermal
properties such as thermal conductivity and heat capacity are often assumed to be constant
with depth and time, although they can change due to variations in soil type, ice content,
and moisture. These assumptions introduce structural uncertainties into the reconstruction.
Measurement-related uncertainties further a�ect borehole temperature data. Sensors can drift
over time due to moisture, mechanical stress, or aging, leading to arti�cial warming or cooling
trends that are di�cult to separate from real ground temperature changes [43]. Phase changes
of soil water can also reduce temperature variations because latent heat absorbs or releases
energy. Furthermore, drilling the borehole introduces temporary heating. Long recovery
times are required before measurements re�ect undisturbed ground conditions, especially in
deep boreholes [43]. Finally, long-term monitoring is limited by funding constraints. Reliable
GST reconstruction requires continuous temperature records over many years, but long-term
measurements are di�cult to maintain due to limited �nancial support. As a result, many
borehole datasets contain interruptions or inconsistent measurement periods [44]. In sum-
mary, GST reconstructions from borehole data are a�ected by fundamental physical limits
and measurement-related uncertainties. These limitations directly in�uence the stability of
the inverse problem and motivate the methodological choices made in this work, particularly
the careful treatment of data uncertainty and model assumptions.
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3.1 Description of Permafrost Borehole Sites in the Lena
Delta

Figure 3.1: Location of the Samoylov Borehole, Sardakh Borehole, and Tiksi Borehole in the Lena
River Delta, Northeast Siberia (Russia). The Samoylov location represents a single borehole
used in this study. Base map: Google Earth satellite imagery [45].Scale bar shown at the
bottom of the �gure (30 km).

This master's thesis uses data from three di�erent permafrost boreholes in the Russian Arctic:
Sardakh, Samoylov, and Tiksi. Figure 3.1 provides an overview of the Lena River Delta, show-
ing the locations of all three borehole sites. This overview helps to contextualize the individual
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study sites described below. These three sites were selected because their borehole character-
istics and data properties provide a valuable basis for addressing the research questions of this
thesis. Di�erences in borehole depth, temporal coverage, and data quality allow the evaluation
of reconstruction methods under varying conditions. In the following sections, each site is
described in more detail, along with its speci�c contribution to the research questions of this
thesis.

3.1.1 Sardakh

Sardakh Island is located in the southern Lena River Delta (72.57155°N, 127.24157°E). It features
a 100 m deep borehole with temperature data from 2009 to 2021. The site lies in a continuous
permafrost zone and is operated by the Alfred Wegener Institute in collaboration with Melnikov
Permafrost Institute (PIY) Yakutsk. The subsurface consists of ice-rich loamy sands overlying
older sedimentary layers, including pebbles and fossil material.
Climatic conditions are typical of Arctic continental zones with long, cold winters and short
summers. The mean annual air temperature is around*12:5ýC, with mean annual precipitation
190 mm yr*1 [46, 47]. Snowstorms are frequent, and snow cover plays an important role in
ground insulation. The thickness of the active layer of the continuous permafrost area in
the coastal region of Laptev Sea, to which Sardakh Island belongs, is approximately30 cmto
40 cm[22].
Sardakh's borehole data are generally well suited for GST reconstructions due to predominantly
conductive heat transfer and stable subsurface temperature conditions. However, the site is
not completely undisturbed, as thermokarst development occurred following drilling activities.
The site shows long-term warming trends that are consistent with regional Arctic climate
data and allows for testing inversion methods over a relatively deep pro�le with 13 years of
reliable records.
Additionally, the 100 m borehole at Sardakh Island is a good dataset to check if using multiple,
shallower temperature pro�les can create similar GST reconstructions as the full-depth data.
By cutting the data at di�erent depths and using the multiple-likelihood EKS method, it is
possible to study how sensitive the GST reconstructions are to borehole depth and the choice
of pro�les.

3.1.2 Samoylov

Samoylov is also located in the Lena River Delta. The borehole at Samoylov (72.36945°N,
126.47643°E) provides temperature data from 2006 to 2021 and has a depth of 26 m.
Climatically, Samoylov is characterized by continuous permafrost, low annual precipitation (ù
125 mm), and strong seasonal contrasts. Average air temperatures range from*31 ýC in winter
to 10ýC in summer, with an annual mean of about*12:5ýC. Field measurements conducted in
spring 2008 indicate a short snow-free period, typically from June to September, with strong
spatial variability in snow depth due to wind redistribution�reaching about 46 cm in polygon
centers and approximately 17 cm on [47]. These microtopographic e�ects are crucial for
understanding snow insulation and permafrost dynamics [47].
Geologically, the island lies on the �rst river terrace, dominated by polygonal tundra, thermokarst
lakes, and wetlands. The subsurface consists of ice-rich silty soils, which in�uence the thermal
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properties relevant for GST reconstruction. The active layer is shallow (ù 50 cm in August),
with high spatial variability due to di�erences in soil moisture and vegetation.
The vegetation cover is typical of Arctic tundra: mosses (e.g., Hylocomium splendens), sedges
(Carex chordorrhiza), and dwarf shrubs (Salix spp.) dominate the dry and wet polygons. These
vegetation types impact both soil moisture retention and snow accumulation, and thus a�ect
heat transfer into the ground.
Overall, Samoylov provides a well-documented and diverse setting to investigate how snow
cover, surface vegetation, and soil properties interact with permafrost and GST inversion
techniques [48].
Furthermore, the Samoylov dataset is especially valuable because it has almost continuous,
gap-free temperature records between 2010 and 2020. This makes it ideal for testing di�erent
combinations of multiple temperature pro�les, as the clean data allow a controlled analysis of
how the selection and timing of pro�les in�uence the quality of the GST reconstructions.

3.1.3 Tiksi

Tiksi, on the Laptev Sea coast (71.58233°N, 128.91141°E), includes one borehole with a long
time interval, from 1992 to 2022, and provides therefore data for 30 years with a depth of 30 m.
Unlike the other boreholes, which are located in sedimentary terraces, the Tiksi borehole is sit-
uated in bedrock, providing a distinct geological and thermal context for GST reconstruction.
The Tiksi borehole and meteorological data used in this study are provided by the Hydromete-
orological Observatory of Tiksi (National Oceanic And Atmospheric Administration (NOAA),
Roshydromet, NSF, FMI collaboration) [49]. Located at 71.6°N, 128.9°E, Tiksi o�ers contin-
uous atmospheric and ground measurements, including air temperature, snow depth, and
permafrost conditions, supporting long-term climate monitoring e�orts [49].
The borehole is located on a stone ridge in the foothills of the Primorsky Range, approximately
5 km from the town of Tiksi. The surface consists of platy fragments of argillite, and the
subsurface is composed of fractured bedrock with limited overlying sediment (1�2 m). This
bedrock setting leads to di�erent thermal dynamics compared to soil-dominated sites and
provides insight into how geological background in�uences GST signals [50].
Climatically, Tiksi lies in an excessively wet subarctic zone with cold winters, cool summers.
It had an annual precipitation172 mmto 349 mmin 2010-2021 [50]. The Mean Annual Air
Temperature (MAAT) ranged from*3 :6ýC in the 1990s to*0 :5ýC in recent years, showing a
clear warming trend of0:11°C_yr from 1991 to 2021. The Mean Annual Ground Temperature
(MAGT) has increased by1:0ýC to 2:4ýC across depths of3 m to 30 mduring the 30-year
monitoring period.
Snow cover is highly variable and often thin, especially on the exposed ridge where snow
is blown away by strong winds (up to20 m s*1 ). Winter snow depths at the borehole site
�uctuate between2 cmto 20 cm, limiting its insulating e�ect. It an active layer thickness
(ALT) of ù30 cmto 50 cmdepending on year and surface type [50].
Vegetation is sparse and consists mainly of clastic mountain tundra, with patches of moss and
grasses (e.g., Poa alpigena, Gastrolychnis apetala). The lack of dense vegetation and organic
layers, combined with the thin snowpack, makes the Tiksi site particularly responsive to air
temperature changes�ideal for studying long-term permafrost warming trends.
In summary, Tiksi provides a unique coastal permafrost environment with long-term data in a
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rocky setting, low snow insulation, and clear signs of climate-driven warming. Its contrast to
the Lena Delta sites helps evaluate how geology and microclimate shape the GST signal and
its reconstruction under di�erent model assumptions.

3.1.4 Comparison of Borehole Characteristics

To summarize the borehole con�gurations used in this study, Table 3.1 provides an overview
of the key parameters for all three locations. These include geographical coordinates, borehole
depth, observation period, and geological context.

Site Coordinates Depth (m) Time Span Notes
Sardakh 72.5716°N, 127.2416°E 100 2009�2021
Samoylov 1 72.3695°N, 126.4764°E 26 2006�2021
Tiksi 71.5823°N, 128.9114°E 30 1992�2022 Coastal bedrock site

Table 3.1:Overview of borehole characteristics used for GST reconstruction

3.2 Structure of the Borehole Temperature Datasets

This section outlines the origin, structure, and processing of the borehole temperature datasets
used in this study. All datasets originate from long-term permafrost monitoring programs
in the Lena River Delta region and include data from Samoylov, Sardakh, and Tiksi. The
raw temperature measurements were provided by the Alfred Wegener Institute (AWI) for
Samoylov and Sardakh, and by the Global Terrestrial Network for Permafrost (GTN-P) archive
for Tiksi.
Each borehole contains a thermistor chain permanently installed into the permafrost, providing
vertically resolved temperature measurements across multiple years. A temperature pro�le
T.t / consists of a sequence ofN temperature values along a vertical axis perpendicular to the
Earth's surface:

T.t / = [ T.z1; t/; T.z2; t/;§ ; T.zN ; t/] (3.1)

wherez1; z2;§ ; zN denotes the depths of the individual sensors. These measurements are
typically acquired either as point measurements after equilibration or as temporal averages
over regular (sub-daily) intervals across multiple years.
The Samoylov borehole (SaHole2006) includes 24 temperature sensors down to 26.75 m, em-
bedded in a Polyvinyl chloride (PVC) tube and back�lled with dry sand.Sensor depths range
from 0 mto 26:75 min irregular intervals (e.g., 0.75, 1.75, 2.75, ..., 26.75). The borehole is still
active and part of ongoing AWI/PIY monitoring e�orts.
The Sardakh borehole (SdHole2009) has a total depth of 100 m and is equipped with a Geokon
thermistor chain comprising 24 sensors installed at prede�ned depths between 0.0 m and
100 m. The chain is housed within a metal core barrel and connected to a data logger in a
protective wooden structure at the surface. Similar to Samoylov, the installation supports
continuous logging and is designed for long-term permafrost monitoring.
Compared to Sardakh and Samoylov, only limited metadata are available for the Tiksi borehole.
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Table 3.2:Overview of the borehole datasets used in this study.zmax denotes the maximum sensor
depth of the borehole, Period indicates the range of years with available temperature
measurements,Nobs is the number of annual mean temperature pro�les used in the analysis,
Raw res. refers to the original temporal resolution of the measurements in hours, and
Provider indicates the data source.

Site Borehole zmax Period Nobs Raw res. Provider
(identi�er) [m] [yyyy] [�] [h]

Samoylov SaHole2006 26.8 2006�2024 19 1 AWI / PIY Yakutsk
Sardakh SdHole2009 100 2009�2024 13 6 AWI / PIY Yakutsk
Tiksi TIK_BH_30 30 1992�2022 31 24 GTN�P

The site (TIK_BH_30) reaches a depth of 30 m and provides historical temperature records
from 1992 to 2022, archived in the GTN�P database. It is part of a Russian national permafrost
monitoring initiative.
To reduce seasonal variability and improve signal stability for inversion analysis, the raw data
are aggregated into annual mean pro�les. These smoothed pro�les serve as input for the EKS
method [1].
Table 3.2 summarizes the structural dataset parameters relevant for processing and inversion.
The raw datasets for Samoylov and Sardakh are provided as.dat �les in wide-table format.

Each �le contains a header row specifying temperature measurements at various depths
(e.g., Ts_0, Ts_40, ..., Ts_10000), and subsequent rows with timestamps and corresponding
temperature values inýC. Measurements for SaHole2006 are recorded every 6 hours (00:00,
06:00, 12:00, 18:00 UTC) and for SdHole2009 are recorded every hour. Missing values are
denoted by NA (missing value indicator) (NA).
The Tiksi dataset is stored in.csv format and structured slightly di�erent: each row contains
a year, a speci�c depth (in meters), and the corresponding annual mean temperature.
This long-table format is optimized for compact representation of time�depth pro�les.
The borehole temperature datasets show varying degrees of temporal completeness. For the
Samoylov and Sardakh sites, the raw measurements include daily and sub-daily records, with
occasional missing values and data gaps.
For example, the SaHole2006 dataset lacks most of the winter period for 2008�2009 and the
beginning of 2006. The SdHole2009 dataset also contains several extended gaps, including
long interruptions in early 2009 and late 2021, which a�ect the seasonal coverage of some
years.
The Tiksi1992 dataset shows even larger gaps in temporal coverage. Around 90 consecutive
days are missing in late 2017, the entire years 2018 and 2019 are absent, and approximately
270 days are missing between January and mid-September 2020. These gaps lead to strong
di�erences in data availability and seasonal representation across the datasets.
These characteristics illustrate the heterogeneous temporal structure of the borehole tempera-
ture records and motivate the need for explicit data selection criteria, which are described in
the methodology section 4.1.
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3.3 Description of Additional Meteorological Data

This section describes supplementary meteorological data used in the analysis, such as snow
depth, air temperature, and their sources.

3.3.1 ERA5 Reanalysis Data

ERA5 data are used as meteorological input for the construction of a data-driven ground sur-
face temperature prior in combination with an n-factor approach. Both the n-factor concept
and the prior formulation are described in detail in Section 4.3.
ERA5 is a global atmospheric reanalysis produced by European Centre for Medium-Range
Weather Forecasts (ECMWF) that provides temporally continuous, gridded climate variables
for the atmosphere, land surface and ocean waves. It combines observational data with a
numerical weather prediction system with coupled land-surface and ocean-wave components
through data assimilation to produce physically consistent estimates. The data are provided
at an approximate spatial resolution of 31 km and an hourly temporal resolution, representing
grid-cell-scale conditions rather than point measurements [51].

3.3.2 Ground Surface Temperature Observations at Samoylov (SaMet
and SaSoil)

At the Samoylov site, GST data are available from two long-term monitoring stations: the
Samoylov Meteorological Station (SaMet2002) and the Samoylov Soil Station (SaSoil2002).
SaMet records meteorological variables and surface temperature, while SaSoil provides soil
temperature and related near-surface measurements. Both stations have been operating since
2002 and o�er continuous GST measurements [48]. For this study, the GST data from SaMet
and SaSoil were processed separately into annual mean values. For each year, the two annual
means were averaged to obtain a single GST estimate for the Samoylov site. This combined
GST record is used in the evaluation of the reconstruction results.

3.3.3 Limitations and Uncertainties of the Datasets

Despite careful cleaning and �ltering, several inherent limitations remain in the borehole
temperature datasets, which are used for GST reconstruction. These arise primarily from
temporal gaps in the records, potential long-term sensor degradation, heterogeneous sampling
intervals, incomplete or inconsistent metadata, and di�erences in borehole depth and con�gu-
ration. Each of these factors can introduce uncertainties that in�uence the interpretation of
the reconstructed ground surface temperature histories.

ˆ Temporal gaps and incomplete records : Some years contain long gaps in the data due
to sensor failures or recording problems. For example, the SdHole2009 dataset is missing
large parts of summer 2012, and SaHole2006 has almost no data for winter 2008-2009.
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Smaller gaps also appear in several other years across all sites. These gaps mainly limit
the choice of likelihood pro�les in the multiple-likelihood EKS framework. In this work,
years with missing summer or winter months were removed to avoid systematic errors.
Missing summer months usually make annual means too low (arti�cially cold), while
missing winter months usually make annual means too high (arti�cially warm). Both
cases would lead to a wrong GST reconstruction.

ˆ Sensor degradation over time : Failures of individual sensors, such as the breakdown
of the 80 m sensor at Sardakh, reduce the usable depth range of the temperature pro�le.
This is particularly critical for reconstructions targeting earlier periods, since information
from deeper layers is required to constrain long-term trends. In practice, this limited
the vertical resolution available for the Sardakh dataset in my analysis, and valuable
information about past ground surface temperatures was e�ectively lost, reducing the
robustness of long-term reconstructions.

ˆ Inhomogeneous measurement intervals : The temporal resolution of the datasets
varies substantially. For example, Sardakh records temperatures every 6 hours, while
Tiksi provides only one value per day. In the latter case, individual sensor errors or
short-term anomalies cannot be averaged out, which increases their in�uence on derived
annual or seasonal means. Consequently, higher-resolution datasets generally yield more
reliable input for reconstructions, whereas low-resolution records introduce greater
uncertainty.

ˆ Uncertainty in metadata and stratigraphy : For several boreholes, particularly Tiksi,
the subsurface stratigraphy is not fully documented, which complicates the interpreta-
tion of thermal di�usion processes and could introduce modeling bias in the inversion.

ˆ Uncertainty in surface temperature priors : The data-driven priors derived from Eu-
ropean Centre for Medium-Range Weather Forecasts Reanalysis Atmospheric (ERA) air
temperature via n-factors introduce additional uncertainty, since n-factors are empirical
and can vary signi�cantly depending on soil, vegetation, and snow conditions.

In summary, these limitations highlight the challenges of working with borehole temperature
records. They were therefore explicitly taken into account in the design of the inversion
strategy. In sensitivity analyses and additional tests, their e�ects, such as the impact of data
gaps, sensor degradation, and resolution di�erences, became evident and directly restricted,
for instance, the selection of usable temperature pro�les for the reconstructions.

3.4 Synthetic CryoGrid Dataset

In addition to the observational borehole datasets, a synthetic dataset was used for controlled
validation experiments. The synthetic soil temperature pro�les were generated using the
CryoGrid Community Model (version 1.0) [52], which provides a physics-based simulation
framework for climate-driven permafrost dynamics.
The model con�guration was based on the Samoylov Island study setup, including soil stratig-
raphy and thermal properties derived from �eld observations [53]. The model was initialized to
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obtain thermally consistent subsurface conditions. Subsequently, transient simulations driven
by historical ERA forcing were performed starting from 1944, yielding temperature�depth
pro�les with a fully known surface forcing history. These synthetic temperature pro�les were
subsequently used in the methodological validation experiments described in Section 4.2.4.

26



4 Methodology

4.1 Data Preprocessing and �ality Control

The preprocessing focused on ensuring annual temporal completeness, seasonal represen-
tativeness, and sensor reliability, which are essential prerequisites for the construction of
physically meaningful likelihoods. To ensure a robust foundation for the model-based GST
reconstruction, the borehole temperature data from the Samoylov, Sardakh, and Tiksi sites
were carefully preprocessed. This step involved several important procedures to improve data
quality and compatibility for the inversion model.

1. Outliers and invalid sensor readings were removed. In addition, missing or inconsistent
entries were identi�ed and �ltered out to avoid biased likelihood estimation. For instance,
the sensor at a depth of 80 m in the Sardakh dataset was excluded from the analysis for
years in which no measurements were available.

2. The datasets were restructured and reformatted into a form suitable for the inversion
process. This included generating daily or annual averages, aligning timestamps across
years, and preparing the temperature pro�les in the required array formats for likelihood
computation

3. All time periods with insu�cient data quality were identi�ed and excluded. This applied
especially to years with missing months or seasonal gaps (e.g., a missing winter). Only
temperature pro�les with complete coverage were considered valid inputs for the
inversion, ensuring consistency in the multiple-likelihood formulation.
For instance, A given year was excluded from further analysis if more than one third
of the temperature observations were missing. Furthermore, years with incomplete
seasonal coverage were rejected: if more than two months within a speci�c season (e.g.,
winter or summer) were missing, the corresponding annual pro�le was excluded to
avoid seasonally biased likelihoods.

To study how the available depth a�ects reconstruction quality, the borehole pro�les were also
truncated to di�erent depths�such as 30 m, 50 m, and 100 m. This allowed for a comparative
analysis of reconstruction stability with increasing depth. Since the temperature signal changes
systematically with depth, this aspect was also addressed during preprocessing.
Seasonal temperature �uctuations become weaker with increasing depth, until they almost
disappear at a certain level. This level is known as the Zero Annual Amplitude (ZAA) depth
and marks the boundary where seasonal surface variations no longer a�ect the subsurface
temperature �eld. To demonstrate this behavior, Figures 4.1 and 4.2 show, for each borehole,
the minimum, maximum, and mean daily average temperatures recorded throughout the year.
These pro�les reveal how the annual temperature range decreases with depth.
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Figure 4.1: Annual ground temperature pro�le from the Sardakh borehole (SdHole2009) in the Lena
River Delta region for the year 2017. The plot shows the annual mean (black), as well as
the minimum (blue) and maximum (red) daily averages recorded throughout the year.

Figure 4.2: Annual ground temperature pro�les from the Samoylov and Tiksi boreholes (SaHole2006
and TkHole1992) in the Lena River Delta region for the year 2017. Each plot includes the
annual mean (black), as well as the minimum (blue) and maximum (red) daily averages
recorded throughout the year.

As shown in these �gures, the temperature di�erence between the maximum (red) and
minimum (blue) curves becomes smaller with depth. Both curves converge at about 10-20 m in
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Figure 4.1 and Figure 4.2, which indicates the ZAA depth where the annual signal disappears.
Based on these observations, I removed the upper 10�15 m of each borehole temperature
pro�le before computing the likelihoods as part of the preprocessing strategy.
This surface-level �ltering step reduces the in�uence of near-surface disturbances such as
snow cover, vegetation, and freeze�thaw e�ects. The goal of this �ltering step is to focus
the inversion on the more stable subsurface signal and to achieve higher reliability in the
reconstructed ground surface temperature history.

4.1.1 Initialization of the Subsurface Temperature Profile

Figure 4.3: Comparison of the three initialization schemes used to extend the borehole temperature
pro�le below the deepest observation depth. The measured temperature segment is contin-
ued using (i) a steady-state initialization assuming a constant geothermal gradient (blue),
(ii) a default vertically constant continuation of the deepest measured temperature (green),
and (iii) an interpolated continuation based on a deeper neighboring borehole (red). The
inset highlights the depth interval near the deepest measurement, where the di�erent
initialization schemes connect to the observed pro�le.
Original Pro�le is based on the pro�le from the dataset SaHole2006

The initialization of the subsurface temperature pro�le de�nes the starting condition of the
forward model and therefore directly in�uences the subsequent reconstruction. Because
borehole measurements do not extend to the full modeled depth of approximately 1000 m,
the temperature �eld below the deepest measurement must be speci�ed before running the
forward model. In the default con�guration, the pro�le is extended downward by extrapolating
the temperature at the deepest sensor, resulting in a vertically constant continuation of the
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measured pro�le. Since the assumed initialization may substantially a�ect the reconstructed
GST history, alternative initialization strategies were tested to evaluate their in�uence on the
reconstruction results. To reduce the potential in�uence of this simpli�ed assumption, two
alternative initialization schemes were evaluated.
First, a steady-state extension of the measured pro�le was constructed by assuming a constant
geothermal heat �ux below the deepest sensor. Under this assumption, the temperature
gradient at the deepest observation level is continued downward.
Second, a data-informed initialization was tested by incorporating information from a nearby
deeper borehole. In this approach, the deepest temperature measurement available for the
investigated borehole was linearly interpolated to the next deeper observation level available
in the geographically neighboring SdHole2009 borehole dataset, resulting in a more realistic
deep-temperature continuation that re�ects regional subsurface conditions. This comparison
allows assessing the sensitivity of the inversion results, particularly for shallower boreholes
where a larger portion of the modeled domain is not constrained by observations.

4.2 Multiple Likelihoods Across Independent Time Slices

4.2.1 Motivation and Assumptions

One of the main objectives of this study is to develop a reconstruction framework that can
better capture long-term trends and reduce the impact of short-term �uctuations. To achieve
this, I employed a multiple-likelihood approach, in which several independent likelihood terms
are constructed from di�erent years of temperature observations from the same borehole.
Each likelihood term represents a separate annual mean temperature pro�le, and all terms
are treated as conditionally independent given the model parameters. Similar likelihood
factorization strategies are commonly employed in spatial and multi-sensor Bayesian inversion
frameworks, where data contributions were modeled as conditionally independent given the
model parameters [54, 55].
Although the total time window that can be reconstructed is still limited by the borehole
depth, using multiple temperature pro�les (from di�erent years) helps the model to make
better use of the available information [56]. The changes between these pro�les provide the
model with additional information about how the surface temperature evolved in the past,
which is expected to lead to more stable and accurate reconstructions within the physically
possible time range.
The method was tested with varying numbers of pro�les and pro�le arrangements to directly
investigate how integration of additional observational data improves GST reconstructions.

4.2.2 Assumption of Conditional Independence

Given the way the multiple likelihoods are combined in this approach, the assumption of
conditional independence between the observed temperature, depth pro�lesTobs.t / from
di�erent years t ËT , given the underlying GST pro�le� , becomes a key requirement.
This assumption is justi�ed because:
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ˆ the temperature measurements for each year are based on separate time series (for
example, annual averages derived from 3-hourly measurements),

ˆ no systematic measurement errors across years have been detected based on available
calibration data, and

ˆ the measurement noise is assumed to be independent and identically normally dis-
tributed.

Although all likelihood terms depend on the same parameter� , their conditional independence
is mathematically consistent because they do not share any common random in�uences. This
assumption is also widely used in the literature on Bayesian inverse problems involving
temporally separated observations [57]. Furthermore, while this assumption simpli�es the
physical reality of heat conduction, which is inherently cumulative over time, it provides a
practical and computationally e�cient approximation.

Formulation of the Combined Likelihood

Based on the assumption of conditional independence, the joint likelihood of all tempera-
ture�depth observations can be expressed as the product of the individual likelihood terms
for each year:

L .� / = Ç
tËT

p � T .t /
obs Ý� �

and, equivalently, in logarithmic form:

logL .� / = É
tËT

logp � T .t /
obs Ý� �

Each likelihood term is based on the following error model:

Tobs;.t /
i = G.t /

i .� / + � .t /
i ; � .t /

i í N .0; � 2/

whereG.t /
i .� / denotes the simulated temperature pro�le for yeart predicted by the forward

model under a given ground surface temperature history� .
Assuming additive, mutually independent Gaussian noise [56, 58], each likelihood term takes
the form

p � T .t /
obs Ý� � × exp
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We de�ne the observation vector and the corresponding forward model prediction for yeart
as

T .t /
obs = � Tobs;.t /

1 ;§ ; Tobs;.t /
n �
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; G.t / .� / = � G.t /

1 .� /;§ ; G.t /
n .� /�

ñ

This formulation assumes that annual observations are conditionally independent given� , and
that the measurement errors have constant variance and are uncorrelated across depths. While
these assumptions may not perfectly re�ect the physical system, they provide a practically
useful approximation in Bayesian inversion.
By combining multiple independent likelihoods, the inversion framework incorporates infor-
mation from di�erent years. Each additional likelihood provides an independent constraint on
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the model parameters, e�ectively increasing the amount of information used in the inversion
and potentially allowing the reconstruction to extend further back in time within the depth-
constrained limits. Although the total reconstruction window remains limited by borehole
depth, the inclusion of multiple annual pro�les is intended to better constrain the GST history
and to improve the stability of the inversion within the physically plausible time range.

4.2.3 Practical Implementation of the Multiple-Likelihood Approach

The multiple-likelihood approach described in Section 4.2.2 was practically implemented as part
of this study. The inversion was carried out using theSimulationBasedInference.jl
package, where the model was structured as aSimulatorInferenceProblem . The
observational datasetsT .t /

obs for several comparison yearst ËT were treated as separate likeli-
hood components. In this way, the total likelihood across all considered years is represented
in product form:

L .� / = Ç
tËT

L t .� /

This represents a common approach for Bayesian inverse problems with multiple independent
datasets [57]. The employed error distributions are isotropic Gaussian (IsoNormal ) with
an exponential prior for the standard deviation� .
The implementation developed in this work was further extended and adapted to support
the use of data-driven priors and a modular forward-problem framework, allowing �exible
integration of di�erent datasets and physical model con�gurations.

4.2.4 Synthetic Validation Experiments

Before applying the inversion framework with multiple likelihoods to real borehole obser-
vations, synthetic validation experiments were performed to assess whether the extended
method can recover known temperature signals under controlled conditions.
In these experiments, arti�cial ground surface temperature (GST) histories were prescribed
and used to generate synthetic subsurface temperature pro�les with the forward model using
the same stratigraphy and model con�guration as in the real-data experiments.
This procedure provides a controlled benchmark to assess whether the inversion framework
can recover the imposed GST histories under consistent modeling assumptions and to verify
the correct implementation of the multiple-likelihood approach. Because the forward and
inverse models use the same setup, any reconstruction di�erences are more likely caused by
limitations of the inversion method rather than by inconsistencies in the model con�guration.

4.3 Data-driven GST Prior

In Bayesian inversion, the prior represents the initial knowledge or assumptions about the
unknown parameters before considering any observational data. In the context of GST
reconstruction, one of the priors de�nes which temperature histories are considered plausible
even before information from borehole measurements is incorporated.
Choosing an appropriate prior is crucial, because the inversion problem is ill-posed and highly
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sensitive to the assumed long-term variability of GST. A poor or overly restrictive prior can
bias the reconstruction, while an uninformative or heuristic prior, such as an educated guess,
provides little guidance to the model and fails to constrain the inversion toward realistic
temperature histories. In contrast, a well-informed prior helps stabilize the inference and
could improve the physical interpretability of the results.
To address this limitation, the present work employs a data-driven prior that is informed by
independent observational data [56].
This section �rst explains why the prior plays such an important role in the inversion and
then describes how the data-driven prior is constructed and implemented.
The inversion problem in this study is inherently ill-posed, small di�erences in data can
lead to very di�erent solutions. In particular, shallow boreholes only contain temperature
signals from the last few decades and therefore provide limited information about earlier
climate variations. In such cases, the prior becomes essential to constrain the inversion toward
physically plausible GST histories. By using a data-driven prior, additional information from
external data sources can be incorporated, such as local or regional air temperature records
(e.g., ERA5). This helps the inversion capture long-term trends and seasonal patterns that
would otherwise be lost in the borehole data alone.

4.3.1 n-Factor Approach

The n-factor provides a simpli�ed relationship between air temperature and ground surface
temperature by summarizing the e�ects of surface energy exchanges into a single dimen-
sionless parameter. It re�ects the fact that air and ground surface temperatures can di�er
substantially depending on surface conditions. By condensing complex surface processes into
an empirical correction factor, the n-factor o�ers a practical means of translating atmospheric
temperature signals into e�ective ground surface forcing [59].
Air temperature is not a direct proxy for the ground surface temperature, because the ther-
mal regime for the ground surface is strongly controlled by surface properties and seasonal
processes. During summer, ground surface temperatures are mainly in�uenced by shading,
surface albedo and soil moisture, which in�uence surface energy balance and can result in
reduced ground surface temperatures [60, 61]. In winter, the thermal regime is dominated
by snow conditions, which strongly control heat exchange between the atmosphere and the
ground surface and can e�ectively decouple ground surface temperatures from atmospheric
conditions [61].
There are usually di�erentn-factors for summer and winter [37, 62].
The freezingnF and thawingnT factors are de�ned as ratios of degree-day sums, which
quantify the cumulative coldness or warmth over a given period:

nF =
FIsoil

FIair
; nT =

TIsoil

TIair
(4.1)
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Freezing index (FI) and Thawing index (TI) quantify the cumulative thermal conditions below
and above the freezing point, respectively. They are computed as integrals (or discrete sums)
over the freezing and thawing seasons� [37, 62]:

TI = ‰
�

0
.Ts * Tf / dt ù

�

É
t=0

„Ts.t / for Ts.t / > 0ýC (4.2)

FI = ‰
�

0
.Ts * Tf / dt ù

�

É
t=0

„Ts.t / for Ts.t / < 0ýC (4.3)

whereTs.t / is the daily surface temperature, and� is the length of the thawing or freezing
season. In practice, the thawing index is typically calculated for each calendar year, while the
freezing index spans from July of the previous year to June of the current year [37, 62].
Using these n-factors, ground surface temperature can be approximated from air temperature
in a simpli�ed form as:

TGST.t / =

T
nF � Tair.t /; if Tair.t / < 0ýC

nT � Tair.t /; if Tair.t / > 0ýC
(4.4)

4.3.2 Construction of the Prior

The data-driven prior is constructed by translating ERA5 air temperature data into ground
surface temperature using the n-factor approach. The speci�c assumptions and parameter
choices employed in this study are outlined below.
In this study, I have used a �xed freezingn-factor ofnF = 0:6, because has been previously
used for the Samoylov area by [37, 61]. A thawingnT factor was not applied, as the mean
annual ERA5 air temperature data did not exceed 0°C in the relevant periods and regions.
Therefore, no thawing degree days were present, and only the freezing season contributed
to the GST reconstruction. To visually demonstrate the e�ect of then-factor transformation,
Figure 4.4 shows the ERA5 air temperature series and the resulting ground surface temper-
ature (Tsurf) estimated using the freezingn-factor. For validation, the ERA5-based GST is
compared with observed GST data from the Samoylov site. The results show that then-factor
approach reproduces the overall temperature level and interannual variability of the measured
GST, con�rming the plausibility of the chosen parameter for representing the air�ground
temperature relationship in this region.
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Figure 4.4: Annual mean air temperature (Tair) from ERA5 reanalysis for Samoylov (blue), compared
with the ground surface temperature (Tsurf) derived from ERA5 using ann-factor model
(red). The green line shows the observed mean GST from the two Samoylov weather
stations (SaSoil and SaMet). The applied freezingn-factor wasnfreezing = 0:6.

4.3.3 Combining Data Informed Prior and Educated Guess Prior -
(Hybrid Prior)

While ERA5 air temperature data are temporally complete, air temperature information used
to construct a data-driven prior can also be obtained from other sources, such as local weather
station observations, which may contain temporal gaps. In this case, I used a hybrid approach
that mixes two sources of prior information:

ˆ A data-driven prior derived from available air temperature data (e.g., ERA5 or local
observations) usingn-factors

ˆ A default guess (e.g., a constant GST value or simple trend)

For each reconstruction year, I checked whether the data were available. If air temperature
data were available, the data-driven prior value, for the corresponding year, was used; if not,
it fell back to the default. I also assigned di�erent uncertainty levels to re�ect data reliability:
years with available data received a lower uncertainty (� data = 2:0ýC), while the guessed
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years are modeled with a higher uncertainty (� guess= 2:5ýC). This created a combined prior
distribution, where each year had its own mean and variance.

Formally, the prior mean� i for year i is de�ned as:

� i =

T
Tdata

GST.t i/; if air temperature data are available att i

T0; otherwise
for i = 1;§ ; N ;

whereTdata
GST.t i/ denotes the data-informed annual mean surface temperature estimate used as

prior information andT0 represents the default educated-guess temperature.
This leads to a hybrid prior mean vector� prior Ë RN , which contains both empirical and
assumed values depending on data availability.
Formally, each year� i in the prior is drawn according to the data availability:

� i =

T
� i + " .1/

i ; if data is available att i

� 0 + " .2/
i ; otherwise

where" .1/
i í N .0; � 2

data/ and" .2/
i í N .0; � 2

guess/.
The �nal prior vector is constructed year by year based on this rule, resulting in a piecewise
Gaussian process with heterogeneous variance.
This re�ects that neighboring years are more similar than distant ones, which is typical in
long-term GST signals. The Autoregressive (AR(1)) process is used to introduce temporal
correlation between consecutive years, enforcing smoothness in the reconstructed temperature
histories. This re�ects the physical persistence of ground surface temperature variations over
time and helps to stabilize the inversion in the presence of noisy or incomplete data [38, 58].

4.3.4 Use of the Prior

In the Ensemble Kalman Sampling framework, the prior de�nes both the initial ensemble and
is used during the ensemble updates. The algorithm begins by generating multiple random
GST histories, each sampled from the prior distribution:

� . i/ í N .� prior; � prior/; i = 1;§ ; N

Each GST history was used to calculate a synthetic borehole pro�le. These were compared
with the real pro�le. Then the EKS updated the ensemble to better match the observations.
In our implementation, the prior samples are not drawn from a single Gaussian distribution
but from a piecewise hybrid prior. This prior combines two components: one derived from
ERA5-based estimates with smaller uncertainty, and one from a fallback assumption with
broader uncertainty. This design allows the prior to �exibly adapt to incomplete data while
maintaining physically coherent temporal behavior.

4.4 Sensitivity Analysis

To evaluate how the extended model components, such as the multiple-likelihood formulation
and the data-driven prior, a�ect the quality and stability of the GST reconstruction, this study
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performed a systematic sensitivity analysis.
The sensitivity analysis (SA) is used to quantify how variations in model inputs and modeling
assumptions in�uence the reconstruction results [63]. Its purpose is to identify which parame-
ters most a�ect the quality, robustness, and reliability of the reconstructed GST pro�les and
to guide the selection of suitable model con�gurations [64, 65].
In this study, a targeted sensitivity analysis was performed to assess how key modeling choices
within the EKS framework in�uence the GST reconstruction. In particular, the assumed noise
level is systematically varied for di�erent likelihood con�gurations. For a given number of
likelihood, only the noise parameter was changed while all other model components were
kept �xed. The number of likelihood was increased, and the same procedure was repeated.
This approach was chosen to e�ciently assess how the number of likelihoods, in combination
with di�erent noise levels, in�uences the robustness and stability of the GST reconstruction
within the EKS-based inversion framework.
In all experiments, data from the Samoylov borehole were used. This site was chosen because
it provides a continuous and gap-free temperature time series from 2010 to 2020, allowing
for a fair comparison across di�erent parameter settings. For each test case, a reconstruction
period of ten years was considered. This time window was chosen because, in addition to the
Samoylov borehole, the two other boreholes SaMet and SaSoil (see Section 3.3.2) provide reli-
able temperature records for the same period, which can be used as independent ground-truth
references. This allows for a direct validation of the proposed concept and helps to verify
whether the methodological extensions indeed lead to measurable improvements. During
this period, ERA5-based GST values were available for every year, so a hybrid prior was not
required and only the data-driven (ERA5-based) prior was used.
The number of likelihoods was varied between one, two, and three. Each likelihood used
borehole data from a di�erent year, typically spaced 2�3 years apart. Additionally, the assumed
noise level (i.e., the standard deviation of the measurement error) for each likelihood was
tested with the following values: 0.05, 0.1, 0.2, 0.5, 1.0, and 2.0. Although the accuracy of
the temperature sensors is typically in the range of 0.05 � 0.2°C, a broader range of noise
levels is considered in this sensitivity analysis. This exploratory choice allows assessing
how the inversion behaves under di�erent noise assumptions, particularly when combining
multiple likelihoods. All reconstructions were carried out using the EKS algorithm, with 20
iterations and an ensemble size of 128 particles. This setup provided su�cient convergence
and variability within the posterior ensemble.
To evaluate the quality of the reconstruction results, several quantitative metrics were com-
puted: the Root Mean Square Error (RMSE), the posterior spread, the coverage rate (i.e., how
often the true value lies within the posterior interval), the normalized log-likelihood and the
Pearson correlation.
The RMSE is used as a point prediction accuracy measure and is de�ned as

RMSE=

{
1
N

N

É
t=1

� Tobs
t * ‚Tt �

2
;

whereTobs
t denotes the observed annual mean ground surface temperature (GST) for year

t , ‚Tt denotes the corresponding posterior mean GST reconstruction, andN is the number
of reconstruction years. RMSE provides an easily interpretable measure of reconstruction
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accuracy [38].
Posterior spread describes the uncertainty of an estimated quantity and is de�ned as the width
of the central posterior interval. In this study, uncertainty is summarized using the 95% central
posterior interval, de�ned by the 2.5% and 97.5% posterior quantiles.
The coverage rate is used to assess the consistency of the posterior uncertainty. It is de�ned
as the fraction of reconstruction years for which the observed ground surface temperature
(GST) lies within the corresponding 95% posterior interval. If a 95% posterior interval is used,
the coverage rate indicates how often the observed GST values fall inside this interval. Ideally,
this fraction should be close to 95%. However, coverage alone is not su�cient to evaluate
uncertainty quality and should be therefore interpreted together with the posterior spread
[38]
The log predictive density measures how well the model predictions match the observed data,
taking uncertainty into account. The log predictive density is also sometimes called the log-
likelihood [38]. Finally, the Pearson correlation measures the strength of a linear association
between two continuous variables and ranges from -1 to +1, where values close to zero indicate
little or no linear relationship [66]. However, correlation quanti�es association rather than
agreement and should therefore not be interpreted as a direct measure of reconstruction
accuracy. All metrics were computed with respect to the ground truth, de�ned as the mean of
the SaMet2002 and SaSoil2002 datasets.
The results were visualized using heatmaps, where the axes represent di�erent parameter
combinations (such as likelihood number vs. noise level), and the color scale indicates the value
of the chosen evaluation metric (e.g., RMSE). This visualization enabled a clear interpretation
of how the reconstruction accuracy and robustness depend on the number of Likelihood terms
and the assumed noise level.
Overall, the sensitivity analysis provided insight into the optimal con�guration of the inversion
model. In particular, it showed under which conditions multiple likelihoods had the highest
stability and accuracy of GST reconstructions.

4.5 Comparative Evaluation and Depth Analysis

To analyze how the depth of a borehole a�ects the potential to reconstruct historical GST,
reconstructions were performed at di�erent truncation depths. In this study, the Sardakh
borehole (SdHole2009) was used for this purpose due to its original length of 100 m, which
allows for �exible testing with shorter pro�le versions.
Speci�cally, the original pro�le was truncated at depths of 30 m, 50 m, and 100 m, and recon-
structions were carried out separately for each case. This procedure enables a systematic
comparison of how much temporal information can be recovered from pro�les of di�erent
depths.
Additionally, I explored how using multiple pro�les from di�erent years (i.e., multiple like-
lihoods) compares to using a single pro�le. This helps evaluate whether the availability of
richer time-resolved data can partially compensate for shallower boreholes.
This methodological step is particularly relevant for Arctic �eldwork planning. If reliable
reconstructions are possible even with shallower boreholes, future drilling e�orts in remote
or logistically challenging areas may be optimized accordingly.
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This chapter presents the results of a series of methodological experiments designed to
evaluate the proposed inversion framework under realistic data constraints. The focus is
on assessing how di�erent modeling choices in�uence the stability, temporal behavior, and
internal consistency of the reconstructed ground surface temperature histories. The results are
not intended as a validation of long-term climate signals. Instead, the ERA5+n-factor prior and
the Multiple Likelihood approach are tested as proof-of-concept extensions at Samoylov where
independent GST observations are available over a limited time window of approximately one
decade. This allows a controlled evaluation of methodological behavior close to ground-truth
conditions.
The results are organized in a stepwise manner. First, the e�ect of the data-driven ERA5+n-
factor prior is examined in isolation. This prior introduces physically plausible variability
without degrading the overall reconstruction quality.
Unless stated otherwise, all reconstruction �gures are shown for a �xed noise_scale of 1.0,
which was found to yield high log-likelihood values in the majority of test con�gurations. This
choice was made for comparability and visualization purposes. The sensitivity to di�erent
noise assumptions is analyzed separately using quantitative metrics.

5.1 Validation of the Data-driven Prior

Traditional priors in Bayesian inversion often rely on theoretical or heuristic assumptions
that may not re�ect the true variability of the underlying physical system. As discussed by
[67], such priors can introduce model-induced biases and limit the interpretability of posterior
estimates. To overcome this limitation, this study derives data-driven priors directly from
empirical observations, providing a more realistic constraint on the reconstructed ground
surface temperature based on empirical observations.
Following this concept, the present study constructs a data-driven prior for ground surface
temperature (Tsurf) using ERA5 reanalysis data andn-factor modeling of the air�ground
temperature relationship. The validation presented in this section assesses how well this
data-driven prior improves the reconstructed temperature histories compared to the previously
used educated-guess prior.
To evaluate how the data-driven prior a�ects the results, two reconstructions were carried out
using the same inversion settings. The �rst used an educated-guess prior, while the second
included the ERA5+n-factor prior. This comparison showed how the use of real data in the
prior could a�ect the stability and accuracy of the reconstructed ground surface temperature
(Tsurf).
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5.1.1 Reconstruction without ERA5 Prior

Figure 5.1 shows the reconstruction obtained using the simple educated-guess prior. Removing

(a) Reconstructed surface temperature history (Tsurf). (b) Predicted and measured borehole pro�le.

Figure 5.1: Reconstruction with the educated-guess prior. (a) Reconstructed GST history for the
available measurement years, with blue shading indicating the uncertainty range and
orange points showing observed GST values. (b) Reconstructed borehole temperature
pro�le (red curve and uncertainty band) compared to measured temperatures (black points).

the upper 15 m shifted the inversion to depths where short-period variability is strongly
damped. Although the annual cycle may not fully vanish at 15 m, its impact on mean annual
temperatures is expected to be small (see Chapter 4.1). Even if the upper part of the borehole
were included, only the most recent annual cycle would contain some information about
high-frequency behavior, while older years would still appear smooth due to the natural
low-pass �ltering of the subsurface.
This explained why the reconstructedTsurf in Figure 5.1a lacked in the year-to-year �uctuations
visible in the observed GST. The general temperature level is captured, but the reconstruction
remains smoother than the measurements.
To understand how a real-world, climatology-based prior changes exactly the inversion, I
repeated the test using the ERA5+n-factor prior.

5.1.2 Reconstruction with ERA5 Prior

Figure 5.2 shows the reconstruction obtained using the data-driven ERA5+n-factor prior.
Compared to the simple educated-guess prior, the reconstructedTsurf followed the observed
GST more closely in terms of temporal structure. The curve remained smoother than the
measurements, as expected from the strong low-pass �ltering of the ground, but the overall
temporal pattern matched more to the ground truth. In panel 5.2a, the reconstruction exhibits
interannual to multi-annual variability that is constrained by the borehole data. In contrast,
strictly seasonal (sub-annual) temperature �uctuations are strongly attenuated by the low-pass
�ltering e�ect of heat conduction in the subsurface. The use of annually resolved ERA5-based
priors can introduce additional year-to-year structure in the reconstruction. The posterior
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